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PREFACE. 



r mHIS book is intended for teachers, and for them only. The pub- 
lishers will sell it to no persons except teachers of Wentworth's 
Analytic Geometry. Every teacher must consider himself in honor 
bound not to leave his copy where pupils can have access to it, and 
not to sell his copy except to the publishers, Messrs. Ginn & Com- 
pany. 

It is hoped that young teachers will derive great help from study- 
ing the systematic solutions of the exercises, and that every teacher 
who is pressed for time will find great relief by not being obliged to 

work but every problem himself. 

G. A. WENTWORTH. 

Exeter, N.H., 
1888. 



TEACHERS' EDITION. 



Ex. 1. Pagre 3. 

1. What aire the co-ordinates of the origin ? Am, 0, 0. 

8. In what quadrants are the following points (a and h being given 
lengths): (— a,— fe), (—a, 6), (a, 6), (a, —6). 

Ans. Third, second, first, fourth. 

8. To what quadrants is a point limited if its abscissa is positiye ? 
negative ? ordinate positive ? ordinate negative ? 

Ans. First and fourth, second and third, first and second, third and 
fourth. 

4. In what line does a point lie if its abscissa = ? if its ordinate = 0? 

Axis. The axis of y ; the axis of x. 

5. A point (x, y) moves parallel to the axis of x ; which one of its 
co-ordinates remains constant in value ? Ans. The axis of y. 

6. Construct or plat the points: (2,3), (3,-3), (—1,-3), (-4,4), 
(3,0), (-3,0), (0,4), (0,-1), (0,0). 

7. Construct the triangle whose vertices are the points (2, 4), (—2, 7), 
(-6,-8). 

8. Construct the quadrilateral whose vertices are the points (7, 2), 
(0,-9), (-7,-1), (-6,4). 

9. Construct the quadrilateral whose vertices are (—3,6), (—3,0), 
(3, 0), (3, 6). What kind of a quadrilateral is it ? 

Ans. A square whose sides are 6 each. 
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Fig. 1. 



10. Mark the four points (2,1), (4,3), (2,6), and (0,3), and con- 
nect them by straight lines. What kind of a figure do these four lines 
enclose ? Ans. A square whose sides are 2 V2 each. 

11. The side of a square = a ; the origin of co-ordinates is the inter- 
section of the diagonals. What are the co-ordinates of the rertices (i.) 
if the axes are parallel to the sides of the square ? (ii.) if the axes 
coincide with the diagonals ? 

Let ABGD be the square, and the inter- 
section of its diagonals. 

(i.) Take OX parallel to BA, and OY par- 
allel to DAy as axes of reference. Then, by 
Geometry, OX and OY bisect the sides of 
the square, and 0H= HA=^a. Hence 
the vertex A is (Jo, Jo), 5 is (— }a, J a), 
C is (— i a, — J a), and 2> is ( J a, — i a). 

(ii.) Take the diagonals OX ^ and Fi as axes 

of reference. Then OA = VoH^ + mA? = \f\^lr\a^ = i a V2, and 
OA^OB=OC= OD. 

Hence the vertex^ is (iaV2, 0), B is (0, iaV2), C is (-^aV^, 0), 
andDis(0, — iaN^). 

IS. The side of an equilateral triangle = a ; the origin is taken at 
one vertex and the axis of x coincides with one side. What are the 
co-ordinates of the three vertices 1 

Let OPB be an equilateral triangle each of 
whose sides is a. Take O^Xand OF as the 
axes of co-ordinates ; then, evidently, the ver- 
tex O is (0, 0), and the vertex B is (a, 0). 

Draw Pfl parallel to OY; then OH=ia, 
and HP= 'y/a^-ia^ = J aV5. 

Hence the vertex Pis (J a, JaVS). 

18. The' line joining two points is bisected 
at the origin. If the co-ordinates of one of p 
the points are a and 6, what are the co-ordinates 
of the other 1 

Let the line joining P and Pj (Fig. 2) be bisected at the origin 0. 
Draw PH&nd P^B parallel to OY; then the right triangles 0-ffP and 
OEPi are equal. Hence 0R= — OH, and RPi = — HP, Therefore 
if P be (a, 6), Pi will be (- a, - 6). 




Fie. 2. 
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14. Connect the points (5, 3) and (5, —3) by a straight line. What 
is the direction of this line ? 

Each point being at the distance 5 to the right of the axis of y, the 
line must be parallel to this axis. 

Bz. 2. Pafire 5. 

1. Find the value in circular measure of the angles 1°, 45°, 90°, 
180°, 270°. 

We have given 360° = 2ir. 

.-.1° = -^; .-.45°=-; .•.90° = 2r; ...180°=t; and270°=#ir. 
180 4 2 ' 

2. In circular measure, the unit angle is that angle whose arc is equal 
to the radius of the circle. What is the value of this angle in degrees, 
etc.? 

Dividing both members of the equation 2ir= 360° by 2ir, we obtain 

360f^_180^^ , 

2 IT 3.1416 



Ex. 3. Pafire 7. 

1. Find the distance from the point (—2, 5) to the point (—8, —3). 
If d denote the distance 'between the two points (^^yi) and {x^y^^ 

then rf=V(a:,-a:i)2+(y,-yi)^. [1] 

Here let (ar^ y^ be (— 2, 5), and (x,, y,) be (—8,-3). 
Substituting these values in the formula, we have 

rf=V[(-8)-(-2)P+[(-3)-6]2 = 10. 

2. Find the distance from the point (1, 3) to the point (6, 16). 
Here let (x^yy^ be (1,3), and (ar^y,) be (6, 16). 
Substituting these values in [1], we obtain 

d = V (6 -1)3 +(15-3)3= 18. 

8. Find the distance from the point (—4, 5) to the point (0,2). 
Here let (arj, y{) be (—4, 5), and (x^, y^) be (0, 2). 
Substitilting these values in [1], we obtain 



d= V[0-(-4)P+Q2-6)2 = 6. 
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4. Find the distance from the origin to the point (—6, —8). 
Here let (xpyi) be (0,0), and {x^,y^ be (—6,-8). 
Substituting these values in [1], we obtain 

rf= V(-6)«+(-8)2=10. 

5. Find the distance from the point (a, 6) to the point (—a, — 6). 
Here let (xj, y^ be (a, 6), and (a:,, y,) be (—a, —6). 
Substituting these values in [1], we obtain 

d= V(-a-o)2+ (-6-6)2 = 2Va2 + 62. 

6. Find the lengths of the sides of a triangle if the vertices are the 
points (15,-4), (-9,3), (11,24). 

First, let (xj, y{) be (16,-4), and (x,, ^2) ^ (""^» ^) J ^^^^ 

d= V(x,-xi)2+ (y,-yi)'= V(-24)2+ (7)2=26. 

Second, let (a;,, yj) be (—9,8), and (ar^, y^) be (11,24) ; then 

d = V(a:,-xi)2 4-(y,-yi)2= V(20)2 + (21)2 = 29. 

Third, let (xj, y^) be (11, 24), and (x„y,) be (16, -4) ; then 

^= V(r,-ri)2+(y,-yj)2= V(4)2 + (- 28)2 = 20 V^. 

Hence the sides are 25, 29, and 20 V2 in length. 

7. Find the lengths of the sides of a triangle if the vertices are the 
point8(2,3), (4, -6), (~3, -6). 

First, let (x^, y{) be (2, 3), and (ar„ y^) be (4,-6) ; then 

d= V(a:,-xi)2+(y,-yi)'= V22 + (- 8)2 = 2vT7 

Second, let (x^yj) be (4, —6), and (xj, y,) be (— 3, — 6) ; then 
rf= V(- 7)2 + (- 1)2= 6\/2. 

Third, let (xj, y{) be (-3, -6), and (x,, y,) be (2, 3) ; then 
d= V(6)2 + (9)2 = Vi06. 

Hence the lengths of the sides are 2 Vl7, 6v^, and V106. 

8. Find the lengths of the sides of a triangle if the vertices are the 
points(0,0), (3,4), (-3,4). 

First, let (xj, yj) be (0, 0), and (x„ y,) be (3, 4) ; then 



</= V^+42 = 6. 
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Or, when one point, as (Tj, y{), is the origin, we have 

rf = \/i?+y7= V32 + 42 = 6. 
Second, let (iCi, ^i) be (3,4), and (x,,^,) be (—3,4) ; then 



rf= V(-6)2 + 02=(J. 

Third, let (jri,yi) be (—3,4), and (xj,^^) be (0,0); then 

d = Vxi^ + yj2 = V(- 3)2 + 4-» = 6. 
Hence the lengths of the sides are 5, 6, and 5. 

9. Find the lengths of the sides of a triangle if the vertices are the 
points (0, 0), (- a, 0), (0, - b). 

First, let (^Xi,y{) be (0,0), and (x^y,) be (— a,0) ; tlien 

Or, since the second point is on the axis r, a to the left of the origin, 
the distance is a. 

Second, let (x^ yi) be (— a,0), and (a:2,y,) be (0,-6) ; then 

d = Va2 + (- 6)2 = Va- + 62. 

Third, since (0, — 6) is on the axis of y, 6 below the origin, the dis- 
tance from (0, — 6) to (0, 0) is 6. 

Hence the lengths of the sides are a, Va^ + 62, and 6. 

10. The vertices of a quadrilateral are (5,2), (3, 7); (—1, 4), (—3,-2). 
Find the lengths of the sides, and also of the diagonals. 

By constructing the quadrilateral, or by inspection, we learn that its 
vertices taken in order are (6, 2), (3, 7), (—1, 4), and (— 3,-2). Hence 
to find the length of its sides, we find the distances between its adja- 
cent vertices (6, 2) and (3, 7), (3, 7) and (-1, 4), (-1, 4) and (-3,-2), 
(-3,-2) and (6,2). 

Let (Xp yi) be (5, 2), and (x,, y,) be (3, 7) ; then 

d= V(- 2)2 4. 62 = v^. 
I^t (^i» yO ^ (3, 7), and (x, y,) be (- 1, 4) ; then 

cf= V(-4)2 + (-3)2 = 5. 
I^t (^i.-Vi) ^ (— 1»4), and (xa,^,) be (-3,-2); then 

d= V(-2)2+(-6)2=2>/l0. 



6 ANALYTIC GEOMETRY. 



Let {xi,iji) be (—3,-2), and (x^,y2) ^ (^»2) ; then 



Hence the sides in order are V29, 6, 2 VlO, and 4\/5. 

To find the lengths of its diagonals, we find the distances between its 
opposite vertices (5, 2) and (—1, 4), and (3, 7) and (—3, —2). 

Let (aTp^i) be (5,2), and (^2,^2) be (-1,4); then 



d = V(-6)2 + 22 = 2 vlO. 
I^t (^i»yi) be (3, 7), and (^2,^2) be (-3,-2) ; then 

d= V(-6)2+ (-9)2=3Vl3. 
Hence the lengths of the diagonals are 2 VIO and 3\/r3. 

11. One end of a line whose length is 13 is the point (—4,8) ; the 
ordinate of the other end is 3. What is its abscissa ? 

Here we have rf = 13, arj = — 4, y^ = 8, and y^ = ^' 
Substituting these values in [1], we obtain 

13 = Vdx, + 4)2 + (- 6)2 (J) 

Solving (1) for x^^ we obtain 

Xj = 8 or — 16. 
Hence the abscissa of the other end of the line is 8 or — 16. 

12. What equation must the co-ordinates of the point (or, y) satisfy 
if its distance from the point (7,-2) is equal to 11 ? 

Here d = 11, (x^, y{) is (7, — 2), and (arg, ^2) is (a:, y). 

Substituting these values in [1], we obtain 
ll=V(x-7)2+(y + 2)2, 
or (a: - 7)2 + (y + 2)2 = 121 ; 

which is the required equation. 

18. What equation expresses algebraically the fact that the point 
(a:, y) is equidistant from the points (2, 3) and (4, 6) ? 

First, let (ar^ y{) be (2, 3), and (3:2, y^) be (a:, y) ; then 

d= V(a: - 2)2 + (y - 3)2. 
Now let (jx^, yi) be (4, 5), and (a'2 y2) be (a*, y) ; then 

rf= V(a:-4)2+(y-6)2. 
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But these two values of d are to be equal ; hence we have 



Vix - 2)2 + Cv - 3)2 = V(:r-.4)2+(^-5)2, (1) 
as the equation expressing the required condition. 
Squaring (1) and simplifying it, we have 

a: + ^ = 7, 
as the required equation in its simplest form. 

14. If the value of a quantity depends on the square of a length, it 
is immaterial whether the length be considered positive or negative. 
Why? 

Because the square of any positive quantity is equal to the square of 
a numerically equal negative quantity. 

Ex. 4. Pagre 9. 

1. What are the co-ordinates of the point half-way between the 
points (5, 3) and (7, 9) 1 

If (3*,^) be the point half-way between the points (arj, y{) and (a:2,y2)> 



then 



_ ^1 + ^2 „ _ yi + y2 



x = ±l^, y = a3L^«. [2] 

Here let (^i, y{) be (5, 3), and (a^j, ^2) be (7, 9) ; then 

2 ' ^ 2 

Hence the required point is (6,Q). 

2. What are the co-ordinates of the point half-way between the 
points (- 6, 2) and (4, - 2) 1 

Here let (^1,^1) be (—6,2), and (x^,y^ be (4,-2); then 

-6-1-4 1 2-2 rt 

x = — = — 1, y = =0. 

2 ' •' 2 

IJence the required point is (—1, 0). 

3. What are the co-ordinates of the point half-way between the 
points (6, 0) and (—1, —4) ? 

Here let (x^, y^) be (5, 0), and (arg, ^2) ^® (~ 1» — 4) J *hen 

6_1 0-4 „ 

X = =2, y = ——2. 

2 ' ^ 2 

Hence the required point is (2, —2). 
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4. The yertices of a triangle are (2, 3), (4, ^ 5), (~ 3, — 6) ; find the 
middle points of its sides. 

First let (xi,y{) be (2, 3), and (xj, y,) be (4, — 5) ; then 

2 ' ^ 2 

Next let (xi,y{) be (4,-6), and (ar^jya) ^ (—3,-6) ; then 

4-3 1 -6-6 11 

x = =-. y = 



2 2' * 2 2 

Next let (j^i, yi) be (—3,-6), and (x^,yi) be (2,3); then 

^ ,34-2 ^ 1 ^ -6 + 3 ^ 3 
^2 2* ^ 2 2* 

Hence the middle points are (3, —1), (i, — V)> ^^^ (~ h ~f )» respec- 
tively. 

5. The middle point of a line is (6,4), and one end of the line is 
(5, 7). What are the co-ordinates of the other end ? 

Here (a:, y) is (6, 4), and (arj, y{) is (6, 7). 

Substituting these values in [2], we obtain 

2 2 ^ ' 

Solving equations (1) for x.^ and y^t we obtain 

a-2 = 7, ^2=1. 
Hence the other end of the line is (7, 1). 

6. A line is bisected at the Origin ; one end of the line is the point 
{—a, b). What are the co-ordinates of the other end ? 

Here (a:, y) is (0, 0), and (tj, y^) is (— a, 6). 
Substituting these values in [2], we obtain 

0==:£±£a, o=^-±^' 
2 2 

.'.x^ = a, y^=—b. 

Hence the other end of the line is (o, — 6). 

7. Prove that the middle point of the hypotenuse of a right triangle 
is equidistant from the three vertices. 
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Let AOB be the right triangle, right angle at O. Take OA and OB 
as the axes of x and y, respectiyely. Let 
OA = a, OB = b, and H be the middle point 
of AB; then the vertex O is (0,0), A is 
(a,0), 5 is (0,6), and, by [2], ^is (Ja, J6). 



Now 



But 



Qg=V (?^)a+ (}6)a 
/. HO=HA = HB. Q.B.D. 





8. Prove that the diagonals of a parallelogram mutually bisect each 
other. 

Let OABC be any parallelogram. Take 
OX and O yas the axes of co-ordinates, and 
draw Cfi'and 5X parallel to OY. 

Let OH=b, OA = a, and HC=h; then 
the vertex O is (0, 0), A is (a, 0), B is (a+6, A), 
and Cis (6, A). 

Hence the middle point of the line OB 
is (J[a+&], JA), and that of CA also is 
(J[a-f 6], ^A). Since their middle points 
coincide, they mutually bisect each other. 

9. Show that the values of x and y in [2] 
hold true when the two given points both lie 
in the second quadrant. 

The demonstration in § 8 applies word for 
word to Fig. 6. 

10. Solve the problem of § 9 when the line 
PQ is cut externally instead of internally, in 
the ratio mm. 

Let P(xi,yi) and Qix^^y^ be the given 

points. Let B{x,y) be the required point, 

80 that ^^ ^ ^ 

PBiBQ::m:n. 

Draw PMy QS, BJ^f parallel to OF, and 
PA, QB parallel to OX. 





O M S 

Fio. 6. 
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The right triangles PAB and QBBf being mutually equiangular, are 
similar; therefore 

PA^PB_m ^^^ AB^PB^m 
QB BQ n* BB BQ n' 

Substituting for PA, QB, AB, BB, their values, we have 



3C ^^ jC' 



i = '!^,^ud 1^:11 = '!^. 



Solving these equations for x and y, we obtain 

TO — n TO — n 

The minus sign before n we should expect ; for, while in § 9 PB 
and BQ extend in the same direction, here they extend in opposite 
directions. 

11. What are the co-ordinates of the point which divides the line 
joining (3, — 1) and (10,6) in the ratio 3:4? 

Here (arj, y{) is (3, —1), (ar^, y^) is (10, 6), and to : n is 3 : 4. 

Hence ^ ^ m^, + nx, ^ 304J2 ^ g^ 

m + n 7 

and J, = 5£i±Mj =. ISzii =2. 

TO -f n 7 

Hence the required point is (6, 2). 

12. The line joining (2,3) and (4,-6) is trisected; determine th 
point of trisection nearest (2,3). 

Here (x^, y^ is (2, 3), {x^, y^ is (4, — 5), and m : » is 1 : 2. 

XT mXq 4- nxy 4 + 4 8 
Hence x = - — ^-2 J = —^ — = -> 

m -\- n 3 3 

and y = mL±Mi = ^l±l = \. 

TO + « 3 3 

Hence the required point is (|, J). 

13. A line AB is produced to a point C, such that BC= iA.B. 
A and B are the points (6,6) and (7,2), what are the co-ordinates 

From the conditions, we have 

AB.BC.'.2:\. .-. ^0[= ^J5+ 7?C] : J5C: : 3 : 1. « \ 



 



Ml 



1 
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That is, the line AB is divided externally at C, in the ratio 3 : 1. 
Here (jcny^) is (5,6), (^a>^s) ^^ (7«2)> ftud >":n is 8:1. Hence, 
using the formulas in No. 10, we hare 

»i — n 2 

and y = '».y2-»yi = QnJ =o. 

^ i»-n 2 

Hence Ois (8,0). 

14. A line AB is produced to a point C, such that ABi J5C7= 4 : 7. 
If ^ and B are the points (5,4) and (6, —0), what are the co-ordinates 
of C ? 

If AB : BC\ : 4 : 7, then AC\=AB-\- BC'\ : -BC: : 11 : 7. 

Hence C divides AB externally in the ratio 11:7. 
1,^ Here (arj, y{) is (5, 4), (xg, y,) is (6, —9), and m : n is 11 : 7. 

, Hence x ■= — 2 1 = = 7 j^ 

I m — n 4 

and y = "« , y,-" , '/. ^ -»g-28 =_3i|. 

m — n 4 

Hence Cis (71,-31}). 

15. Three vertices of a parallelogram are (1,2), (—5,-3), (7,-6). 
What is the fourth vertex ? 

nine ' q^ ^^le triangle whose vertices are the three given points, eitlier side 
may be taken as a diagonal of the parallelogram ; hence there are three 
solutions. 

, (i.) If we take the line joining the points (—5,-3) and (7,-6) as 

. a diagonal, we have for its mid-point 

7«6 . -6-3 ., 

^ = -^- = 1, y = — ^— = -4i. 

But as the diagonals of a parallelogram mutually bisect each other, 
the mid-point (1, —4 J) is also the mid-point of the diagonal joining 
AB- I (1, 2) and the fourth vertex (ar^, y^). Hence we have 

'"H 1 = 1+^. _? = L±i». 

I 2 2 2 

Whence ^2=1, y% = -^ 11, and the fourth vertex is (1, —11). 

: 1- I 

I 
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(ii.) If we take the line joining the points (1,2) and (—5, —3) as a 
diagonal, we have for its mid-point 

1-6 o 2-3 1 

x= = — 2, v= = • 

2 ^2 2 

But the mid-point (—2, —J) is also the mid-point of the diagonal 
joining (7,-6) and the fourth vertex (^oc^^y^)' Hence we hare 

2 2 2 

Whence a-^ = — 11, y^ = 5, and the fourth vertex is (— 11, 6). 

(iii.) Taking the line joining the points (1,2) and (7,-6) as a 
diagonal, we have for its mid-point 

2 ' ^ 2 ' 

Hence for the fourth vertex (a:^, y^), we have 

2 2 

Whence the fourth vertex is (13,-1). 

Ex. 5. Pagre 13. 

1. A point P(a:, y) revolves about the point Q^x^, y{), keeping always 
at the distance a from it. Mention the constants and the variables in 
this case. What is the total change in the value of each variable ? 

a is a constant, since it denotes a constant distance ; and, since (x^, y^) 
is a fixed point, x^ and y^ are also constants. Since (a:, y) moves about 
Q, X and y are both variables. P(x, y) cannot move farther than the 
distance a to the right or to the left of Q, or above or below Q ; hence 
the total change in either :r or y is 2 a. 

2. A point Q(x, y) moves : first parallel to the axis of y, then par- 
allel to the axis of x, then equally inclined to the axes. Point out in 
each case the constants and the variables. 

(i.) When the point (a:, y) moves parallel to the axis of y, y changes 
and is therefore a variable, while x does not change and is therefore a 
constant. 

(ii.) When the point (x, y) moves parallel to the axis of x, x changes 
and is therefore a variable, while y does not change and is therefore a 
constant. 
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(ill.) In the third case both x and y change and are therefore vari- 
ables. 

Ex. 6. Paere 20. 

Determine and construct the loci of the following equations (the 
locus in each case being either a straight line or a circle) : 

1. x — 6 = 0. 

Here x = 6; hence the. point must move parallel to the axis of y at 
the distance 6 to the right of it. Whence the locus is a straight line 
parallel to the axis of y at the distance 6 to the right of it. 

2. ar + 6 = 0. 

Here x = — 6; hence the point must move parallel to the axis of y 
at the distance 5 to the left. Whence the locus is a straight line par- 
allel to the axis of y at the distance 5 to the left of it. 

8. y = -7. , 

Here the point must move parallel to the axis of x at the distance 7 
below it ; hence the locus is a straight line parallel to the axis of x at 
the distance 7 below it. 

4. j: = 0. 

Here the point must move on the axis of y ; hence the locus is that 
axis. 

6. y = 0. 

Here the point must move on the axis of x ; hence the locus is that 
axis. 

6. x + y^O. 

Here y = — x ; that is, y and x are numerically equal, but unlike in 
sign. Hence the point must move along a line which bisects the second 
and fourth quadrants, which is therefore the required locus. 

7. x-2y = 0. ^ 
Here y = \x\ 

hence when a: = 0, 1, 2, 3, 4, , 

y = 0, J, 1, f , 2, 

Locating the points (0, 0), (1, J), (2, 1), J^*^ 

(3, i), (4, 2), , and drawing through Fig. 7. 

them a continuous line, we find that the line AB in Fig. 7 is the required 
locus. 
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8. 2ar + 3y + 10 = 0. 
Here y = — Jar- J^; 

hence when x= 0, 1, 2, 3, 

y = -V,-4,-4J,-6i, 

Locating the points (0, — J^), (1, — 4), 

(2, — 4S), (3, — 6J), , and drawing 

through them a continuous line, we find 
that the locus is the straight line AB. 




Fie. 8. 



(1) 



r— 5 

X — — J. 



9. 9a:2-25 = 0. 
This equation may be written in the form 

(3a:-5)(3x+6) = 0. 

Now (1) is satisfied when 

3 a:— 6 = 0, or 3a: + 5 = 0. .•. x=J, or 

Hence the locus consists of two straight lines parallel to the axis of y, 
one f to the right of it, the other f to the left. 

10. 4a:2-y2 = o. 
This equation may be written in the form 

(2a:-y)(2a: + 3^) = 0. (1) 

Now (1) is satisfied when 2x — y = 0, or 
2 a: + y = ; that is, 

when y = 2 X, (2) 

or y = — 2 x. (3) 

In (2) when 

a: = 0, 1, 2, 3, 4, 

y = 0, 2, 4, 6, 8 

Locating the points (0,0), (1,2), (2,4), (3,6), , and tracing a 

line through them, we obtain AB as the locus of (2). Similarly, we 
find CD to be the locus of (3). Hence the locus of 4a:2 — y2 = qqj^. 
sists of the two lines AB and CD. 




Fio. 9. 



11. a^2-16y2 = 0. 

This equation may be written in the form 
(a:-4y)(ar + 4y)=0, 



(1) 
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Fig. 10. 



which is evidently satisfied when x — 4^=0, or x + 4y = 0; that is, 

when y = \x, (2) 

or y = -Jar. (3) 

In (1) when 

^=0, 1, 2, 3, 

y = o, J, i, h 

Locating the points (0,0), (1, J), 

(2, J), (3,i), , and tracing a 

line through them, we obtain AB 

as the locus of (2). Similarly, we find the locus of (3) to be CD, 
Hence the locus of the given equation consists of the two lines AB 
and CD, 

12. a^2 + y2 = 36. 

This equation may be written in the form 

62 = (:r - 0)2 + (y - 0)2, 

which, from [1], states that the point (x, ^) is at the distance 6 from 
(0, 0), or the origin ; hence the locus is the circumference of the circle 
whose centre is the origin and whose radius is 6. 

18. a:2 + y2_i = 0. 

From [1] this equation states that the point (t,^) is at the distance 
1 from the origin ; hence its locus is the circumference of a circle whose 
centre is the origin and whose radius is 1. 

14. ar(y + 6) = 0. 

This equation is satisfied when a: = 0, or y = — 5. Hence the locus 
consists of the axis of y and a line parallel to, and 5 below, the axis of x. 

16. (t-2)(t-3)=0. 

This equation is satisfied when x = 2, or a: = 3 ; hence the locus con- 
sists of two lines parallel to the axis of y, one 2 and the other 3 to the 
right of that axis. 

16. (y-4)(y + l)=0. 

This equation is satisfied when y = 4, or y = — 1; hence the locus 
consists of two lines parallel to the axis of x, one 4 above, and the othei 
1 below, that axis. 
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17. What is the geometric meaning of the equation 6x^ ~ 17x— 12 = ? 

This equation may be written in the form 5 (a:— 4)(x+{) =0, which 
is evidently satisfied when x = 4, or a: = — f ; hence the locus is two 
lines parallel to the axis of y, one 4 to the right, and the other ] to the 
left, of that axis. 

18. What is the geometric meaning of the equation y^ + 3^ = ? 

This equation may be written in the form y(y + 3) = 0, which is sat- 
isfied when y = 0, or y = — 3 ; therefore the locus consists of the axis 
of X and a line parallel to, and 3 below, that axis. 

19. What two lines form the locus of the equation xy -f 4x = ? 

This equation may be written in the form x (y + 4) = 0, which is evi- 
dently satisfied when x = 0, or y = — 4 ; hence the locus consists of the 
axis of y, and a line parallel to and 4 below the axis of x. 

20. Is the point (2, — 5) situated in the locus of the equation 
4x-3y-. 22 = 01 

By trial we find that the equation is not satisfied for x = 2 and y = — 6 ; 
hence the point (2,-5) is not in the locus of the equation. 

21. Is the point (4,-6) in the locus of the equation y^ = 9x ? 

By trial we find that the equation is satisfied for x = 4 and y = -^6; 
hence the point (4, — 6) is in the locus of y^ = 9 x. 

22. Is the point (—1,-1) in the locus of the equation 

16x2 + 9ya-l-16x-6y- 18 = 0? 

By trial we find that the equation is not satisfied for. x = — 1 and 
y = — 1; hence the point (—1,-1) is not in the locus of the given 
equation. 

28. Does the locus of the equation x^-\-y^= 100 pass through the 
point (- 6, 8) 1 

By trial we find that x^ -f y2 = 100 is satisfied for x = — 6 and y = 8 ; 
hence the locus of x^ + y2=: 100 passes through the point (—6, 8). 

24. Which of the loci represented by the following equations pass 
through the origin ? 

(1) 3x-l-2 = 0. (4) ax+6y-l-c = 0. (7) x2-16ya = 0. 

(2) 3x-lly-|-7 = 0. (5) 3x = 2y. (8) ax+6y = 0. 

(3) x2-16y2-10 = 0. (6) 3x-lly = 0. 
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Each of the loci of equations (5), (6), (7), (8) passes through tlie ori- 
gin, since each of these equations is satisfied for a: = and y = 0. The 
locus of no one of the equations (1), (2), (3), (4) passes through the 
origin, since no one of these equations is satisfied for x = and y = 0, 

25. The abscissa of a point in the locus of the equation 3x^4^ — 7=0 
is 9; what is the value of the ordinate ? 

Putting x=9 in 3x — 4y — 7 = 0, we obtain y = 6 ; hence the ordi- 
nate of the point is 5. 

26. Determine that point in the locus of y^ — 4x= for which the 
ordinate = — 6. 

Putting y = — 6 in the equation y^ — ^x = 0,'we obtain x = 9; hence 
the required point is (9, — 6). 

27. Determine the point where the line represented by the equation 
7x + y — \4=0 cuts the axis of x. ^ 

Putting y = in the equation we obtain x = 2 ; hence the line cuts 
the axis of x at the point (2, 0). . 



Ex. 7. Page 23. 

1. Find the intercepts of the curve 

4a: -j. 33^- 48 = 0. (1) 

In (1) for y = 0, x= 12 ; and for x= 0, y = 16. 
Hence the intercept on the axis of x is 12, and that on the axis of y 
is 16. 

2. Find the intercepts of the curve 

5y_3.r-30 = 0. (1) 

In (1) for y = 0, ar = — 10 ; and for a: = 0, y = Q. 

Hence the intercept on the axis of x is — 10, and that on the axis of 

II 18 6. 

8. Find the intercepts of the curve 

a:2 + y2=16. (1) 

In (1) for y = 0, ar = ± 4 ; and for a: = 0, y = ± 4. 
Hence the intercepts on the axis of x are ± 4, and those on the axis 
of y are ± 4. 
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4. Find the intercepts of the curve 

9a:2 + 4y2=i6. (1) 

In (1) for y = 0, a: = ± J ; and for x = 0, y = ± 2. 
Hence the intercepts on the axis of x are ± |, and those on the axis 
of y are db 2. 

5. Find the intercepts of the curve 

9x2-4y2=i6. (1) 

In (1) for y = 0, j: = ± J ; and for ar = 0, y = ± 2^—1. 
Hence the intercepts on the axis of x are ± |, and the locus does not 
cut the axis of y. 

6. Find the intercepts of the curve 

9ar2-4y = l6. (1) 

In (1) for y = 0, x = ± f ; and for ar = 0, y = — 4. 

Hence the intercepts on the axis of x are :b |, and the intercept on 
the axis of y is — 4. 

7. Find the intercepts of the curve 

a2ar2 + }^f = a%\ (1) 

In (1) for y = 0, x = ±h\ and for x = 0, y = ±a. 
Hence the intercepts on the axis of x are ± b, and those on the axis 
of y are ± a. 

8. Find the intercepts of the curve 

X - 3 = 0. (1) 

Here x = 3 ; hence the intercept on the axis of x is 3. Since the 
locus is parallel to the axis of y, the locus does not cut that axis, and 
has no intercept on it. 

Or we may write (1) in the form 

x + 0y-3 = 0. (2) 

Now in (2) for x = 0, y = 3 -f- 0, or oo ; that is, the point in which 
(2) cuts the axis of y has vanished by passing to infinity. 

9. Find the intercepts of the curve 

x2-9 = 0. 
Here x = ± 3 ; hence the intercepts on the axis of x are ± 3- 

10. Find the intercepts of the curve 

x2 - y2 = 0. 
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Here for y = 0, r = ± ; f or x = 0, y = ± 0. 

Hence the intercept on each axis is 0; that is, the locus passes 
through the origin. 

11. Find the intercepts of the curve 

Here for ^ = 0, a: = ; f or x = 0, y = ± 0. 
Hence the locus cuts the axes only at the origin. 

12. Find the intercepts of the curve 

x^ + y^ — 4x-S!/ = S2, 

Here for y = 0, ar = 8 and — 4 ; for jr = 0, y = 4 ± 4V3. 
Hence the intercepts on the axis of x are 8 and — 4 ; while those on 
the axis of y are 4 + 4 V3 and 4 — 4 V3. 

13. Find the intercepts of the curve 

x2 + y^ — 4x'-Sy = 0. 

Here for y = 0, x = and 4 ; for x = 0, y = and 8. 

Hence the intercepts on the axis of x are and 4, and those on the 
axis of y are and 8. 

14. Find the intercepts of the curve 

(x - 6)2 + (y - 6)2 = 20. 

Here for y = 0, ar is imaginary ; and for x = 0, y is imaginary. 
Hence the locus does not cut either axis. 

16. Find the points of intersection of the curves 

3x-4y+13 = 0, 11 x+7y- 104=0. 

Regarding these equations as simultaneous, and solving them for x 
and y, we obtain x= 6 and y = 1 \ hence the point of intersection of 
their loci is (5,7). When these equations are considered separately, x 
and y in each are variables; but when they are regarded as simulta- 
neous, X and y in each are constants, and denote the co-ordinates of 
the point of intersection of their loci. 

16. Find the points of intersection of the curves 

2x+3y = 7, x-y = \. 

Regarding these equations as simultaneous, and solving them for x 
and y, we obtain x = 2 and y = 1 ; hence the point of intersection of 
their loci is (2, 1). 
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17. Find the points of intersection of the curves 

ar-7y + 26 = 0, a^» + y« = 26. 

Regarding these equations as simultaneous, and solving them for x 
and y, we obtain x = 3, y = 4, and x = — 4,y = S; hence the points 
of intersection of their loci are (3, 4) and (— 4, 3), 

18. Find the points of intersection of the curves 

3ar + 4y=25, x2+y» = 25. 
Regarding these equations as simultaneous, and solving them for x 
and y, we obtain x = S and y = 4 ; hence the point of intersection of 
their loci is (3, 4). 

19. Find the points of intersection of the curves 

Regarding these equations as simultaneous, and solving them for r 
and y, we obtain a; = 6, y = 3, and a? = 3, y = 6 ; hence the points of in- 
tersection of their loci are (5, 3) and (3, 5). 

20. Find the points of intersection of the curves 

2a: = y, x^-^- y^ — lOx = 0. 
Regarding these equations as simultaneous, and solving them for x 
and y, we obtain x = 0, y = 0, and x = 2, y = 4 ; hence the points of 
intersection of their loci are (0, 0) and (2,4). 

21. The equations of the sides of a triangle are 2x + 9y + 17 = 0, 
7x — y — 38 = 0, X — 2y-l-2 = 0. Find the co-ordinates of its three 
vertices. 

To find the vertex of the angle included between the loci of 2x + 9y 
-}. 17 = and 7 x — y — 38 = 0, we regard these equations as simulta- 
neous, and solve them for x and y. We thus obtain x = 5 and y =— 3; 
hence this vertex is the point (6, — 3). 

Similarly, we find the vertex of the angle between the sides 7 x — y 
—38 =0 and x — 2y + 2 = 0, to be the point (6, 4) ; and the vertex of 
the angle between the sides x — 2y-l-2 = and 2x -1- 9y -|- 17 = to 
be the point (—4, — 1). 

22. The equations of the sides of a triangle are 5x-|-6y = 12, 
3x — 4y = 30, X -1- 6y = 10. Find the lengths of its sides. 

This problem consists of the two parts : 
(i.) Finding the three vertices of the triangle, 
(ii.) Finding the distances between these vertices taken two and two. 
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(i.) Regarding 5 a: + 6y = 12 and 3x'4y=r30a8 simultaneous, and 
solying them, we find one rertex to be the point (6,-3), 

Solving 3a:— 4y = 30 and a: + 5y = 10 as simultaneous equations, 
we find the second vertex to be (10, 0). 

Solving X + 5y = 10 and 5a;4-6y = 12 as simultaneous equations, 
we find the third vertex to be (0, 2). 

Hence the three vertices are (6, —3), (10, 0), and (0, 2). 

(ii.) First let (x^, y{) be (6,-3), and (a:,,^,) be (10,0); then, by 
[1], we have 

rf= V42+32= >/26 = 5. 

Now let (aTi, y^) be (10, 0) and (a:^ y,) be (0, 2) ; then, by [1], we 
have 

rf= V(- 10)2 + 22= Vl04 = 2V26. 

Again, let (x^, y^) be (0, 2), and (x,, y,) be (6, —3) ; then, by [1], we 
have 

d= V62 + (- 5)2 = V61. 

Hence the lengths of the three sides are 6, 2\/26, and V61. 

23. Find the lengths of the sides of a triangle if the equations of the 
sides are x = 0, y = 0, and 4 a: + 3 y = 12. 

Since y = and x = are the axes of co-ordinates, the triangle is a 
right tidangle formed by the locus of 4a; + 3^ = 12 and its intercepts on 
these axes. Now these intercepts are evidently 3 and 4 respectively ; 
hence the sides about the right angle are 3 and 4. Hence, by Geometry, 
the third side is V32 + 42, or 5. 

24. What are the vertices of the quadrilateral enclosed by the straight 
lines X — a = 0, x + a = 0, y — 6 = 0, y + 6 = 0'? What kind of a quad- 
rilateral is it ? 

The sides in order are evidently x = a, y = 6, x = — a, and y = — ft. 
The intersection of x = a and y = 6 is evidently (a, ft) ; that of y = ft 
and X = — a is (— a, ft) ; that of x = — a and y = — ft is (— a, — 6) ; 
and that of y = — ft and x = a is (a, —ft). Hence the vertices are 

(«, ft), (— «, ft), (— o, — ft), («r - ft). 

Since x = a and x = — a are each parallel to the axis of y, and y--= ft 
and y = — ft are each parallel to the axis of x, the enclosed figure is 
a rectangle. 
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25. Does the straight line 5 ;r + 4 y =: 20 cut the circle x^ + yS _ 9 ? 

Regarding these equations as simultaneous, and solving, we obtain 
imaginary values for x and y ; hence the plane loci of these equations 
do not intersect. 

26. Find the length of that part of the straight line 3x — 4y = 
which is contained within the circle x^ -|- y2 = 26. 

Regarding these equations as simultaneous, and solving for x and y, 
we obtain x = 4, y = 3, and r=— 4, y=: — 3; hence the extremities 
of the chord are (4,3) and (—4,-3). 

Let (r,, y,) be (4, 3), and (xg, y^) be (—4, — 3) ; then, by [1], we have 
d = V(- 8)2 +(-6)2 = 10 = the length of the chord. 

27. Which of the following curves pass through the origin of co- 
ordinates ? 

(1) 7a:-2y + 4 = 0. (3) y2-a^« = 4y. (6) a2: + 6y + c = 0. 

(2) 7a: — 2y = 0. (4) aa: + 6y = 0. (6) x2 — y + a =r a + xy. 

Since each of the equations (2), (3), and (4) has no constant term, 
and since (6) has none when simplified, the locus of each of these 
equations passes through the origin. 

28. Change the equation 4x + 2y — 7 = 0so that its locus shall pass 
through the origin. 

If we drop the constant term — 7, we have 4 x + 2y = 0, the locus of 
which passes through the origin. 



Ex. 8. Pagre 30. 

1. Construct the locus of 3 x — y — 2 = 0. 
Here y = 3x — 2. 

When x= 0, 1, 2, 3, 4, , 

y = -2, 1, 4, 7, 10, 

Locating the points (0,-2), (1,1), (2,4), 

(3, 7), , and tracing a continuous line through 

them, we obtain AB as the required locus. 

That the locus is a straight line is evident ^'®' ^^• 

from the fact that for all values of x, an increase of 1 in x causes an 
increase of 3 in y. 
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2. Construct the locus of ^ =2x. 

When ar = 0, 1, 2, 3, 4, , 

y = 0, 2, 4, 6, 8, 

Here y increases by 2 while x increases by 1 ; 
hence the locus is a straight line. Locating the 
point (1, 2) and drawing a straight line through 
it and the origin, we obtain AB (Fig. 12) as the 
required locus. 




Fio. 12. 



(1) 
(2) 



3. Construct the locus of 2^ = y^. 
Solving the given equation, we obtain 

and y = — x. 

The locus of (1) is evidently the straight line which bisects the first 
and third quadrants ; while that of (2) is the straight line bisecting the 
second and fourth quadrants. Hence these two lines constitute the 
locus of the given equation. 

4. Construct the locus of x^ + y^= 100. 

By [1], this equation states that the point (x, y) is at the distance 10 
from the origin ; hence the locus of the equation is the circle whose 
centre is the origin, and whose radius is 10. 



5. Construct the locus of a^ — y^ = 25. 

Here y = ± Vx^ — 26, 

and 



(1) 
(2) 



xz=± y/yi + 25. 

In (1) fora: = 0, y is imaginary; hence the locus does not cut the 
axis of y. In (2) for y = 0, a: = ± 5 ; hence the locus cuts the axis of x 
at 5 to the right and 5 to the left of the origin. 

In (1) for any value of x between — 6 and + 6, 
y is imaginary ; hence no part of the locus lies 
between the lines a: = — 6 and a: = + 6. Any 
positive value of x greater than + 6 renders y 
real ; hence the locus is continuous between 
ar = + 6 and a: = + « . For like reason, the 
locus is continuous between a: = — 5 and a: = — «. 
Any real value of y in (2) renders x real ; hence 
the locus is continuous in the direction of the 
axis of y from y = — 00 toy = + «. 




O 




Fig. 13. 
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When x= 6, 6, 7, 8, 9, .. 

y- 0, ±3.3, ±4.9, ±6.2, ±7.6, - 

When x = -6, -6, -7, -8, -9, , | 

f.2, ±7.6, J 



:} 



(3) 



W 



y= 0, ±3.3, ±4.9, ±6. 

Locating the points given in (3) and (4), and tracing through them 
a continuous curve, we obtain the locus, which consists of the two 
branches given in Fig. 13. 

Since the given equation contains only the second powers of x and y, 
if (xi, yi) be a point on the locus, (xj, — y^ and (— arj, y^ are each on 
the locus also. But (xj, — y{) is the symmetrical of (xj, y^ with respect 
to the axis of x, and (— arj, yj) is the symmetrical of (x„yi) with re- 
spect to the axis of y. Hence the locus is symmetrical with respect to 
each of the co-ordinate axes. 

6. Construct the locus of 4 x^ — ^2 _ o^ 

The equation 4 x^ — y2 _ q may be written in the form 

(2x + y)(2x-y)=0. 
Hence the locus consists of the loci of the equations 

y = 2 X and y = — 2 x. 
The locus of y = 2x is the line AB (Fig. 12). 
In y = — 2 X we have, 
when x = 0, 1, 2, 3, , 

y = 0, -2, -4, -6, 

Here y decreases by 2 while x increases by 1 ; hence the locus is a 
straight line. Locating the point (1, — 2) (Fig. 12), and drawing a 
straight line through it and the origin, we obtain HD as the locus of 
y = — 2 X. Hence the locus of 4 x^ — y2 = consists of AB and HD. 

7. Construct the locus of 4x2 + 9y2 = 144^ 
Here y = ± I V36 - xK 

When x= 0, 1, 2, 3, 4, 6. 6, | 

y= ±4, ±3.9, ±3.8, ±3.6, ±3, ±2.2, 0. J ^ ^ 

When x= -1, -2, -3, -4, -6, -6, | 

y= ±3.9, ±3.8, ±3.6, ±3, ±2.2, 0. j 

When X > + 6 or < — 6, y is imaginary ; hence no part of the locus 
lies to the right of the line x = 6, or to the left of the line x = — 6. 
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Locating the points given in (1) and (2), and tracing through them a 
continuous curye, we obtain the curve in Fig. 
14 as the locus of the given equation. 

Since the given equation contains only the 
second powers of x and y, the locus is symmet- 
rical with respect to each of the axes, and also 
with respect to the origin 0. 

8. Construct the locus of y^~'16x = 0. 
Here y = ±4V^. 
For negative values of x, y is imaginary ; 

hence the locus does not extend to the left of 
the axis of y. For every positive value of x, 
y has two real values numerically equal, with 
unlike signs; hence the locus consists of two 
infinite branches, one in the first, and the other 
in the fourth, quadrant, which are symmetrical 
with respect to the axis of x. 

For ar = 0, 1, 2, 3, 4, 5, , 

y = 0, ±4, ±6.6, ±6.9, ±8, ±8.9, 

Locating the points given above, and tracing ^*°- ^^* 

through them a continuous curve, we obtain the curve in Fig. 15 as the 
locus oi y^= 16 a:. 

9. Construct the locus oi y^-\-\Qx = 0. 

Here y = ± 4V— x. 

For positive values of a:, y is imaginary; 
hence the locus does not extend to the right of 
the axis of y. For every negative value of ar, 
y has two real values numerically equal, with 
opposite signs ; hence the locus consists of two 
infinite branches, one in the second, and the 
other in the third, quadrant, which are symmet- 
rical with respect to the axis of x. When 

x = 0, -1, -2, -3, -4, -5, , 

y = 0, ±4, ±5.6, ±6.9, ±8, ±8.9, 

Locating the points given above, and tracing through them a contin- 
uous curve, we obtain the curve in Fig. 16 as the locus ot y^ •\-\Qx = 0. 
The curves in Figs. 15 and 16 evidently differ only in position. 
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10. Construct the locus of x^ — 2 x — 10 y — 5 = 0. 

Solving the equation for x, we obtain 

x=l± VlOy +6. 

For y = — 0.6, x = l, and for y < — 0.6, x is imaginary ; hence no part 
of the locus lies below the line y = — 0.6. For any value of y greater 
than — 0.6, x has two real values ; hence the locus consists of two in- 
finite branches, one in the first, and the other in the second, quadrant. 
When 

y=r-0.6; ;1 ;? ;3 ;4 

x= 1; +3.4,-1.4; 6,-3; 6.1,-4.1; 7,-6; 7.8,-5.8; 

Locating the points given above, and tracing through them a contin- 
uous curve, we obtain the curve in Fig. 17 as the locus of 

a;2-2x-10^y-5 = 0. 

This curve is evidently symmetrical with respect to the line a: = 1, 
and its branches are infinite. 

Y 





Fig. 17. 
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11. Construct the locus of y^ _ 2 y — 10 a: = 0. 

Here y = 1 ± Vl0ar+ 1. 

For X = —0.1, y = 1, and for a: < — 0.1, y is imaginary ; hence no part 
of the locus lies to the left of the line a: = — 0.1. For any value of x 
greater than 0.1, y has two real values ; hence the locus consists of two 
infinite branches, one in the first, and the other in the fourth, quadrant. 
When 

a:=-0.1; ; 1 ; 2 ; 3 ; 4 ; , 

y= 1; 2,0; 4.3,-2.3; 5.6,-3.6; 6.6,-4.6; 7.4,-5.4; 

Locating the points given by the values of x and y above, and tracing 
through them a continuous curve, we obtain the curve in Fig. 18 as the 
locus of ^2 — 2 y — 10 a: = 0. 

This curve is evidently symmetrical with respect to the line y = 1. 
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12. Construct the locus of (x — 3)2 + ( j^ — 2)2 = 26. 

By [1] this equation states that the point (x, y) is at the distance 6 
from the point (8, 2) ; hence the locus of this equation is the circle 
whose centre is the point (3, 2), and whose radius is 5. 

13. Construct the locus of y^ — l = 0. 
This equation may be written in the form 

(y + i)(y-i) = o; 

hence its locus consists of the two lines y = 1 and y = ~ 1 ; that is, the 
locus consists of two lines parallel to the axis of x, one 1 aboye that 
axis, and the other 1 below it. 

14. Construct the locus of y = ar*. 

Here for any real value of Xy y has one real yaluc, and has the same 
sign as x. Hence the locus has one infinite branch in the first quad- 
rant, and another in the third. 



When 



4, 
64, 



::} 



When 



::} 



(1) 



(2) 



ar= 0, 1, 2, 3, 
y= 0, 1, 8, 27, 

x=-l, -2, -3,-4, 

y = -h "8, -27, -64, 

Locating the points given in (1) and (2), and tracing through them 
a continuous curve, we obtain the curve in Fig. 19 as 
the locus of y = x^. Since, if (tj, y^) is a point on the 
curve, (— ^1, — yO is also on it; the locus is symmetrical 
with respect to the origin as a centre of symmetry. 



15. Construct the locus of xy = 12. 
Here 



12 , 12 
y — — and a: = — 

X y 



Since their product is positive, x and y must have 
like signs; hence the locus lies in the first and third 
quadrants. 

When x= 1, 2, 3, 4, 6, 12, , 

y = 12, 6, 4, 3, 2, 1, 

Fio. 19. 

Locating the points given above, and noting that as x approaches 
infinity from 12, y approaches zero ; and that as x approaches zero from 
1, y approaches infinity, we may trace the part of the locus that lies 




28 



ANALYTIC GEOMETRY. 



in the first quadrant, as in 
Fig. 20. Since, if (x^, y^) is 
a point on xy=l2, (— x^, 
— i^i) is also a point on it; 
the part of the locus in the 
third quadrant may be ob- 
tained by drawing the sym- 
metrical of the branch in 
the first quadrant with re- 
spect to the origin 0. Thus, 
to construct the symmetri- 
cal of P, draw PO, and on 
it produced lay off OP* 
equal to OP; then is P' 
one point on the branch 
in the third quadrant. In 
like manner, any number 
of other points may be 
located. 
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16. Construct the locus of :r = sin y. 

When y = 0° = 0, a: = 0. When ^ = 60° = 0.87, x = 0.77. 

y = 100 = 0.17, a: = 0.17. y = 60° =1.05, x = 0.87. 

y = 200 = 0.35, ar = 0.34. y = 70^=1.22, a: = 0.94. 

y = 30° = 0.52, x = 0.50. y = 80° =1.40, a: = 0.98. 

y= 400 = 0.70, a: = 0.64. y = 90° = 1.57, a: =1.00. 

If we continue the values of y from 90° to 180°, the above values of 
X repeat themselves in the inverse order ; from 
180° to 360O the values of x are numerically 
the same, and occur in the same order as be- 
tween 0° and 180°, but are negative. 

Locating the points given above, and tracing 
a continuous curve through them, we obtain 
the locus from to Jf in Fig. 21. It is evident 
that this portion of the curve will repeat itself 
at intervals of 2 ir, both above and below the — 
origin. 




Fig. 21. 



17. Construct the locus of y = 2 sin x. 

This and the following loci may be constructed with sufficient accu- 
racy as follows : 
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Diyide the quadrant AK of the unit circle into eight equal parts ; 
then, without much error, the chords of these partial arcs may be taken 
as the arcs themselves. 

To construct y = 2 sin x, lay off in succession, on the 
axis of X (Fig. 23), the distances 1, 1 2, 2 3, 3 4, 4 5, 
5 6, etc., equal to the chord Ag' (Fig. 22). On the 
perpendiculars at 1, 2, 3, 4, 6, etc., lay off 1 m = 2ggf, 
2n = 2jy', Sp = 2ee', 4g = 2rfrf', 6r=2cc', 6a = 266', 
7t = 2aa', Su=2 0K, 9v = 2aa', 10w=2bb', etc., and 
trace a continuous curve through the points 0,m,n,p, 
etc. 

It is evident that the values of 2 sin x from 00^ to 
180° are those of 2sinx from 0° to 90° in reverse 




O a b cdefg 
Fio. 22. 




i 23456789 lb 
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order. Those of 2 sin x from 180° to 360° are those of 2 sin x from 
0° to 180° with the minus sign prefixed, so that the branch below the 
axis of X will be of the same form as that given in the figure. 

It is evident that the curve will repeat itself at intervals of 2 x, both 
to the right and to the left of the origin. 

Y 

18. Construct the locus of 

y = sin 2 X. 

On OX (Fig. 24) lay off the dis- 
tances 1, 1 2, etc., equal to chord 
Agf (Fig. 22) as above. 

On the perpendiculars at these 
points lay off 1 to =Jf'y 2n = dd', 
3/) = 66', 4q=0K, 6r = 66', 6s 
= dd', 7 1 =ff\ etc. Through the 
points thus located trace a continuous curve. The curve cuts the axis 




QJ 2 



Fio. 24. 



30 



ANALTTIG GEOMETRY. 




Fie. 25. 



of X at intervals of ^v, extends both to the right and the left of the 
origin, and repeats itself at intenrals of ir. 

19. Construct the locus of y = cos x. 

On OX (Fig. 25) lay off the disUnces equal to Ag* (Fig. 22) ajs above. 

On the perpendiculars at the points thus determined lay off 0K= OA, 
lm=Og, 2n=0/, Sp=zOe, 
Aq= Ody 5 r = Oc, etc. 

Since cos (— x) = cos x, lay 
off these distances in the same 
order on the perpendiculars to 
the left of the origin, and 
through the points thus deter- 
mined trace a continuous curve. 
The curve cuts the axis of x at ^ t to the right and to the left of the 
origin, and in general at intervals of w. To the right of 8 there is a 
portion below the axis of x of the same shape and dimensions as that 
given in Fig. 26, and the curve repeats itself at intervals of 2ir. 

80. Construct the locus of y = tanx. 

On OXand OX' (Fig. 26) lay off the distances equal to Ag' (Fig. 22), 
and on the perpendiculars at the points thus determined lay off, succes- 
sively, distances equal to AB, AC, AD, AE, AF, AG, AH; those to the 
right of the origin being laid off upward, and those to the left downward. 

Through the points thus determined trace a continuous curve. 

As X approaches }ir, tan x approaches ao, and as x approaches ^ir, 
tan X approaches — x ; hence the infinite branch in the first quadrant 
approaches indefinitely near the line x = iir, and that in the third 
approaches the line x = — J t. The curve cuts the axis of x at the ori- 
gin and at intervals of v to the right and the left of the origin. The 
curve repeats itself at intervals of ir, both to the right and the left, 
one entire branch lying between the lines x = — J ir and x = J ir. 

21. Construct the locus of y =cotx. 

On OX (Fig. 27) lay off the equal distances as before, and erect the 
perpendiculars. Since cot x = tan (| ir — x) , on these perpendiculars lay 
off upward distances equal to AH, AO, AF, AE, AD, AC, AB, and then 
in reverse order lay them off downward. Trace one branch of the curve 
through the points thus determined. As x approaches zero, cot x ap- 
proaches Qo, and as x approaches t, cotx approaches — oo; hence the 
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infinite arms of this branch approach infinitely near the axis of y and 
the line x=ir. The curve cuts the axis of a: at } ir to the right of the 
origin, and at intervals of w, both to the right and to the left of this 
point. The curve repeats itself at intervals of w, both to the right and 
left of the origin, one entire branch lying between the axis of y and the 
line a: = IT. 

22. Construct the locus of y = sec or. 

On OX and OX' lay off the distances equal to Agf (Fig. 22), and on 
the perpendiculars at the 
points thus determined lay 
off successively distances 
equal to OB, OC, OB, OE, 
OF, OG, OH, upward on 
both «ides of the origin, as 
sec a; is + for all values of 
X between — Jir and Jir. 
Through the points thus de- 
termined (Fig. 28) draw the 
curve which cuts the axis of 
y at (0,1). 

The infinite arms of the 
branch in the figure ap- 
proach indefinitely near the 
lines a: = — J IT and x = } ir. 
The curve does not cut the 
axis of X. The curve re- 
peats itself at intervals of 
IT, both to the right and the 
left of x=\ir, the branches 
being alternately above and 
below the axis of x, 

23. Construct the locus of y = esc x. 

On OX (Fig. 29) lay off the equal distances as before, and erect the 
perpendiculars. Since esc x = sec (J ir — ar), on these perpendiculars lay 

off upward distances equal to OH, OG, , OB, OA, OB, , OH, and 

trace a continuous curve through the points thus determined. As a: 
approaches zero, esc a: approaches go, and as x approaches ir, esc a: 
approaches + oo ; hence the infinite arms of this branch approach in- 
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definitely near the axis of y and the line or = t. The curve repeats 
itself at intervals of t, both 
to the right and the left of 
the origin, the branches be- 
ing alternately abore and 
below the axis of x, 

84. Construct the locus 
of ^ 3= sin a: + cos x. 

On OXand OX' (Fig. 30) 
lay off the equal distances 
as before, and erect perpen- 
diculars. On the perpendic- 
ulars to the right of O lay 
off distances equal to ^^'+ 

Og, ff+Of, eef^-Oe, , 

aa'^ Oa, OK, aa'—Oa, W 
— Oh, dd'^ Od. On the per- 
pendiculars to the left of O 
lay off distances equal to 
Og-gg'f Of-ff, Oe-ee', 
Od — dd'. We thus deter- 
mine the points correspond- 
ing to the values of x be- 
tween — J IT and I T. Draw- 
ing a continuous curve 
through these points, we 
obtain the branch in Fig. 30. 
The portions, or branches, 
below the axis of x are of 
the same form and dimen- 
sions as the branch in the 
figure, since the negative 

values of sin x + cos x for x > J w and < } ir are numerically equal to the 
positive values of sin x -\- cos x for x > — J ir and < f ir. For y = 0, we 
have sin x = — cos x or tan x^ —1; hence the curve cuts the axis of x 
at }^ IT to the left of 0, and f ir to the right of 0, and at intervals of ir 
both to the right and to the left of these points. The curve evidently 
repeats itself at intervals of 2 t both to the right»and to the left. 
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Ex. 0. Pafire 31. 

1. A point moves so that it is always three times as far from the 
axis of X as from the axis of y. What is the equation of its locus ? 

From the conditions of the problem, y^ or the distance of the point 
from the axis of x, equals 3 a:, or three times the distance of the point 
from the axis of y ; hence y=.Zx is the equation of the locus of the 
point. 

2. What is the equation of the locus of a point which moves so that 
its abscissa is always equal to +6? — 6? 0? 

In the first case the point must trace a straight line parallel to the 
axis of y at the distance 6 to the right of it, the equation of which is 
x = 6. For like reason the equation in the second case is a: = — 6 ; and 
in the third x —. 0. 

3. What is the equation of the locus of a point which moves so that 
its ordinate is always equal to +4? — 1? 0? 

In the first case the point must trace a straight line parallel to the 
axis of X at the distance 4 above it, the equation of which is y = 4. 

For like reason the equation in the second case is y = ~ 1 ; and in 
the third y = 0. 

4. A point so moves that its distance from the straight line a: = 3 is 
always numerically equal to 2. What is the equation of its locus ? 

From the conditions, the point must trace a straight line parallel to 
the line :i: = 3, at the distance 2 to the right, or 2 to the left, of it ; hence 
the equations of the locus are ar = 6, and x=l, or a: — 6 = and a:— 1 
= 0, which may be written 

(a:-6)(a:-l) = a;2-6a:+5 = 0. 

5. A point so moves that its distance from the straight line y = 6 is 
always numerically equal to 3. Find the equation of its locus. Con- 
struct the locus. 

The point must trace a line parallel to the line y = 5 at the distance 
3 above or 3 below it ; hence the equations of the locus are y = 8 and 
y = 2, which may be written 

(y-8)(y-2) = y2-10y+16=:0. 
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6. A point moyes so that its distance from the straight line x + 4= 
is always numeric^j equal to 6. Find the equation of its locus. Con- 
struct the locus. 

The point must trace a line parallel to the line ar=— 4 at the distance 
5 to the right or to the left of it; hence the equations of the locus are 
x = l and or = — 9, which may be written 

7. What is the equation of the locus of a point equidistant 

(1) from the parallels x = and x = —Q'i 

(2) from the parallels y = l and y = — 3 

(1) The parallels are the axis of y and a line 6 to the left of it ; 
hence the point must be on a line 3 to the left of the axis of y, whose 
equation is x = — 3, or x + 3 = 0. 

(2) The parallels are parallel to the axis of x, one 7 above it, and the 
other 3 below; hence the point midway between them must be 2 above 
that axis, and the equation of the locus is y = 2, or y ^ 2 = 0. 

8. What is the equation of the locus of a point always equidistant 
from the origin and the point (6, 0) ? 

Let (x, y) be the point ; then, by [1], its distance from the origin 
(0, 0) is Vx^^Tp, and its distance from (6, 0) is V(x- 6)2+^2. Pu^ 
ting these distances equal to each other, we have 



V^aT? = V(x - 6)2 + y2, 
or X = 3, 

which is the equation required. 

9. Find the equation of the locus of a point equidistant from the 
points (4, 0) and (— 2, 0). 

Let (x, y) be the point; then, by [1], its distance from (4,0) is 
V(x — 4)2 + y2, and its distance from (—2, 0) is V(x + 2)2 + yS. p^t. 
ting these distances equal to each other, we have 



V(x - 4)2 + y2 = V(x + 2)2+ y2, 
or X = 1, 

which is the equation required. 
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10. Find the equation of the locus of a point equidistant from the 
pointe (0,-6) and (0, 9). 

Let (x,y) be the point; then, by [1], its distance from (0, —6) is 
V:ri+ (y + 5)a, and its distance from (0, 9) is Vx^ + (y — 9)2. Put- 
ting these distances equal to each other, we have ^ 

y/x^ + (y + 6)»= Vx' + (y -9)a, 
or y = 2, 

which is the equation required. 

11. Find the equation of the locus of a point equidistant from the 
points (3, 4) and (6,-2). 

Let (x,y) be the point; then, by [1], its distance from (3,4) is 
V(x-3)H (y-4)2, and its distance from (6, -2) is V(ar-5)2+(y+2)«. 
Putting these distances equal to each other, we have 



V(a:-3)2+ (y-4)2= V(x-6)a+ (y + 2)2, 
or y = Jar-}, 

which is the equation required. 

12. Find the equation of the locus of a point equidistant from the 
points (6, 0) and (0, 6). 

Let (:r, y) be the point ; then, by [1], its distance from (5, 0) is 
V(x - 5)2 + y2, and its distance from (0, 6) is y/jfi + (y — 5)^. Put- 
ting these distances equal to each other, we have 

V(t - 6)2 + y2 = Vx2 + (y - 6)2, 

or y = x, 

which is the equation required. 

18. A point moves so that its distance from the origin is always 
equal to 10. Find the equation of its locus. 

Let (or, y) be the point; then, by [1], its distance from the origin is 
\/jp2Tf~p. Putting this equal to 10, we have 



Vx^ + y* = 10, 
or a:2 + y2 = iqo, 

as the required equation. 
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14. A point moves so that its distance from the point (4, —3) is 
always equal to 6. Find the equation of its locus, and construct it. 
What kind of curve is it ? Does it pass through the origin ? Why 1 

Let (x, y) be the point; then, by [1], its distance from the point 
(4, -3) is V(a:-4)2+(3^ + 3)2. Putting this equal to 6, we obtain 

V(x-4)a+(y + 3)a = 6, 
or (x-4)2+(y + 3)2=26, (1) 

or r2 4.y2_8a: + 6y =0, (2) 

as the required equation. 

Since the moving point is at the distance 6 from the point (4, —3), 
the locus is a circle whose centre is (4, —3) and whose radius is 5. 

The locus passes through the origin, since in the simplest form its 
equation (2) has no constant term. 

15. What is the equation of the locus of a point whose distance from 
the point (— 4, — 7) is always equal to 8 1 ^ 

Let (x, y) be the point ; then, by [1], its distance from the point 
(- 4, — 7) is V(x + 4)2 + (y + 7)2. Putting this equal to 8, we obtain 

vV(x + 4)2 4- (i^ + 7)2 = 8, 
or (:r + 4)2 + (y + 7)2 = 64, 

as the required equation. 

16. About the origin of co-ordinates as centre, with a radius equal 
to 5, a circle is described. A point outside this circle so moves that its 
distance from the circumference of the circle is always equal to 4. 
What is the equation of its locus ? 

Since the point is always without, and at the distance 4 from the cir- 
cumference whose radius is 6, it must be at the distance 9 from the 
origin. 

Let (x, y) be the point; then, from [1], its distance from the origin 
is -y/x^ + y2. Putting this equal to 9, we obtain 



\/x2 + y2 = 9^ 

or x^-\-y^ = 81, 

as the required equation. 
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17. A high rock A, rising out of the water, is 8 miles from a per- 
fectly straight shore BC, A ressel so moves 
that its distance from the rock is always the 
same as its distance from the shore. What 
is the equation of its locus ? 

Let A represent the position of the high 
rock, and CB that of the straight shore. 

Through A draw JTO perpendicular to 
CB; then 0^ = 3. Take OX as the axis 
of ar, and OB as the axis of y. Let F*(x, y) ^®- ^l. 

denote any position of the ressel. Draw P'^f parallel to BC; then 

aP^ = AM^ + mP\ (1) 

But AP* =BPf= 0M= X, MP* = y. 

AM =OM''OA =j:-3. 

Substituting these yalues in (1), we obtain 

^a = (x - 3)2 + ya, 

or yS — 6x4-9 = 0, 

as the required equation. 



18. A point A is situated at the distance 6 from the line BC. A 
moving point P is always equidistant from A and BC, Find the equa- 
tion of its locus. 

Let A (Fig. 31) be the fixed point, and BC the fixed straight line. 
Through A draw XO perpendicular to CB; then 0A=6. Take OX 
as the axis of x, and OB the axis of y. Let P^(Xf y) be any position of 
the moving point P. Draw 7^ ilf parallel to BC; then 



But 



AP^^ = AM^ -{- MP'^ 

APf =BP'=OM=x, MP=y, 



0) 



AM =OM-OA = x-Q. 

Substituting these values in (1), we obtain 

ar2=(a:-6)2 + y2, 

or y2-12ar + 36 = 0, 

as the required equation. 
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19. A point moves so that its distance from the axis of x is half its 
distance from the origin; find the equation of its 
locus. 

Let OX and OF be the axes, and P any posi- 
tion of the moying point (x, y). Draw PM par- 
allel to OF, and draw 0P\ then in the right 
triangle 0PM, we have 

~"" ~~" (1) 
But 



O 




M 



Fig. 33. 



OP^=OM^ + MP^. 
OM=x, MP^y,- 
and since P is twice as far from O as from J[0, 

OP =2MP=2y. 

Substituting these values in (1), we have 

(2yy = x^ + y^, 
or 3ya = a^», 

as the required equation. 



90. A XK>int moves so that the sum of the squares of its distances 
from the two fixed points (a, 0) and (—a, 0) is the constant 2k^; find 
the equation of its locus. 

Let (x, y) be the moving point; then, by [1], its distance from (a, 0) 
is V^x — a)2 -f y2, and its distance from (— o, 0) is V(x + a)^ + y*. 
Putting the sum of the squares of these distances equal to 2k^, we 

obtain (x-a)2 + y2+(x + a)2+ya = 2ifc2, 

or afl + y^riik^-^a^, 

as the required equation. 

81. A point moves so that the difference of the squares of its dis- 
tances from (a, 0) and (—a, 0) is the constant k^; find the equation of 
its locus. 

Let (ar, y) be the moving point ; then, by [1], its distance from (a, 0) 
is V(ar — a)2 + y', and its distance from (— a, 0) is V(x + a)^ 4- y*. 
Putting the difference of the squares of these distances equal to k^, we 
obtain 

or ^ax=±k^, 

as the required equation. 
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Bx. 10. Pagre 33. 

1. If we should plot all possible points for which x = — 5, how would 
they be situated ? 

Each point would be at the distance 5 to the left of the axis of y, and 
hence in a line parallel to that axis, 6 to its left. 

2. Construct the point {x,y') if x = 2 and 

(1) y = 4x-3, (2) 3x-2y = 8. 
Ifiny = 4x — 3we put x = 2, we obtain 

y = 8-8 = 6; 
hence in the first case, (x, y) is (2, 6). 
Ifin3x — 2y = 8we put x = 2, we obtain 

6-2y = 8, or y = -l; 
hence in the second case, (x, y) is (2, — 1). 

8. The vertices of a rectangle are the points (a, 6), (— a, 6), (— a, — 6), 
and (a, — 6). Find the lengths of its sides, the lengths of its diagonals, 
and show that the vertices are equidistant from the origin. 

Since the ordinates of the vertices (a, 6) and (—a, 6) are each 6, the 
side between these vertices is parallel to the axis of x at the distance 6 
above it, and the length of this side is a — (—a), or 2a. For like rea- 
son, the side between the vertices (—a, —6) and (o, — 6) is parallel to 
the axis of x at the distance h below it, and the length of the side is 2 a. 
Since the abscissas of the vertices (—a, 6) and (—a, —6) are each —a, 
the side between them is parallel to the axis of y at the distance a to 
the left, and the length of the side is 6 — (—6), or 26. For like reason, 
the side between the vertices (a, —b) and (a, 6) is parallel to the axis 
of y at the distance a to the right, and the length of the side is 2 h. The 
opposite sides being parallel to the rectangular axes, the figure is a rec- 
tangle whose opposite sides are 2 a and 2 6, respectively. 

Now, by [1], the length of the diagonal between the vertices (a, 6) 
and (-a, -6) is V(a + a)^ + (6 + by = 2 Va^ + 62. 

We obtain the same expression for the distance between the vertices 
(—a, 6) and (a, —6). 

Moreover, by [1], the distance from (0,0) to either of the vertices is 
Va24ri2. 
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4. What does equation [1], p. Q, for the distance between two points, 
become when one of the points is the origin 1 

Let (xj, y,) be (0, 0) ; then [1] becomes 

That is, the distance of any point from the origin is equal to the square 
root of the sum of the squares of its rectangular co-ordinates, 

5. Express by an equation that the distance of the point (x, y) from 
the point (4, 6) is equal to 8. 

By [1], the distance from (x, y) to (4, 6) is V(x — 4)«+ (y — 6)«. 
Putting this equal to 8, we obtain 

V(x-4)2 + (y-6)2=8, 
or x2 + y2 - 8x - 12y = 12, 

as the required equation. 

6. Express that the point (x, y) is equidistant from the points (2, 3) 
and (4,6). 

By [1], the distance from (x, y) to (2, 3) is V(x - 2)2 + (y — 3)^, 
and the distance from (x, y) to (4, 6) is V(x — 4)2 + (y — 5)a. 

Equating these two distances, we obtain 

V(x-2)2+ (y-3)2= V(x-4)a+(y-6)2, 
or X + y = 7, 

as the required equation. 

7. Find the point equidistant from the points (2, 3), (4, 5), and (6, 1). 
VVhat is the common distance ? 

By No. 6, if (x,y) is equidistant from (2,3) and (4, 6), we have 

x + y = 7. (1) 

Similarly, if (x, y) is equidistant from (2, 3) and (6, 1), we have 

(x-2)2+(y-3)2=(x-6)2+(y-.l)2, 

or 2x — y = 6. (2) 

Solving (1) and (2) as simultaneous, we find x = ^ and y = }; hence 
the required point is (J^, J). 

By [1], the distance from (6, 1) to (Y, f ) is 

V(6-Y)2+ (1-1)2, or |V2. 



Y 
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8. FroYe that the diagonals of a rectangle are equal. 

Take two sides as axes, and denote their lengths by a and 6; then 
the opposite rertices are (0,0) and (a,b), and (a,0) and (0,6). The 
distance from (0,0) to (a, 6) is Vcfl~+^; and the distance from (a,0) 
to (0, b) is also y/a^ + b^; hence the diagonals are equal. 

9. FroYe that the diagonals of a parallelogram mutually bisect each 
other. 

Let OABC be any parallelogram; take 
OA as the axis of x, and F as the axis of y. 
Let OA=^a, OH=AK=^b, HC=c; then O 
is (0, 0), A is (a, 0), B is (a + 6, c), and C is q ^ 3f iK 
(6, c). Fio. 33. 

The mid-point between 0(0,0) and 5(a + 6,c) is ^l±-5,-Y and 

the mid-point between ^(o, 0) and C(6, c) is [ ,-]• Hence the 

middle points of the lines OB and ^(7 coincide; that is, the diagonals 
mutually bisect each other. 

10. The co-ordinates of three Yertices of a parallelogram are 
(6,3), (7,10), (13,9). What are the co-ordinates of the remaining 
Yertex ? 

(i.) If (5, 8) and (7, 10) are opposite Yertices, the mid-point of the 
diagonals is, by [2], (6, J^). 

Now, if in [2] the mid-point (x,y) is (Q,-^), and (afp yi) is (13,9), 
we haYe 

6^i^. orx, = -l, 

and m=^±Jb, ory, = 4. 

Hence the other Yertex is (—1,4). 

(ii.) If (5, 3) and (13, 9) are opposite Yertices, the mid-point of the 
diagonals is (9, 6). 

Now, if in [2] the mid-point (ar, y) be (9, 6), and (xj, yj) be (7, 10), 
we have 
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9=I±^, orT,= ll, 

and 6 = ^5±J^, or y, = 2. 

Hence the other vertex is (11, 2). 

(iii.) If (7, 10) and (13, 9) are opposite vertices, the mid-point of the 
diagonals is (10,-^). 
Here the mid-point (ar, y) is (10, ^^-), and (arj, yj is (6, 3) ; hence 

10=i±3, or x,= 16, 

and ^ = ?-t^, or y, = 16. 

Hence the other vertex is (16, 16). 

11. The co-ordinates of the vertices of a triangle are (3, 6) (7, —9), 
(2, —4). Find the co-ordinates of the middle points of its sides. 

The mid-point between (3,6) and (7, -9) is [5-±^, ^^\ or (6,-2). 

The mid-point between (7, -9) and (2, -4) is (f, -\^). The mid- 
point between (2, —4) and (3, 6) is (J, J). 

12. The centre of gravity of a triangle is situated on the line joining 
any vertex to the middle point of the opposite side, at the point of tri- 
section nearest that side. Find the centre of gravity of the triangle 
whose vertices are the points (2, 3), (4, —6), (—3,-6). 

The mid-point between the vertices (2,3) and (4, —6) is (3,-1). 

If, in [3], (xi, yi) is (3, -1), (ar^, y^) is (-3, -6), and m : n is 1 : 2, 

we have 

_34.6 - -6-2 8 

x=- = — = 1, v = ~ 

3 ' ^ 3 3 

Hence the centre of gravity of the triangle is (1, — f). 

18. The vertices of a triangle are (6,-3), (7,9), (-9,6). Find 
the distance from its centre of gravity to the origin. 

The mid-point between (6, —3) and (7,9) is (6,3). Hence in [3], 
(*i» yO i* (^> 3)» (^2> yj) ^8 (~~^» ^)> *°^ TO : n is 1 : 2, and we have 

^^-9+12^ 6 + 6^4 

3 ' ^ 3 

Hence the centre of gravity is (1, 4), whose distance from the origin 

is VI + 16 or Wf. 
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14. The vertices of a quadrilateral are (0,0), (5,0), (9, 11), (0,3). 
Find the co-ordinates of the intersection of the two straight lines which 
join the middle points of its opposite sides. 

The vertices in order are (0, 0), (5, 0), (9, 11), (0, 3). The mid-point 
of the first side is (f , 0) ; that of the second is (7, V) '> ^h&t of the third 
is (f, 7) ; and that of the fourth is (0, J). 

The line through (f , 0) and (f, 7) is 

-i^ = — ^ = -, or 14a:-4y = 36. (1) 

The line through (7, ^) and (0, f ) is 

y^Z^=itz^ = i^ or 8x-14y + 21 = 0. (2) 
x-7 -7 7 ^ ^ 

Regarding (1) and (2) as simultaneous, and solving, we find the 
intersection to be the point (|, |). 

15. Prove that the two straight lines which join the middle points of 
the opposite sides of any quadrilateral mutually bisect each other. 

Let the vertices in order be (a^, 6^), (Oj, h^), (a^, 63), and (a^, b^) ; then 
the first mid-point is f^i±^^hL±Jh\; the second, C552-±_Es,5z± 

the third, (^5i±i^,^Jt±^ Now 

the mid-point of the line joining the first and third is the same as the 
mid-point of the line joining the second and fourth, and each is 



*. 



\ 4 ' 4 / 



16. A line is divided into three equal parts. One end of the line is 
the point (3,8) ; the adjacent point of division is (4, 13). What are 
the co-ordinates of the other end ? 

If in formulas [3], (xj, yj) is (3, 8), (ar, y) is (4, 13), and m : n is 1 : 2, 
we have 

and 13 = ^^2-+i5, or y^ = 23. 

Hence the other end of the line is (6, 23). 
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17. The line joining the points (x^, y^) and (r,, y,) ^ divided into 
four equal parts. Find the co-ordinates of the points of division. 

For the first point of division m : n is 1:3; hence we have 

4 ' ^ 4 

For the second point of division m = n, and we have 

2 ' ^ 2 

For the third point of division m : n is 3 : 1 ; hence we have 

4 ^ 4 

18. Explain and illustrate the relation which exists between an equa- 
tion and its locus. 

The equation expresses the law of motion of the point by which its 
locus is traced, by stating the relation that exists between its co-ordi- 
nates in every one of its different positions. 

Or an equation expresses the relation that exists between the co-ordi- 
nates of every point of its locus. 

19. Construct the two lines which form the locus of the equation 
x2-7x=0. 

The equation may be written in the form 

x (ar — 7) = 0, 

from which we see that its locus consists of the loci x = and or— 7 = 0, 
or :r= 7. The locus of x= is the axis of y, and that of a: = 7 is a line 
parallel to the axis of y at the distance 7 to the right. 

80. Is the point (2, —5) in the locus of the equation ix^-^9y^ = 3Ql 

The co-ordinates of the point (2, " 5) do not satisfy the equation 
4 a:* — 9y2=36; hence this point does not lie on the locus of the 
equation. 

21. The ordinate of a certain point in the locus of the equation 
** + y* + 20 a: — 70 = is 1. What is the abscissa of this point 1 

For y = 1 in a^^ + y2 -|. 20x — 70 = we have 

a;2+20ar = 69; .-.3: = 3, or —23. 
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22. Find the intercepta of the curve x^-\- y^-^bx — l i/-^Q = 0. 
Fory = Om x^ + y^-^bx-T y + 6 = 0, 

X = 2 and 3. 
Forx = Oin x^ -\- y^-^^x^T y + 6 = 0, 

y = 6 and 1. 

Hence the intercepts on the axis of x are 2 and 3, and on the axis of 
y, 1 and 6. 

28. Find the points common to the curves 

x^ + y^ = 100, andy2.2f = o. 

Regarding these equations as simultaneouSi and solving, we find the 
four following pairs of values of x andy: (8,6), (8,-6), (—^2-, 
-i^\/^^), (— ^^, -^^V— 1). Hence the points common to the two 
curves are (8, 6), and (8, —6) ; the other pairs of values of x and y do 
not represent common points, since the value of y in each is imaginary. 

24. Find the points common to the curves a^ -{■ y^ = ba^ and 

x2 = 4ay. 

Regarding these equations as simultaneous, and solving, we find the 
four following pairs of values of x and y: (2aj a), (—2a, a), (2aV— 5, 
—6a), (— 2aV— 5, —6a), of which the first two only represent com- 
mon points of the loci. 

26. Find the points common to the curves bl^x^ -\- a^y^ = al^h^, and 
x^ + y^ = a2. 

Regarding these equations as simultaneous, and solving, we find the 
two following pairs of values of x and y : (a, 0), (—a, 0) ; hence the 
curves have the points (a, 0) and (—a, 0) in common. 

26. Find the lengths of the sides of a triangle, if its vertices are 
(6,0), (0,-8), (-4,-2). 

By [1], the distance between (6,0) and (0, —8) is 

V36 + 64 = 10. 
The distance between (0, —8) and (—4, -2) is 

VIQ + 36 = V62 = 2VI3. 
The distance between (—4, —2) and (6, 0) is 

VlOOTi = Vl04 = 2 v^. 
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27. A point moyes so that it is always six times as far from one of 



two fixed, perpendicular lines as from 
the other. Find the equation of its 
locus. 

Let XJT and YT (Fig. 34) be the 
two fixed perpendiculars ; then, if point 
P{Xf y) is six times as far from OX as 
from OT, we have MP=QOM, or 
y = Qx. 

If P' is six times as far from OF as 
from OX, we have 0M' = 6M'P', or 
x = Qy, 



h-nP 

I 
I 
I 

I 







T 



M 



M' 



Fio. 34. 




28. A point so moves that its distance from the fixed point A is 
always double its distance from the fixed line 
AB. Find the equation of its locus. 

Take the fixed point A (Fig. 35) as the ori- 
gin, the fixed line AB as the axis of x, and AY 
as the axis of y. Let P be any position of the 
moving point (x, y). Draw P3f perpendicular 
to AB; then from the conditions of the prob- 
lem we have 

^P=2 3fP. (1) 



M 



Fio. 86. 



But AM=x, MP=y, and AP = ''JaM^ + JtfP^ = Vx^ + j/2. 
Substituting these values in (1), we obtain 

V^?+y^=2y, or j^» — 3y2 = o. 
Hence the locus consists of the two straight lines 

X — y V3 = and x + y VS = 0. 

29. A fixed point is at the distance a from a fixed straight line. A 
point so moves that its distance from the fixed point is always twice its 
distance from the fixed line. Find the equa- 
tion of its locus. 

Let A (Fig. 86) be the fixed point, and 
OX the fixed straight Ime. Take OX as the 
axis of X, and the perpendicular to it from A 
as the axis of y. Let P be any position of 
the moving point (x, y). Draw PJf perpendicular to OX, ^iV parallel 
to OX, and draw AP, Then from the conditions of the problem we Im^vq 




Fio. 80. 
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AP =2 X JfP, or 3iP* = 4XMP*. (1) 

But OM =AN = X, OA = MN = a, IfP = y, 

iVP =JtfP-MW^=y-a, 

Z? = ZS^* + ^y? = «2 + (y - a)a. 
Substituting these values in (1), we obtain 

^+(y-«)^ = 4y«, 
or a:2 — 3y2 — 2ay + aa = 

as the required equation. 

Ex. 11. Paere 40. 

1. Find the equation of the straight line passing through the two 
points (2, 3) and (4, 5). 

The equation of a straight line passing through the two points (xpy^) 
and (x„ ya) is 



X ^^ •Tj aC^A •^^ iCl 



[4] 



Here (arj, y,) is (2, 3), and (t„ y,) is (4, 6). Substituting these value* 
in [4], we obtain 

as the required equation. 

8. Find the equation of the straight line passing through the two 
points (4, 5) and (7, 11). 

Here (x^, y{) is (4, 5) and (:r„ y,) is (7, 11). Substituting these 
values in [4], we obtain 

as the required equation. 

8. Find the equation of the straight line passing thirough the two 
points (-1, 2) and (3, -2). 

Here (x^, yj) is (—1, 2), and (ar,, y,) is (3, —2). Substituting these 
values in [4], we obtain 

x-\-\ 3+1 
as the required equation. 
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4. Find the equation of the straight line passing through the two 
points (—2, —2) and (—3, —3). 

Here (xp y,) is (—2, —2), and (ar„ y,) is (—3, —3). Substituting 
these values in [4], we obtain 

ar+2 -3 + 2 ^ 

as the required equation. 

5. Find the equation of the straight line passing through the two 
points (4,0) and (2,3). 

Here C^i,yi) is (4,0), and (x^tV^ is (2,3). Substituting these val- 
ues in [4], we obtain 

-^=r-^, or3a: + 2y-12 = 0, 
a: — 4 2 — 4 

as the required equation. 

6. Find tlie equation of the straight line passing through the two 
points (0, 2) and (—3, 0). 

Here (arj, y,) is (0,2), and (ar,, y,) is (—3,0). Substituting these 
values in [4], we obtain 

ILzl^^^^ or 2a:-3y + 6 = 
X — 3 

as the required equation. 

7. Find the equation of the straight line passing through the two 
points (2,6) and (0,7). 

Here (Xi, yi) is (2, 5), and (x^, y^) is (0, 7). Substituting these val- 
ues in 74], we obtain 

x-2 0-2' ^ 

as the required equation. 

8. Find the equation of the straight line passing through the two 
points (3, 4) and (0, 0). 

Here (x^ yi) is (8, 4), and (xg, yO is (0, 0). Substituting these val- 
ues in [4], we obtain 

x-3 0-3 ^ 

as the required equation. 
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9. Find the equation of the straight line passing through the two 
points (3, 0) and (0, 0). 

Here (^i, y{) is (3, 0), and (xj, y,) is (0, 0). Substituting these val- 
ues in [4], we obtain 

as the required equation. 

10. Find the equation of the straight line passing through the two 
points (3,4) and (-2,4). 

Here (xj, ^i) is (3, 4), and (ar^, y^ is (— 2, 4). Substituting these 
values in [4], we obtain 

a;-3 -2-3 ^ 
as the required equation. 

11. Find the equation of the straight line passing through the two 
points (2, 6) and (—2, —6). 

Here {x^^ y^ is (2, 5), and {x^yy^ is (—2, —6). Substituting these 
values in [4], we obtain 

x^2 -2-2 ^ 

as the required equation. 

IS. Find the equation of the straight line passing through the two 
points (m, n) and (— m, — n). 

Here (xj, yj) is (m, n), and (x^ty^ is (— m, — n). Substituting these 
values in [4], we obtain 

^ = , or nx — wiy = 0, 

X — in — »i — iw 

as the required equation. 

13. Find the equation of a straight line, given (4, 1) and y = 45^. 
The equation of a straight line passing through the point (X|, y^ and 
having the slope m [= tan 7] is 

y-yi = m(x-Xi). [5] 

Here (xj, y^ is (4, 1), arid m — tan7= tan 45° = 1. Substituting these 
values in [5], we obtain 

y — l = x — 4, or x — y— 3 = 0, 
as the required equation. 
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14. Find the equation of a straight line, given (2, 7) and y = 60^. 

Here {x^, y^) is (2, 7), and fn = tan 7= tan 60^= V3. Substituting 
these values in [5], we obtain 

y-7=\/3(2r-2), or VSar-y + 7 -2V3 = 0, 

as the required equation. 

16. Find the equation of a straight line, given (—3, 11) and 7 = 45^. 

Here (xp y^) is (— 3, 11), and m = tan 7 = tan 45*^ = 1. Substituting 
these values in [6], we obtain 

y — 11 = a: + 3, or a: — y + 14 = 0, 

as the required equation. 

16. Find the equation of a straight line, given (13, —4) and 7= 160^. 

Here (arj, 3^1) is (13, -4), and m = tan 7 = tan 150° = - J V3. Substi- 
tuting these values in [5], we obtain 

y + 4 = -jV3(x-.13), or V3a: + 3y -13V3 + 12 = 0, 

as the required equation. 

17. Find the equation of a straight line, given (3, 0) and 7 = 30^. 

Here (x^, yj is (3, 0), and in = tan 7 = tan 30° = J V3. Substituting 
these values in [5], we obtain 

y = jV3(x-3), or V3x-8y-3V3 = 0, 

as the required equation. 

18. Find the equation of a straight line, given (0, 3) and 7 = 136°. 

Here (xj, y{) is (0, 3), and m — tan 7 = tan 136° = — 1. Substituting 
these values in [6], we obtain 

y-3 = -l(x), or a: + y-3 = 0, 

as the required equation. 

19. Find the equation of a straight line,, given (0, 0) and 7 = 120°. 

Here (xi, y^ is (0, 0), and m = tan7 = tan 120° = — V3. Substi- 
tutmg these values in [6], we obtain 

\/3x + y = 0, 

«« i^ required equation. 
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20. Find the equation of a straight line, given (2, ^ 3) and 7 = 0°. 

Here (arp yj) is (2,-3), and ui = tan 7 = tan 0° = 0. Substituting 
these values in [5], we obtain 

y + 3 = 0. 

as the required equation. 

81. Find the equation of a straight line, given (2, — 3) and 7 = 90^. 

Here (X|, y{) is (2, — 3), and m = tan 7= tan 00° = oo. Substituting 
these values in [5], we obtain 

y + 3 = oo(x-2). (1) 

Now, in order that (1) may be true, we must have 

x-2 = 0, 
which is the required equation. 
Or, writing [5] in the form 

jr — Xj 1 



— » 



and substituting the values of x^, y^, and m, we obtain 

^^=^ = -1 = 0, or a:-2=0, 

y + 3 « 

as the required equation. 

22. Find the equation of a straight line, given 6 = 2 and 7 = 45^ 

The equation of the straight line whose intercept on the axis of y is 
5, and whose slope is m, is 

y = mx + b, [6] 

Here 6 = 2, and m = tan 7 = tan 46° = 1. Substituting these values 

in [6], we obtain 

y = x + 2, 

as the required equation. 

23. Find the equation of a straight line, given 6 = 5, 7 = 45^. 

Here 6 = 5, and m = tan 7 = tan 45° = 1. Substituting these values in 

[6], we obtain 

y = a: + 5, 

as the required equation. 
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94. Find the equation of a straight line, given 6 = — 4, 7 = 45^ 

Here 6 = — 4, and m = tan y = tan 45^ = 1. Snbstitating these ralues 

in [6], we obtain 

y = a: - 4, 

as the required equation. 

25. Find the equation of a straight line, given 6 = — 4, 7 = 30°. 

Here 6 = — 4, and m = tan 7 = tan 30° = i V3. Substituting these 
values in [6], we obtain 

y = jV3a:-4, 
as the required equation. 

86. Find the equation of a straight line, given & = — 4, 7 = 0°. 

Here 6 = — 4, and m = tan 7 = tan (P = 0. Substituting these values 
in [6], we obtain 

as the required equation. 

27. Find the equation of a straight line, given 6 = — 4, 7 = 00®. 

Here 6 =—4, and ?» = tan7= tanOO°= V3. Substituting these 
values in [6], we obtain 

as the required equation. 

28. Find the equation of a straight line, given 6 = — 4, 7 = 90®. 

Here 6 = — 4, and m = tan 7 = tan 90° = ao. Substituting these val- 
ues in [6], we obtain 

y = aoa:— 4. (1) 

Now, in order that (1) may be true, we must have 

ar = 0, 

which is therefore the required equation. 

Or, writing [6] in the form 

?/ b 
m m 

and substituting the values of m and 6, we obtain 

x=-*^-\ , or x=0, 

00 00 

as the required equation. 
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99. Find the equation of a straight line, given & = — 4, 7 = 120°. 

Here 6 = — 4, and m = tan 7 = tan 120° = — VS. Substituting these 
values in [6], we obtain 

y = -V3ar-4, 
as the required equation. 

30. Find the equation of a straight line, given 6 = — 4, 7 = 136®. 

Here 6 = — 4, and m = tan 7 = tan 136° = — 1. Substituting these 
values in [6], we obtain 

y = - a: - 4, 

as the required equation. 

81. Find the equation of a straight line,. given 6 = — 4, 7 = 1500. 

Here 6 = — 4, and m = tan 7 = tan 160° = — J V3. Substituting these 
values in [6], we obtain 

y = -jV3ar-4, 

as the required equation. 

82. Find the equation of a straight line, given 6 = — 4, 7 = 180°. 

Here 6 = — 4, and m = tan 7 = tan 180° = 0. Substituting these val- 
ues in [6], we obtain 

y=-4. 

AS the required equation. 

83. Find the equation of a straight line, given a = 4, 6 = 3. 

The equation of the straight line whose intercepts on the axis of x 
and y are a and b respectively, is 

a 
Here a = 4, and 6 = 3. Substituting these values in [7], we obtain 

f + | = l, or 3x+4y-12 = 0, 
as the required equation. 

84. Find the equation of a straight line, given a = ~ 6, 6 = 2. 
Substituting the values of a and b in [7], we obtain 

JL^!L=l or a:-3y + 6 = 0, 
— 6 2 ^ 

as the required equation. 
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35. Find the equation of a straight line, given a = — 3, & = — 3. 
SubBtitnting the values of a and 6 in [7], we obtain 

-jg + -^=l, or a: + y + 3 = 0, 
as the required equation. 

36. Find the equation of a straight line, given a = 5, 6 = — 3. 
Substituting the values of a and 6 in [7], we obtain 

f + -^=l, or 3a-- 6y- 16 = 0, 
o — o 

as the required equation. 

37. Find the equation of a straight line, given a = — 10, 6 = 6. 
Substituting the values of a and 6 in [7], we obtain 

-^ + ^ = 1, or x-2v + 10 = 0, 
-10 5 ' ^ 

as the required equation. 

38. Find the equation of a straight line, given a = 1, 6 = — 1. 
Substituting the values of a and 6 in [7], we obtain 

1-1 ^ * 

as the required equation. 

89. Find the equation of a straight line, given a = n, 6 = — n. 
Substituting the values of a and 6 in [7], we obtain 

- + -^ = 1, or ar — y — n = 0, 
n — n 

as the required equation. 

40. Find the equation of a straight line, given a = n, 6 = 4n. 
Substituting the values of a and b in [7], we obtain 

-+-^ = 1, or 4r + y-4n = 0, 
n 4n 

as the required equation. 

41. Find the equation of a straight line, given p = 5, a = 45°. 

The equation of the straight line the perpendicular to which from the 
origin equals p, and makes the angle a with the axis of x, is 



I 
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. xco8a + ^Biiia = /». [8] 

Here /) = 5, cob a = cos 45° = J v^, and sin a = sin 46° = } V2. 
Substituting these yalues in [8], we obtain 

jV2a:+}V2y = 6, or x + y-6V2 = 0, 
as the required equation. 

42. Find the equation of a straight line, given p = 6, a = 120°. 
Here/)= 6, sin a = sin 120° = jV3, and cosa= cos 120° = — J. 
Substituting these yalues in [8], we obtain 

— }x + jV3y-5, or X— V3y + 10 = 0, 
as the equation required. 

48. Find the equation of a straight line, given p = 5, a = 240°. 
Here /) = 6, sin o = sin 240° = — jVS, and cos a = cos 240° = — }. 
Substituting these values in [8], we obtain 

— Jx-}V3^ = 6, or x+ V3y + 10 = 0, 
as the required equation. 

44. Find the equation of a straight line, given p = 6, o = 300°. 
Here/> = 5, sina= sin 300° = — J V3, cos a = cos 300° = J. 
Substituting these values in [8], we obtain 

Jx — }V3y = 6, or X- V3y-10 = 0, 
as the required equation. 

45. Write the equations of the sides of a triangle if its vertices are 
the points (2, 1), (3, -2), (-4, -1). 

The equation of a straight line passing through any two points (xj, yj) 
and (xj, ya) is 

y-yi ^ y2-yi . |-4-| 

, X — Xj X2 -" Xj 

Let (x„ yi) be (2, 1), and (x^, y^) be (3, —2). Substituting these 
values in [4], we obtain 

ILzl = -^'-'^ ^ or 3x + y-7 = 0, 
x-2 3-2 ^ 

as the equation of the side between the vertices (2, 1) and (3, —2). 

Letting (xj, yj be (2,1), and (x^, y,) be (—4,-1), in [4], we 
obtain 
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z— 2 —4—2 
as the eqaation of the side between the vertices (2, 1) and (-4,-1). 

In [4], letting (x^ y^ be (3,-2), and (x,, y,) be (-4,-1), we 
obtain 

x-3 -4-3 * 

as the equation of the side between the vertices (3, —2) and (— 4,-1). 

46. Write the equations of the sides of a triangle if its vertices are 
the points (2, 3), (4, -6), (-3,-6). 

In [4],'letting (x^, y^) be (2, 3), and (^x^ y,) be (4, —6), we obtain 

x-2 4-2 ^ 

as the equation of the side through (2, 3) and (4,-6). 
In [4], letting (arj, y{) be (2, 3), and (x,, y,) be (—3, —6), we obtain 

x-2 -3-2 ^ 

as the equation of the side through (2, 3) and (—3, —6). 

In [4], letting (x^, y{) be (4,-5), and (xj, y,) ^® (—3,-6), we 
obtain 

^±^ = Z±t^ or x-7y-39 = 0, 
x-4 -3-4 ^ 

as the equation of the side through (4, — 5) and (-3,-6). 

47. Form the equations of the medians of the triangle described in 
No. 46. 

If (x, y) be the mid-point between (xj, yi) and (x,, y,), then 

x = ^, •y = i^. [2] 

In [2], let (xi,yi) be (2, 3), and (x„ y,) be (4, -6) ; then 

2+4 Q 3-6 , 

X = —2— = 3, y = = — 1 ; 

2 ' ^ 2 

that is, the mid-point opposite the vertex (— 3, — 6) is (3, — 1). 
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Now in [4], letting (x^ yj be (-3, —6), and (r„ y,) be (3, — 1), we 

x+3 3 + 3 ^ 

as the median from the yertez (—3,-6). 
In [2], let (x„ y,) be (4, -6), and (x„y,) be (-3, -6) ; then 

4_3 1 -5-6 11 

2 2^ 2 2 

that is, the mid-point opposite the vertex (2, 3) is (}, -* V*)- 
In [4], letting (xp y{) be (2, 3), and (x^ y,) be (i, -V). we obtain 

ILz? = =itr:5, or 17x-3y-25 = 0, 
x-2 }-2 ^ 

as the median from the vertex (2, 3). 
In [2] let (xp yi) be (-3, -6), and (x^ y,) be (2, 3) ; then 

_-3 + 2_ 1 _-6 + 3_ 3 
"^-"^"-""2' ^ 2~~ 2' 

that is, the mid-point opposite the vertex (4, —6) is (— }, — i). 
In [4], letting (xj, y^) be (4, —5), and (x„ y,) be (— }, — f ), we obtain 

1±1 = '^1±^^ or 7x + 9y+17 = 0, 
x-4 -i-4 ^ 

as the median from the vertex (4, — 5). 

48. The vertices of a quadrilateral are (0, 0), (1, 5), (7, 0), (4, -9). 
Form the equations of its sides, and also of its diagonals. 

By inspection or construction, we learn that the vertices in order are 
(0,0), (1,5), (7,0), (4,-9). 

In [4], letting (x„yi) be (0, 0), and (xj,y,) be (1, 6), we obtain 

•^ = -, or 5 X — y = 0, 
X 1 

as the equation of the first side. 
In [4], letting (xj.yO be (1, 5), and (x„ y,) be (7, 0), we obtain 

In^^^IL^, or 5x + 6y-35 = 0, 
X— 1 7—1 

as the equation of the second side. 
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In [4], letting (xi, y^) be (7, 0), and (x„ y,) be (4,-9), we obtain 

-L=J::^. or3z-y-21 = 0, 
X— 7 4—7 

as the equation of the third side. 
In [4], letting (x^, y{) be (4, —9), and (z,, y,) be (0, 0), we obtain 

.y±^ = _L, or9x + 4y = 0, 
T — 4 —4 

as the equation of the fourth side. 
In [4], letting (xp y{) be (0, 0), and (Xj, y,) be (7, 0), we obtain 

Jf = 9.ory = 0. 

X 7 

as the equation of one diagonal. 
In [4], letting (x^, y^) be (1, 6), and (Xj, yj) be (4, —9), we obtain 

^LnJzr ""^""^ , or 14x + 3y-29=0, 
X— 1 4 — 1 

as the equation of the other diagonal. 

49. Find the equation of a straight line, given a = 7}, 7 = 30^. 

Reducing - 4- •" = 1 to the form y = mx + 6, we have 

a b , 

y = JLx\h. (1) 

a 

Here a — 7}, and — = m = tan 7 = tan 30° = J V3 ; hence 

a 

6=-J\/3a=:-|V3. 

Substituting these values of a and 6 in (1) or [7], we obtain 

2x-2\/3y-16 = 0, 

as the required equation. 

Or, since a = 7^, the line must pass through the point (7^,0). Hence 
(*i» yO 18 (7 J, 0), and m — tan 7 = tan 30° = J V3. Substituting these 
values in y — yi = wi(x — Xj), we obtain 

2x-2\/3y-16 = 0. 



i 
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60. Find the equation of a straight line, g^ren a — — 3, (x^, y^) is 
(2,6). 

Since a = — 3, the line passes through the point (— 3, 0) ; hence 
(^2> ^2) ^^ (—^t 0)» And (^1, yi) is (2, 6). Substituting these values in 
[4], we obtain 

a:-2 -3-2 ^ 
as the required equation. 

51. Find the equation of a straight line, given p = 6, 7 = 45°. 
Reducing x cos a + y sin a =- /> to the form y — mx-\-b,we have 

y = — X cot a + -^. (1) 

sin a 

Here p = 6, and — coto= m = tan7 = tan45°= 1, or cota = — 1; 

hence a =136° or 315°, and sino=Jv^, or-Jv^. Substitutmg 

these values in (1), we obtain 

y = a:±6V^, 
as the required equations. 

52. Find the equation of a straight line, given p = Q,y = 135°. 

Here p = 6, and — cot o = m = tan 136° = — 1, or cot a = 1 ; hence 
a = 46°, or 226°, and sin a = i V2, or — J V^. Substituting these val- 
ues in (1) of No. 51, we obtain 

y = -a:±6\^, 
as the required equations. 

58. Reduce 3j: — 2y + ll = and y = 7a: + 1 to the symmetrical 
form, and construct each by its intercepts. 

The characteristics of the symmetrical form are that the second 
member is + 1, and the other constants are the denominators of the 
terms in x and y. 

(i.) Transposing +11 and dividing both members by — 11, the first 
equation becomes 

-11 11 ''^' 



1111 
5 i 



which is in the symmetrical form. 
Hence a = — Jj*^, and b = ^. 
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To construct the equation: from O in the direction OX* lay off 
0B = ^, and from in the direction OY lay off 08-^. The 
straight line through i? and ^S' will be the locus required. 

(ii.) Since y = 7 ar + 1, 

-7x + y = l, or ^ + ^ = 1, 

which is in the symmetrical form. 
Hence o = — |, and 6 = 1. 

To construct the equation, lay off these intercepts on the axes, and 
draw a straight line through their extremities. 

64. Keduce 3a; + 6y — 13 = and 4a; — y — 2 = to the symmetri- 
cal form, and construct each by its intercepts. 

In the first equation, transposing — 13 and dividing by 13, we obtain 

13 13 y J/ 

which is in the symmetrical form. 

Hence a = ^, and 6 = ■^. 

Lay off these intercepts on the axes, and draw a straight line through 
their extremities. 
In the second equation, transposing — 2 and dividing by 2, we obtain 

2 i^-2 

Hence a = J, and 6 = — 2. 

Lay off these intercepts on the axes, and draw a straight line through 
their extremities. 

66. Reduce Ax -^ By = (7 to the symmetrical form ; also y=mx-\-h 
What are the values of a and h in terms oi A, B^ C, and m ? 

Dividing Ax + By = Chy C, we have 

0+ 0~ ' "C^A^C^B-^' 
Hence a = C-r-A, and 6 = C-i-B. 

In y = mar + 6, transposing mx and dividing by b, we have 

l[__rnx_., X , .y _ 1 

Hence a = , and 6 = 6. 

m 
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(1) 



—X 



56. Reduce y + 13 = 6x and y+19=7x to the form y = fljar+6, 
and construct each by its slope, and intercept on the axis of y. 

Solving y + 13 = 6 a: for y, we obtain 

y = 6x+(-13), 
which is in the form of y = mx + 6. 
Hence to = 5, and fe = — 13. 

To construct (1), lay off OB = — 13, draw BA 
parallel to OX, lay off BA= + 1, draw AP par- 
allel to OY, lay off AP=5; the straight line 
through B and P will be the locus of (1). 

For the intercept of BD is OB = — 13, and its 
slope = tan XCD = tan ABP= AP-t-BA = 5. 

Solving y + 19 = 7 ar for y, we obtain, 

y = 7a:— 19. 
Hence to = 7 and 6 = — 19. 

To construct (2), lay off 01? = — 19, BA = 1, AP = 7, and draw a 
straight line through B and P, which will be the required locus. 




Fig. S7. 



(2) 



67. Reduce 3r+y+2 = and 2 y = 3ar + 6 to the form y = mx^b, 
and construct each by its slope, and intercept on the axis of y. 

Solving 3ar + y + 2 = for y, we obtain 

y = -3a:-2. (1) 

Hence to = — 3, and 6 = — 2. 

To construct (1), lay off 0JB=-2, BA = 1, 
AP = — 2 ; then BP will be the locus of (1). 

For the intercept of BP= OB = — 2, and its 
slope = tan XBH- tan ABR = — tan PBA = 
-(^P-T-B^) = -3. 

Solving 2 y = 3 ar + 6 for y, we obtain 

y = l^ + 3. (2) 

Hence to = f , and 6 = 3. 

To construct (2), lay off 0B'= 3, draw BfA' parallel to OX, lay off 
B'Af= 1, draw A'P parallel to OF, and lay off A'P*=i\ then BfP 
will be the locus of (2). 

For its intercept = 3, and its slope = A'P* -r- BfA* = f . 

To determine the slope, we might take BfC—% and CD = 3. 
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58. Reduce Ax -\- By = C to the form y = mx + b; also - + J = 1. 
What are the values of m and b in terms of A, B, C, and a ? 

Solving Ax'^By= C for y, we obtain 

Hence m = — (-4 -i- 5), and 6 = C-hB, 

Solving - + ^ = 1 f or y, we obtain 
a b 

y=: — -ar + 6. 
a 

Hence in = — (6 -r- a) and 6 = 6. 

59. Find the vertices of the triangle whose sides are the lines 

2a: + 9^ + 17 = 0, y = 7ar-38, 2y-x = 2. 

Regarding 2x + 9y + 17 = and y = 7 x — 38 as simultaneous, and 
solving for x and y, we obtain 

X = 6, and y = — 3. 

Hence, the vertex of the angle between these sides is (5, —3). 

Regarding y = 7x — 38 and 2y — x = 2 as simultaneous, and solving 
for X and y, we find the vertex of the second angle to be (6, 4). 

Regarding 2y — x = 2 and 2x + 9y + 17 = as simultaneous, and 
solving for x and y, we find the vertex of the third angle to be (—4, —1). 

60. Find the equation of the straight line passing through the ori- 
gin and the intersection of the lines 3x — 2y + 4 = and 3x + 4y = 5. 
Also find the distance between these two points. 

Solving 3x — 2^ + 4 = and 3 x + 4y = 5, as simultaneous equa- 
tions, we find that the common point of their loci is (—J, f)> 

Let (xi, y{) be (—J, f), and (xj, y,) be (0, 0). Substituting these 
values in [4], we obtain 

y""f = III, or 9x + 2y = 0, 

as the required equation. 

Substituting these values of x^, y^, x,, y, in [1], we obtain ^v^ as 
the required distance. 

61. What is the equation of the line passing through (x^, y^), and 
equally inclined to the two axes ? 

The line with its intercepts on the axes form a right triangle, whose 
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acute angles are each 45^ ; hence, if the line crosses the first or the 
third quadrant, its slope will be tan 135^, or — 1. If it crosses the second 
or the fourth quadrant, its slope must be tan 45^, or 1. 
The equation of a line through (Z|, y{) having the slope m is 

y — yi = m(j: — ari). 

Here m = =Fl; hence the required equations are 

y--yi=T(x — Xi), or y± x = yi:fXy 

62. Find the equations of the diagonals of the parallelogram formed 
by the lines x= a, x = b, y = c, y = d. 

The intersections of the line x = a with the lines y = c and y = d, are 
(a, c) and (a, d) respectively ; and the intersections ot x = b with y = c 
and y = d, are (6, c) and (&, d) respectively* Hence the vertices in 
order are (a, c), (a, c?), (6, c?), and (6, c). 

Let (aTj, y{) be (o, c), and (x,, y^) be (6, rf). Substituting these val- 
ues in [4], we obtain 

X — a 6— a 
as the equation of the diagonal through (a, c) and (6, </). 
In [4], letting (xj, yj) be (a, c?), and (xj, y^) be (6, c), we obtain 

^ "^ = *" , or (rf— c) X + (6 — a) y = M — oc, 
X — a 6— a 

as the equation of the other diagonal. 

63. Show that the lines y = 2x+3, y = 3x + 4, y = 4x+5 all pass 
through one point. 

Solving y = 2x-\-S and y = 3x + 4 as simultaneous equations, we 
find that the common point of their loci is (— 1, 1). But x = — 1, and 
y = l, satisfy y = 4 x + 6 ; hence (— 1, 1), the intersection of the first 
two lines, lies upon the third. 

64. The vertices of a triangle are (0, 0), (xj, 0), (x„yj). Find the 
equations of its medians, and prove that they meet in one point. 

The mid-point of the side between (0, 0) and (x^, 0) is evidently 
(i^i,0). 

Let (xj, yi) be (Jxj, 0), and (xj, y,) be (x„ y,). Substituting these 
values in [4], we obtain 

\ = — \-, or2y2X+ (x, - 2 x,) y = Xiy„ (1) 

X — J Xj X^ —" 2 *'^l 

ap the equation of the median through (x,, y,). 
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If in [2] we put y^ = 0, we find for the mid-point between (x^, 0) and 

Now let (xp yi) be ^ ^l ^ ^» , JyA and (ar^ y,) be (0, 0). Substitut- 
ing th«8e yalues in [4], we obtain 

^~^^? — = — ^^^ ^,oryrr-(ari + x,)y = 0, (2) 

as the equation of the median through (0, 0). 
The mid-point between (0, 0) and (x„ y^) is evidently (J x,, }y,). 
Letting (x^j yi) be (x^ 0), and (x,, y,) be (J x„ Jy,), in [4], we obtain 

^ = ^'^^ , or y^r + (2xi- x,) y = Xiy,, (3) 

X ^^ X| 2 Xq ^"" X« 

as the equation of the median through the vertex (x^, 0). 

Solving (1) and (2) as simultaneous equations, we obtain as the in- 
tersection of their loci the point / f^Jll^, ^ |. But the co-ordinates of 

this point satisfy (3) ; hence the locus of (3) passes through the inter- 
section of (1) and (2). 

65. What must be the value of m if the line y = mx passes through 
the point (1,4)1 

If the line y = mx passes through the point (1, 4), its co-ordinates 
must satisfy the equation y = mx. 
Substituting these co-ordinates, we obtain 

4 = m, or m = 4. 

66. The line y = mx + 3 passes through the intersection of the lines 
y = X -f 1 and y = 2 x + 2. Determine the value of m. 

Solving y = X + 1 and y = 2 x + 2 as simultaneous, we find x = — 1 
and y = 0. Hence the intersection of their loci is the point (— 1, 0). 

Substituting the co-ordinates of this point in y = mx + 3, we obtain 
m = 3. 

67. Find the value of 6, if the line y = 6x-f 6 passes through the 
point (2, 3). 

Putting X = 2, and y = 3 in the equation y = 6x-|-6, we obtain 
6=-9. 
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68. What condition must be satisfied if the points (a:i,yi), (arj, 3^2) 
(xj, ys) lie in one straight line? 

If ^x^^y^) be upon the Une through (^x^^y^) and (:r„y,)* then a:= ar, 
^^^ y Jy^ must satisfy [4]. Hence we have 

Jh - h = Ui^lIL^, or x^iy^ - ^3) + ^2(^8-^1) + ^sC^i - ^0 = ^• 
a-j - arj ara — x^ 

69. Discuss equation [6] for the following cases: (i.) (a^i, yO w 
(0,0), (ii.) w = 0, (iu.) ?n = GO. 

(i.) If (a^i, yO is (0, 0), [6] becomes y = tux, the locus of which passes 
through the origin, since it has no constant term. 

(u.) If TO = 0, [6] becomes y - ^i = 0, or y = y^, the locus of which 
is a straight line parallel to the axis of x. 

(iii.) If TO =00, [6] becomes ^ -yi = 00 (x-Xi), which is satisfied 
only when x - Xi = 0, or x = x^, the locus of which is a line parallel to 
the axis of y. 

70. Discuss equation [6] for the following cases: (i.) 6 = 0, (ii.) 
TO = 0, (ui.) TO = 00, (iv.) TO = and 6 = 0. 

(i.) If 6 = 0, [6] becomes y = tox, and its locus passes through the 

origin. 

(ii.) If TO = 0, [6] becomes y = b, and its locus is parallel to the axis 

of X. 

(iii.) If in [6] 6 = toc and m = oo, we have y = « (x + c), which is 
satisfied only when x + c = ; hence the locus is parallel to the axis of y. 

(iv.) If TO = 0, and 6 = 0, [6] becomes y = 0, and its locus is the 
axis of X. 

71. Discuss equation [7] for the following cases: (i.) a = 6, (U.) 
a = 0, (iii.) a = 00, (iv.) 6 = «. 

(i.) If a = 6, [7] becomes y=:-^x-\-a, whose locus crosses the first 
or the third quadrant, according as a is positive or negative. 

(ii.) If a = 0, 6 = 0, and [7] becomes £ + ^= 1, or y = - -x; hence 
the locus is a line through the origin. 

aii.^ If a = «, [7] becomes :^+^ = l, which is satisfied only when 
y = 6 ; hence the locus is a line parallel to the axis of x. 
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(iv.) If 6 = 00, [7] becomes -+ -^ = 1, which is satisfied only when 

a GO 

x = a: hence the locus is a line parallel to the axis of y. 



Ex. 12. Paere 44. 

1. Reduce Sir— 2y + ll = to the normal form, and thus determine 
p, or the distance of the locus from the origin. 

To put this equation in the form of [9], we transpose +11 and divide 
both members hy — 1, and obtain 

-3ar + 2y=ll. (1) 

Dividing both members of (1) by v/(— 3)2 + 23, or VI3, we have 

-3 j^ 2 11 
ar+ y = — ::^» 

Vl3 Vis Vl3 

which is in the normal form. 

TT 11 — 3 , . 2 

iHence v = — - — , cos a = , and sm a = — ==• 

\/l3 Vl3 V13 

8. Reduce 3z+5y— 13 = to the normal form, and thus determine 
p, or the distance of the locus from the origin. 

Transposing — 13, we obtain 

3ar+5y=13, (1) 

which is in the form of [9]. 

Dividing (1) by VP+l^, or V34, we obtain 

3 ^ 5 13 



>/34 V§4 VSi 

which is in the normal form. 

Ti 3 . 5 , 13 

Hence cos a = , sm a = — - — . and p = 



V3i V34 V3i 

3. Reduce 4ar^y— 2 = 0to the normal form, and thus determine p, 
or the distance of the locus from the origin. 

Transposing —2, and dividing by V42 + (— 1)2, or Vl7, we have 

4 12 

X — -=y = 



Vl7 VT7 Vl7 
which i^ in the normal form. Hence p = ^Wf. 



i 
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4. Beduce 2x + 3y = 7 to the normal form, and thus determine ;), 
or the distance of the locus from the origin. 

Dividing both members by V2* + 82, or Vl3, we obtain 

2,3, 7 



Vl3 VT3 Vi3 
which is in the normal form. Hence p = i^Vl3. 

6. Reduce y + 13 = 5 jc to the normal form, and thus determine p, 
or the distance of the locus from the origin. 

Transposing 6x and + 13, and dividing by — 1, we have 

6x-y = 13. (1) 

Dividing by VS^ + (- 1)2, or V26, we have 

6 1 13 

X —zy = 



V26 V26 \/26 
which is in the normal form. Hence p = iV26, 

6. Reduce ^ + 19 = 7 x to the normal form, and thus determine p, 
or the distance of the locus from the origin. 

Transposing 7 x and + 19, and dividing by — 1, we have 

7a:-y = 19. 

Dividing by V60, or 6v^, we have 

7 1 19 



6V2 6y/2 6V2 
which is in the normal form. Hence /) = 1.9 X V2. 

7. Reduce ex •{■ cy + n = to the normal form, and thus determine 
Pf or the distance of the locus from the origin. 

Transposing + n, and dividing by — 1, we obtain 

~ ear — cy = n. 

Dividing by Ve^ + c^, we have 

ex cif _ n 

Ve2 + c2 V^^i^ Ve2 + c2 

which is in the normal form when n is positive. 

— « -i_ — c _ n 



Hence cos a = — . sin a =• . p = 



Vc2 + ca Ve2 -f- ?8 Vc2 + c« 
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8. Reduce ny-\-cx^r = to the normal form, and thus determine p, 
or the distance of the locus from the origin. 

Transposing — r, and dividing by Vn^ + c^, we have 

ex I w,y _ r 

which is in the normal form. Hence p = r-i-(rfi-\- c^)K 

9. By the signs of the constants in ^ = Jar — determine which of 
the four quadrants its locus crosses. 

Here m = J, and 6 = — 9. Since 6 is negative, the line cuts the axis of 
y below the origin ; and since m is positive, the line inclines to the right, 
and hence crosses the fourth quadrant. 

10. Reduce Sx-\-2 = 2y to the form of [6], and determine by 
the signs of the constants which of the four quadrants its locus 
crosses. 

Reducing this equation to the form of [6], we have 

y = fa:+l. 

Here m = f , and 6=1. Since b is positive, the locus cuts the axis of 
y above the origin ; and since m is positive, the line inclines to the 
right. Hence the line crosses the second quadrant. 

11. Reduce 4y=62; — 1 to the form of [7], and determine by the 
signs of the constants which of the four quadrants its locus crosses. 

Reducing this equation to the form of [7], we obtain 

Hence a = J, and 6 = — J. Therefore the locus crosses the fourth 
quadrant. 

18. Reduce 4^ = 3a: + 24 to the form of [7], and determine by the 
signs of the constants which of the four quadrants its locus crosses. 

Reducing this equation to the form of [7], we obtain 

— 8 6 

Hence a = — 8, and 6 = 6. Therefore the locus crosses the second 
quadrant. 
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IS. Reduce 5x-|-3jf -f 15 = to the form of [8], and determine 
bj the signs of the constants which of the four qoadrants its locus 
crosses. 

Reducing the equation to the form of [8], we obtain 



V3i y/U VS4 

Since sin a and cos a are each negative, a is of the third quadrant ; 
hence the locus crosses the third quadrant. 

14. Reduce 5i: + 4y — 20 = to the form of [8], and determine 
by the signs of the constants which of the four quadrants its locos 

Reducing the equation to the form of [8], we obtain 

6,4 20 



V4i Vii V4l 

« Since sin a and cos a are each positiye, a is of the first quadrant ; 
hence the locus crosses the first quadrant. 

15. By the signs of the constants in y = 6x4- 12, determine which 
of the four quadrants its locus crosses. 

Here m = 6, and 6 = 12 ; hence the locus cuts the axis of y above the 
origin and inclines to the right. Therefore the locus crosses the second 
quadrant. 

16. Reduce y + 2 = x — 4 to the form of [7], and determine by the 
signs of the constants which of the four quadrants its locus crosses. 

Reducing this equation to the form of [7], we have 



6-6 

Hence a^zQ, and & = — 6, and therefore the locus crosses the fourth 
quadrant. 

17. Reduce x +VSy + 10 = to the form of [8], and determine by 
the signs of the constants which of the four quadrants its locus crosses. 

Reducing this equation to the form of [8], we have . 

-.}x-jV§y = 5. 

Since cos a and sin a are each negative, a is of the third quadrant, 
and hence the lo6u8 crosses the third quadrant. 
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18. Reduce x — V3y — 10 = to the form of [8], and determine by 
the signs of the constants which of the four quadrants its locus 
crosses. 

Reducing this equation to the form of [8], we have 

Jar — }>/3y= 5. 

Since cos a is +» and sin a is —, a is of the fourth quadrant, and hence 
the locus crosses the fourth quadrant. 

19. Discuss equation [9], or Ax •{■ By = C, for the following cases : 
(i.) A=o/ (It.) A = ao. (vii.) A = B, C=0. 

(ii.) B = 0. (v.) A=C=0. (viii.) ^ = - J5, 0=0. 
(iii.) C = 0. (vi.) A=B, 

(i.) If ^ = 0, [9] becomes y=C-i-B\ hence the locus is parallel to 
the axis of x. 

(ii.) If 5= 0, [9] becomes xz= C-i-A; hence the locus is parallel to 
the axis of y. 

(iii.) If (7=0, [9] becomes y = — (-4-5- B)ar; hence the locus is a 
line through the origin, having the slope ^(^A-r-B). 

(iv.) If ^ = 00, [9] becomes co x + By = C, which is satisfied only 
when x = 0; hence the locus is the axis of y, 

(v.) If ^= C = 0, [9] becomes By =0; hence the locus is the axis 
of X. 

(vi.) If -4 = ^, [9] becomes y = ^x+(C-^A); hence the locus 
makes an angle 135^ with the axis of x. 

(vii.) If A = B, C= 0, [9] becomes y = ^x; hence the locus bisects 
the second and fourth quadrants. 

(viii.) If ^ = — B, 0= 0, [9] becomes y = x; hence the locus bisects 
the first and third quadrants. 

20. Reduce equation [7] to the form of equation [6], and find the 
value of m in terms of a and 6. 

Reducing [7] to the form of y = mx -^ b, we have 



y = x+b; 

a 



hence w = — (6 -f- a). 



72 ANALYTIC GEOMETBT. 

81. What value must C have in order that the line 4x^5y = Cmay 
pass through the origin ? Through (2, 0) ? 

If the locus of 4x — 5y = (7 passes through the origin, the equation 
cannot have any constant term; hence (7=0. 

If the locus passes through the point (2, 0), its co-ordinates must 
satisfy 4 a: — 6 y = C Putting ar = 2, and y = 0, we obtain C = 8. 

22. Determine the values of Ay B^ and C, so that the line Ax ■\-By = C 
may pass through (3,0) and (0, —12). 

If the locus passes through the points (3,0) and (0,-12), their 
co-ordinates must satisfy Ax '\- By = C, Hence we must have ^A=C, 
and -12^= C. 

Whence ^ = J O, and ^= — yV G. 

Substituting these values of A and B in Ax '\- By = C, and dividing 
by C, we obtain 

4a:-y = 12, 
as the required equation. 
Hence J. = 4, 5 = — 1, and C= 12 is our set of values of A^ By C, 

23. From [9] deduce [4] by the method used in No. 22. 
If the locus of 

Ax-\-By=C (1) 

passes through (arj, y-^ and (ar,, y^), we must have 

Ax^ + By^ =: (7, (2) 

and Ax^ + By^ = C. (3) 

Subtracting (2) from (1), we obtain 

^(2r-a:0 + 5(i/-yi)=0, or ^^JUll^r-A W 

Subtracting (2) from (3), we obtain 

^(a:,-x04-^(y2-yi) = 0, or UiIlli = ^A. (5) 

a-2 — Tj B 

From (4) and (6) we obtain 

•it ^"^ •T-i jio ^"^ •c-t 

24. If equations [4] and [9] represent the same line, what are the 
values of Ay By C, in terms of x^, y^, x^y and y^ ? 
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Reducing [4] to the form of [0] by clearing of fractiont, etc., we 

° *"° (y« - yi) ^- (^j - *i) y = ^i^i - ^^lyr (i) 

Comparing (1) with 

^ + 5y=C, [9] 

wehave -4 = y, — yi, JB = — (x, — Xi), C=Tijf, — x,yi. 

86. In equation [4] find the values of m and 6 in terms of x^ y^, 
Reducing (1) in No. 24 to the form of y = mx + b, we have 



dC^Q ^^ •&! mFo ^^ * 1 

Hence ». = ??^:i!l. j^''^"-'''^' 



^a ^^ *ti *t« ^"^ * I 



Ex. 13. Page 46. 

1. Find the equation of the straight line passing through (3, — 7), 
and parallel to the line y = 3 x — 5. 

The equation of the straight line through (xj, yj) parallel to the line 
y = mx-\-biB 

y-yi = m(j:-ari). [6] 

Here (arj, y{) is (3, — 7), and m = 3. Substituting these values in 

[5], we obtain 

y + 7 = 3(j:-3), or y= 3x — 16, 

as the required equation. 

2. Find the equation of the straight line passing through (6, 3), and 
parallel to the line J y — J x = 1. 

Here (xj, y{) is (6, 3), and y = mx + 6 is y = f x + 3, or wi = f . Sub- 
stituting these values in [5] of No. 1, we obtain 

y-3=f(x-6), or y = }x-|, 

as the required equation. 

8. Find the equation of the straight line passing through (0, 0), and 
parallel to the line y — 4 x = 10. 

Here (xj, yj) is (0, 0), and y = tux + 6 is y = 4 x + 10, or ni = 4. Sub- 
stituting these values in [6] of No. 1, we obtain 

y = 4x, 

as the required equation. 
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4. Find the equation of the straight line passing through (6, 8), and 
parallel to the axis of x. 

Here (xpy^) is (5,8), and y = mx'\-b is y = 0, or to = 0. Substi- 
tuting these values in [5], we obtain 

y-8 = 0, or y = 8, 

as the required equation. 

6. Find the equation of the straight line passing through (5, 8), and 
parallel to the axis of y. 

Here (xi, y-^ is (6, 8), and y = mx + 6 is y = oo a:, or m = ao. Substi- 
tuting these values in [6], we obtain 

y — 8 = Qo(ar — 5), 

which is satisfied only when a: — 5 = 0; hence a: — 5 = 0, or a: = 5, is 
the required equation. 

Or, the equation of any line parallel to the axis of y is x = a, and if 
this line passes through (5,8), a=5; hence jr = 5 is the required 
equation. 

6. Find the equation of the straight line passing through (3, — 13), 
and perpendicular to the line y = 4ar — 7. 

The equation of the straight line through (x^, y^) perpendicular to 
the line y = mx-\-h is 

y-.yi=--(x-Xi). (B) 

Here (xp y^ is (3, — 13), and y = mx + 6 is y = 4a; — 7, or m = 4. 
Substituting these values in (B), we obtain 

y + 13 = - H^- 3), or y = - Jx- 12J, 

as the required equation. 

7. Find the equation of the straight line passing through (2, 9), and 
perpendicular to the line 7y+23x — 5 = 0. 

Here (xj, y^) is (2, 9), and y = nix + 6 is y = — ^^x + f , or 7« = - ^^K 
Substituting these values in (B) of No. 6, we obtain 

y-9 = ^(x-2), or y=j^x + 8A, 

as the required equation. 

8. Find the equation of the straight line passing through (0, 0), and 
perpendicular to the line x + 2y = 1. 
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Here (Xi, yj is (0, 0), and y=mx + b is y = — iar+}, or iii = — J. 
Substituting these values in (B) of No. 6, we obtain 

y = 2x, 

as the required equation. 

9. Find the equation of the straight line perpendicular to the line 
5^: — 7y + l = 0, and erected at the point whose abscissa = 1. 

Forar=l in 6ar — 7y + 1 = 0, y = f. 

Hence (xp y{) is (1, f), and y = mx + 6 is y = ^x + ^, or »« = f. Sub- 
stituting these values in (B) of No. 6, we obtain 

y-f = -H^-l)» or y = -Jx + 2^, 
as the required equation. 

Ex. 14. Pagre 47. 

1. Find the angle formed by the lines 

x+2y + l = 0andx— 3y— 4 = 0. 

If <t> denote the angle formed by the lines y = mx + 6 and y = m'x + 6', 

then / 

tan = -. [10] 

1 + mm' 

Let y = mx + & be y = — Jx — J, and y = m'x + 6' be y = ix — J; 
then m = — ^, and m' = J. Substituting these values in [10], we obtain 

tanA = =i=-i = -l, or d>=1350. 

If we let y = »ix+ b be y = Jx — |, and y = »i'x + 6' be y = — 4-x — }, 

we obtain 

tan ^ = 1, or ^ = 45°. 

The two answers are supplements of each other, and either gives the 
other also. * 

2. Find the tangent of the angle formed by the lines 

3x — 4y = 7 and 2x — y = 3. 

Let y = mx + 6 bey = |x — J, and y = m'x +6'bey=2x — 3; then 
TO = |, and wi' — 2. Whence 

tan <b = . — ^ = — 0.5. 

1 -f mm' 1 + f 
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8. Find the tangent of the angle formed by the lines 

2a: + 3y + 4 = and 3ar + 4y + 5 = 0. 

Let y = TOar + 6 be y = — far — |, and y = m'x-{- b' be y = — fa: — {; 
then m = — I and m' = — f . Whence 

tan»='"^'»^=:-t + Ul. 
^ l + jum' 1 + A 18 

4. Find the tangent of the angle formed by the lines 

y — no: =r 1 and 2 (y — 1) = nx. 

Let y = mx -\-h be y = nx + 1, and y = m'x +6'bey=-x+l; 
then m = n, and m^ = in. Whence 

tand>= >»-m^^n->}n^_n_^ 
1 + wto' 1 + J»^ 2 + n2 

5. Find the angle formed by the lines 

X + y = 1 and y = x + 4. 

Let y = »ix + 6 be y = — x+1, and y = w'x + 6'bey = x + 4; then 
TO = — 1, m' = + 1. Whence the lines are perpendicular, since their 
slopes are negative reciprocals. (§ 45, Cor. 2.) 

6. Find the angle formed by the lines 

y + 3 = 2x and y + 3x = 2. 

Let y = mx + 6 be y = 2x — 3, and y = m'x + 6' be y = — 3x + 2; 
then TO = 2, to' = — 3. Whence 

tan <b = = — - = — 1. .-. A = 136°. 

l + ram' —6 

7. Find the angle formed by the lines 

2x + 3y + 7 = and 3x — 2y + 4 = 0. 

Let y = TOx + 6be y = — fx — J, and y = to'x + />' be y = fx + 2 ; 
then TO = — f , m' = f . Whence the lines are perpendicular, since their 
slopes are negative reciprocals. 

8. Find the angle formed by the lines 

6x = 2y+3 and y — 3x=10. 

Let y = mx + b he y = 3x— J^ and y=m*x + t> be y = 3x+10; 
then TO = 3 = m'. Whence the lines are parallel, since their slopes are 
equal. (§ 46, Cor. 1.) 
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9. Find the angle formed by the lines 

Of + 3 = and y — V3a: + 4 = 0. 

Let y = mx + 6 be ar + 3 = 0, or ^ = oo (a: + 3), and y = rn'a: + 6' be 
y = V3 a: — 4 ; then wi = oo and m! = \/3. Hence 

tan^ = -i5j=:^ = J- = jV3. /. = 30°. 

I+VSOD \/3 

10. Discuss equation [11] for the cases when ^ = 0^ and ^ = 00^. 

If in y " yi = I'll^A (^ - ^i)> n^] 

1 T m tan ^ 
^ = 0, or tan ^ = 0, [11] becomes 

y-yi = j«(a:-Xi), 
the locus of which, bj § 46, is parallel to y = mar + 6, as it should be. 
If in [11], ^ = 90°, or tan ^ = oo, we have 

1 7fn oo m 

the locus of which, by § 46, is perpendicular to y = ma: + 6, as it 
should be. 

11. Find the equation of a straight line passing through the point 
(3, 5), and making the angle 46° with the line 2a: — 3^ + 6 = 0. 

The equation of the straight line through (ar^, y^ making the angle 
^ with the line y = ma: + 6 is 

1 =f m tan ^ 

Here (ar^, y{) is (3, 6), tan tp = tan 46° = 1, and y = ma: + 6 is y = Jar+f, 

or m = J. Substituting these values in [11], we obtain as the required 

equations 2 , -. 

y-5 = p|(a:-3), 
1 +t 

or y = 6a: — 10, and y = — Jar + 6f, 

the loci of which are evidently perpendicular to each other. 

12. Find the equation of a straight line passing through the point 
(—2, 1), and making the angle 46° with the line 2y = 6 — 3a:. 

Here (x^, y{) is (—2, 1), tan^ = tan 46°= 1, and y = mx -^-h is 
y = — |a: + 3, or >n = — J. Substituting these values in [11], we obtain 
as the equations of the lines, 

1 + (- I) 
or y = — ia:+ J, and y 3ir6x+ 11. • 



1 
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18. Find the equation of a straight line passing through that point 
of the line ^ = 2 x ~ 1 f or which x = 2, and making the angle 30° with 
the same line. 

Forar=2my = 2ar— 1,^ = 3. Hence (x^, y^) is (2,3), tan 0= tan 30° 
= JV3, and i/=rmx-\-b is y = 22r — 1, or m = 2. Substituting these 
values in [11], we obtain as the equations of the lines, 

or y - 3 = - (8 ± 6 V3) (x - 2). 

14. Find the equation of a straight line passing through (1, 3), and 
making the angle 30° with the line x — 2y + l = 0. 

Here (x^, y^) is (1, 3), tan <f> = tan 30° = J V3, and y = mx + b is 
y = }x + }, or m = J. Substituting these values in [11], we obtain as 
the equations of the lines, 

y-.3 = i±i^(.-.i), 

l=FiV3 

or w— 3 = (or — 1). 

y 11 ^ ^ 

15. Prove that the lines represented by the equations 

Ax-\-By-\-C=0, A'x-\-Bfy'{-C' = 

are parallel if AB' = A'B ; perpendicular, if AA' = — BBf, 

Reducing these equations to the form y =:mx •\- 6, we have 

AC A' C 
y = X , V — X -• 

B B B' B' 

If their loci are parallel, their slopes are equal. (§ 46, Cor. 1.) 

That is, -4 = -A', or AB' = A'B. 

If their loci are perpendicular, by § 45, Cor. 2, we must have • 

16. Given the equation 3x+4y + 6 = 0; show that the general equa- 
tions representing (i.) all parallels and (ii.) all perpendiculars to the 

given line are 

(i.) 3a: + 4y + ^=0. 

(ii.) 4a:-3y + ^=0. 
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The slope of 3x + 4y + 6=0 (1) 

is — |. 

The slope of 3ar + 4y + ir = (2) 

is — I, and its intercept is — (/T-f- 4). 

The slope of 4a: - 3y + A;= (3) 

is f , and its intercept is ^ -r- 3. 

Now (1) and (2) are parallel, since their slopes are equal. More- 
over, since the intercept — (^K -r- 4) may have any value, (2) represents 
all parallels to (1). 

Since the slopes of (3) and (1) are negative reciprocals, (3) is per- 
pendicular to (1) ; and since K-i- 3 may have any value, (3) represents 
all perpendiculars to (1). 

17. Deduce the following equations for lines passing through (otj, y^) 
and (i.) parallel, (ii.) perpendicular, to the line y = mar + 6. 

(i.) y — mx = yj — marj. 
(ii.) my + ar = my^ + Xj. 

(i.) Let the equation of the line parallel to y = mar -f- 6 be 

y = war + b'. (1) 

Since (1) is to pass through (arj, y^), we must have 

yi = mxi + b'. (2J 

Equating the values of b' as obtained from (1) and (2), we obtain 

y — mx = yj — maTj. 

(ii.) Let the equation of the line perpendicular to y = mar + 6 be 

y=:-iar + 6'. (3) 

m 

Since (3) passes through (.Tj, y{), we must have 

y,= -lx, + 6'. (4) 

m 

Equating the values of mb' as obtained from (1) and (2), we obtain 

my + ar = my^ + ari. 

18. Write the equations of 3 lines parallel, and 3 lines perpendicular, 
to the line 2x + 3y + l = 0. 

The slope of each of the lines 

4ar + 6y + 9 =: 0, 6:r + 9y — 10 = 0, lOar + 15y - 42 = 0, 
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(i.) 2a: + 3y-l = 0. 
(ii.) 3a:-2y = 20. 
(iii.) 4a: + 6y = 0. 
(iv.) 12a: = 8y + 7. 




Line (i.) (ii.) (iii.) 


(iv.) 


Slope -i +!, -i 


+ i 



is — §, which is the slope of2a: + 3y + l = 0. Hence all these lines are 
parallel. 
The slope of each of the lines 

6x-4y-14 = 0, 9a: -6y- 14 = 0, 16ar — lOy + 60 = 0, 

is f, which is the negative reciprocal of the slope of 2x + 3y + l=0i 
Hence these three lines are perpendicular to the given line. 

19. Among the following lines select parallel lines; perpendicular 
lines ; lines neither parallel nor perpendicular : 

(v.) a: — y = 2. 

(vi.) 6 (a: + y) - 11 = 0. 

(vii.) X = 8. 

(viii.) y + 10 = 0. 

(v.) (vi.) (vii.) (viii.) 
+ 1, -1, 00, 0. 

Hence lines (i.) and (iii.) are parallel, also (ii.) and (iv.) ; lines (i.) 
and (iii.) are both perpendicular to (ii.) and (iv) ; (v.) is perpendicu- 
lar to (vi.), and (vii.) to (viii.). (§ 45, Cors. 1 and 2.) 

Neither (i.), (ii.), (iii), nor (iv.) is perpendicular or parallel to (v.), 
(vi.), (vii.), or (viii.), nor is (v.) or (vi.) parallel or perpendicular to 
(vii.) or (viii.). 

20. Prove that the angle ^, between the lines 

Ax-\-Bi/+ G=0 and ^'x + 5'y + C = 0, 

is determined by the equation 

^ ^ A'B - AB' 
tan d> = • 

^ AA' + BB' 

AC A 

Let y = ma: + 6 be y = ——a:-—, or m =-—, 

and y = m'x-\-b'he y = -^I^-§i» ^^ "^'"'■"i"/' 

m-mf _ B Bf A'B-AB' 
•'•^"^"l + wm' IA.4AL AA'-^BB'' 

BB' 
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21. From the preceding equation deduce the conditions of parallel 
lines and perpendicular lines given in No. 16. 

In No. 20 if the lines are parallel, tan ^ = ; hence A'B — A& = 0, 
or A'B= AB', and conversely. 

If these lines are perpendicular, tan ^ = oo ; hence AA' + BB' = 0, 
or AA^ = — BB', and conversely. 

22. Find the equation of a straight line parallel to 22: + 3y4-6 = 0, 
passing through (5, 7). 

The equation of a line through (ar^, y^) parallel to ^ = mx + 6 is 

y-^i=w(x-xi). [5] 

Here (arj, y{) is (5, 7), and y = inj: + 6isy = — far — 2, orm= — f. 
Substituting these values in [5], we obtain as the required equation 

y-7 = -|(a;-5), or y = -fx + 10J. 

23. Find the equation of a straight line parallel to 2x + ^ — 1 = 0, 
and passing through the intersection of 3x + 2y — 69 = and 6ar — 7^ 
+ 6 = 0. 

Solving 3a: + 2^ — 69 = and 5ar — 7y + 6 = as simultaneous, we 
obtain x = ^^ and y = ^^^; hence their common point (xi,yi) is 

Also y = war + 6 is y = — 2j: + 1, or »»= — 2. 
Substituting these values in [6], we obtain 

y-W=--2(a:--Vf),ory = -2a: + 36H, 
as the required equation. 

24. Find the equation of a straight line parallel to the line joining 
(—2, 7) and (—4, — 6), and passing through (6, 3). 

I^t (^u yO ^ (—2, 7), and (ar^, y^) be (-4, - 6) ; then, by [4], the 
equation of the line through these two points is 

" Ujz1 = -^-'^ ^ or y=6ar+19. 
ar4.2-4 + 2' ^ 

Hence m = 6. Also (xj, y^) is (6, 3). Substituting these values in 

[6], we obtain 

y — 3 = 6 (x — 6), or y = 6a: — 27, 

as the required equation. 
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I 

86. Find the equation of a straight line parallel to y = mx -f- 6, and 
at a distance d from the origin. 

Since the line is parallel to y = mx + 6, its slope is m. Hence let its 

equation be 

y = mx-\-b'. ^ (1) 

Reducing (1) to the normal form, we have 



+ -=^= = -^=:- (2) 

VI + m^ V1 + m2 Vl + m2 

u 

Hence =p = d, or 6'=rfvl+ nfi. 

Substituting this value of b' in (1), we obtain 

y = tnx + dVl + m^f 

as the equatioji of the parallel which cuts the axis of y above the ori- 
gin. It is evident that the equation of the other parallel is 

y = mx^ dVl + w^. 

26. Find the equation of a straight line perpendicular to Ax + Sy 
+ 0=0, and cutting an intercept b on the axis of y. 

The slope of Ax ■{■ By -\- 0=0 is — (A-hB); hence the slope of the 
perpendicular must be B-i-A. (§ 46, Cor. 2.) But the intercept of 
the perpendicular is b ; hence the equation of this perpendicular is 

V = — X 4- 0. 
^ A 

27. Find tlie equation of a straight line perpendicular to - +'^ = 1, 
and passing through (a, ft). 

The equation of a line through (xj, y{) perpendicular to y = ma: + 6 is 

y-yi = — (x-x,). (B) 

m 

Here (xj, y^ is the point (a, 6), and y = mar + ft is y = x + ft, or 

ft " 

M = • 

a 
Substituting these values in (B), we obtain 

y — ft = - (ar — a), or y = - a: + — 
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28. Find the equation of a straight line making the angle 45^ with 

- + £ = 1, and passing through (a, 0). 
a b 

The equation of the straight line through (x^ y^), making the angle 

<f> with the line y = war + 6, is 

1 T fit tan if> 

Here (arj, ^j) is (a, 0), tan ^ = tan 45° = 1 ; and y = mx + 6 is 

y = x-{- 0, or m = • 

a a 

Substituting these values in [11], we obtain 

y= r-(^-«)» 

1±- 

a 
or (a ± 6) y + (6 T a) (x — a) = 0, 

as the equation required. 

29. Show that the triangle whose vertices are the points (2, 1), 
(3, — 2), (— 4, — 1) is a right triangle. 

Let (xj, yi) be (2, 1), and (xj, y^ be (3, —2). Substituting these 
values in [4], we obtain as the equation of the first side, 

V^zl^-rl^^ or y = -3x + 7. (1) 

a:_2 3-2 ^ ^ ^ 

Let (xj, yi) be (3, —2), and (xg, y,) be (—4,-1). Substituting in 
[4], we obtain as the second side 

y + 2 — 1 + 2 1 11 ,ov 

X — o —4 — o 

Let (xj, ^i) be (—4, — 1), and (xj, y^ be (2, 1). Substituting in [4], 
we obtain as the third side, 

^ = i^. ory = J^+J. (3) 

x+ 4 2 + 4 

Now, by § 45, Cor. 2, lines (1) and (3) are perpendicular. More- 
over, (2) is oblique to both (1) and (3). Hence the three lines form 
a right triangle. 
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80. The vertices of a triangle are (- 1,-1), (- 3, 6), (7, 11). Find 
the equations of its altitudes. Prove that the altitudes meet in one 
point. 

Let (arj, yi) be (— 1,-1), and (x„ y,) be (—3, 6). Substituting in 
[4], we obtain as the equation of one side. 

The equation of the perpendicular from (xj, y{) to y = mx + 6 is 

y-yi = --(x-Xi). (A) 

Let (xj, ifi) be (7, 11), and y = mx + 6 be y = — 3x — 4, orm = — 3. 
Substituting these values in (A), we obtain 

as the equation of the altitude through the vertex (7, 11). 

Let (xi, yi) be (— 3, 6), and (y,, y,) be (7, 11). Substituting in [4], 
we obtain as the second side, 

Let (xp y{) be (— 1, — 1), and y=»ix4-6bey = Jx + ^, oriw = |. 
Substituting these values in (A), we obtain 

as the altitude through (— 1, — 1). 

Let (xj, yi) be (7, 11), and (xj, y,) be (— 1, —1). Substituting in 
[4], we obtain as the third side, 

y_ll -1-11 , . . 

X — 7 — 1 — 7 

Let (xi, yi) be (— 3, 5), and y = mx -{- b be y = f x + J, or w = f 
Substituting in (A), we obtain as the altitude through (— 3, 5), 

y = -ix + S. (3) 

Solving (1) and (2) as simultaneous, we find the intersection of their 
loci to be the point (— V^, V)» whose co-ordinates satisfy (3). Hence 
the three altitudes meet in a point. 

81. Find the equation of the perpendicular erected at the middle 
point of the line joining (5, 2) to the intersection of x + 2y — 11=0 
and9x — 2y — 69 = 0. 
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Regarding x + 2y— 11 = and 9x — 2^— 69 = as simultaneous, 
and solying, we find the intersection of their loci to be (7, 2). 

Now from [2] the mid-point between (5, 2) and (7, 2) is (6, 2). And 
the line through (6, 2) and (7, 2) is eyidently y = 2. 

Hence the required perpendicular passes through the point (6, 2), 
and is parallel to the axis of y. Whence its equation is x = 6. 

82. Find the equations of the perpendiculars erected at the middle 
points of the sides of the triangle whose vertices are (5, — 7), (1, 11), 
(—4, 13). Froye that these perpendiculars meet in one point. 

From [2], the mid-point between (5, — 7) and (1, 11) is (3, 2). 

From [4], the line through (6, — 7), (xp yj), and (1, 11), (x„ y,) is 

^ = i^. ory = -fx+15J. (1) 

X — o 1 — o 

By § 46, the line through (3, 2) perpendicular to line (1) is 

y-2=}(x-3), ory=Jx + f (2) 

From [2], the mid-point between (1, 11) and (-4, 13) is (— f, 12). 

From [4], the line through (1, 11) and (- 4, 13) is 

y — 11 13 — 11 _ 2 , 112 /o\ 

7^=::::4— [' ory = -|x+iif (3) 

By § 46, the line through (— f , 12) perpendicular to line (3) is 

y-12=f(a:^-i), or y = f x -f 15|. (4) 

From [2], the mid-point between (-4, 13) and (6, -7) is (J, 3). 
From [4], the line through (-4, 13) and (5,-7) is 

y_13 — 7 — 13 20 . ><1 /RN 

L_ = ___, or y = -^x-h4i. (6) 

By § 46, the line through (}, 3) perpendicular to line 6 is 

y-3 = ^(x-J),ory = /^x + J^. (6) 

Hence (2), (4), and (6) are the equations of the perpendiculars to 
the sides at their middle points. 

Solying (2) and (4) as simultaneous equations, we find the common 
point of their loci to be (— ^, — ^), whose co-ordinates satisfy (6). 

Hence the three perpendiculars meet in a point. 

38. The equations of the sides of a triangle are 

x + y + l = 0, 3x-f-6y-Hl = 0, x + 2y + 4 = 0. 
Find (i) the equations of the perpendiculars erected at the middle 
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points of the sides; (ii.) the co-ordinates of their common point of in- 
tersection ; (iii.) the distance of this point from the Tertices of the 
triangle. 

(i.) Solving x+y + 1 = and 3a: + 6y + ll = 0a8 simultaneous 
equations, we find the vertex of the angle between their loci to be 
(3, -4). 

Solving 3x + 5y4-ll=0 and jr + 2y + 4 = as simultaneous, we 
find the second vertex to be (—2, — 1). 

Solving j:+2y + 4 = and ar + y + lr=0 as simultaneous, we find 
the third vertex to be (2, — 3). 

Hence the extremities of the side x + y + 1 = are (3, — 4) and 
(2, - 3), and by [2] its mid-point is (J, — J). 

By § 46, the line through (J, — J) perpendicular to x -f y -f 1 = 0, or 

y = — X — 1, is 

y + } = a: - }, or y = X — 6. (1) 

The extremities of the side 3x-f5y-fll = are (3,-4) and 
(— 2,-1), and by [2] its mid-point is (J, — f ). 

By § 46, the line through (J, — f ) perpendicular to3x-f5y-|-ll = 0, 
or y = — f X — ^, is 

y + f=K^-i)> ory = }x-3J. (2) 

The ends of the side x -f 2y -|- 4 = are (— 2, — 1) and (2, -3), and 
by [2] its mid-point is (0, —2). 

By § 46, the line through (0, — 2) perpendicular to y = — J x — 2 is 

y-f 2 = 2x, or y = 2x — 2. (3) 

(ii.) The intersection of (1) and (2) is (—4, — 10), and this point 
lies in (3). 

(iii.) The distance of (- 4, - 10) from (3, - 4) is \/86. 
The distance of (— 4, — 10) from (— 2, — 1) is VSS. 
The distance of (— 4, - 10) from (2, — 3) is V85. 

34. Show that the straight line passing through (a^b) and (c, d) is 
perpendicular to the straight line passing through (b, — a) and (rf,— c)- 

By [4], the straight line through (a, 6), (x^yi), and (c, d), (x„yj), 
is y-b ^ d-b ^ ^jj 

X — a c —a 

and the straight line through (6, — a), (x„ y,), and (d, — c), (x„ y,), is 

l±a^ --c-\-a ^_c^-a .^. 

x-b d-b d-b ^^ 
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The loci of (1) and (2) are perpendicular, since their second mem- 
bers, which are the slopes of their loci, are negative reciprocals. (§ 46, 

Cor. 2.) 

85. What is the equation of a straight line passing through (X|,yi), 
and making an angle <t> with the line Ax + By + C = ? 

The equation of the straight line through (x^, y^), making the angle 
p with the line y = mx + 6, is 

m ± tan r \ ri i -i 

1 T m tan ^ 

AC A 
Here y = mx + 6 is y = x , or m = • 

^ ^ B B B 

Substituting this yalue of m in [11], we obtain 

-~A±B tan d> , >. 

^ ^* J5±^tan^ ^ ^^' 

as the required equation. 



Bz. 16. Paffe 62. 

1. Find the distance from (1, 13) to the line 3x = y — 5. 

Here Az -^ By = C is — 3x + y = 5, 

and {xij yi) is (1, 13). 

Hence ^ = ^^1+^^17 ^ = -3 + 13^5 ^ ^ 

2. Find the distance from (8, 4) to the line ]/ = 2 a; — 16. 

Here Ax+ By - C \a2z — y = \^, 

and (Xi, yi) is (8, 4). 

Hence ^ = ^^i +^^ ^ =. !« -4^16 ^ _ ^ 

V^2 + 52 V4 + 1 

8. Find the distance from the origin to the line 3x + 4^ = 20. 

Here ^x + JBy = C is 3x + 4y = 20, 

and (xi, yi) is (0, 0). 

„ , Axi + Byi-C + 0-20 . 

Hence d = — , — = — , = — 4. 

V^2 + B2 V9 + 16 
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4. Find the distance from (2, 3} to the line 2x+^-4 = 0. 
Here ^+ ^y = Cie 2x+ y = 4, and (xj, y^ is (2, 3). 

Hence rf=^!£ii5?i^=i±lzJ = + iV6. 

The line lies between the point and the origin. 

5. Find the distance from (3, 3) to the line y =4x — 9. 
Here Ax-\-By= Ci8 4x — y = 9, and (xj, yj) is (3, 3). 
Hence ^^ ^x, + J.y,- C^ 12>3-9^q 

That is, the point is on the line. 

6. Prove that the distance from the point (x^f y^) to the line 
y = mx + b is 

Vl + ma 

the upper or lower sign being used according as & is positive or nega* 
tive. Express this result in the form of a rule for practice. 

Here -4x + 5y — C = is db (y — mx — 6) = 0, the upper or lower sign 
being used according as b is positive or negative. 

Hence d=i^^^i±^^i^ = ±^i^^^^i^, 

V3M^ Vm^ + i 

in which the upper or lower sign is used according as b is positiye or 
negative. 

The distance from the point (x^, y{) to the line y = nix + 6 is obtained 
by substituting Xj for x, and yj for y, in the expression ± (y — mx— i), 
and dividing the result by Vm'^ + 1, the upper or lower sign being used 
according as b is positive or negative. The point and origin will be on 
opposite sides of the line, or on the same side, according as the result 
is positive or negative. 

7. Find the distances from the line 8x4-4y4-15 = to the follow- 
ing points : (3, 0), (3, - 1), (3,-2), (3,>-3), (3, -4), (3,-5), (3, -6), 
(3, - 7), (0, 0), (- 1, 0), (- 2, 0), (- 3, 0), (- 4, 0), (- 6, 0), (-6, 0). 

Here Ax + By = (7 is 

-3x-4y = 15. (1) 
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Hence the distance from (Z|, y{) 


to(l)i8 




6 


-15 


(2) 


If (x., y,) 18 (3, 0), rf = -4|. 


If (*i. yi) is 


(0,0), c/ = -3. 


If(i„y,)i8(3,-l),d=^4. 


If (^i»yi) is 


C-l,0),(/=-2f 


H(x„y,)i8(3,-2),rf = -Si. 


K (^p yO " 


(-2,0),rf = -li. 


If(x„y,)i8(3.-3),d=-2|. 


If (*i» yi) is 


(-3,0), (/=-?. 


If(x„yi)i8(3,-4),rf = -l|. 


If (^i» yi) " 


(-4,0),rf = -|. 


If(x,.y,)i8(3,-5),d=-|. 


If (^1. yi) i8 


(-5,0),rf= 0. 


If(x„y,)i8(3,-6),rf= 0. 


If (^i» yO is 


(-6,0),cf= + f 


If(i„y,)i8(3,-7),d= + |. 







8. Find the distances from (1, 3) to the following lines : 

3x + 4y + 15 = 0. 32- + 4y— 6 = 0. 

3ar + 4y+10 = 0. 3ar + 4y — 10 = 0. 

3a: + 4y+ 6 = 0. 3a: + 4y — 16 = 0. 

3a: + 4y =0. 3a: + 4y — 20 = 0. 

(i.) Ax-{- By = C is — 3x — 4y = 16, and {x^, yj) is (1, 3). 



Hence 



t/^ ^1 + ■B.yi — C ^ - 3 - 12 - 16 ^ g 

6 



(ii.) Ax + By = C is — 3 a: — 4y = 10, and (arj, yj) is (1, 3). 
Hence ^^^^, + ^y, - C^-3-12- 10^^^ 

V^PT^ 6 

(iii.) -4x + J?y = C is — 3ar — 4y = 6, and (^x^ y{) is (1, 3). 
Hence d = -3-12-6 ^ _ ^^ 



(It.) ^ + 5y = C is 3x + 4y = 0, and (x^, yj) is (1, 3). 



Hence 



^=3+12^3 
6 



(▼.) Ax + By = C is 3ar 4- 4y = 6, and (xj, y^) is (1, 3). 



Hence 



6 



(vi.) ^ + J5y = C is 3 jr + 4y = 10, and (xp y{) is (1, 3). 

Hence ^^3+12-10^^ 

8 
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(vii.) Ax -{■ By = CiB Sx + ^y ^ lb, and (arp y^) is (1, 3). 

Hence d = — i — — = 0. 

6 

(viii.) Ax + By = C IB Sx + 4y = 20, And (x^, y,) is (1, 3). 

Hence ^^3+12-20^^^ 

5 

9. Find the distance from the point (2, — 6) to the line y — 3x = 7. 
Here .4x+J5y=(7i8— 3x + y = 7, and (ari, y^) is (2, — 5). 

Hence d = -^-^-^ = - 1 VlO. 

10. Find the distance from the point (4, 5) to the line 4y-\-bx=2Q. 
Here Ax-^By= C is 5x + 4y = 20, and (xj, y{) is (4, 6). 

Hence rf= 20 + 20-20^ j^^ 

\/41 

11. Find the distance from the point (2, 3) to the line x + y = l. 
Here Ax-\- By = C ia x ■\- y = I, and (jCi, yj is (2, 3). 

Hence rf =. ?±lzil = 2 v^. 

12. Find the distance from the point (0, 1) to the line 3x — 3y= 1* 
Here Ax + -By = Cis3x — 3y = l, and (z„ y^) is (0, 1). 

Hence c^= ""^Z^ =- J>/2- 

Vl8 

18. Find the distance from the point (— 1, 3) to the line 

3x4-4y + 2 = 0. 
Here -4a: + By = (7 is — 3 a: — 4y = 2, and (x^, y^) is (— 1, 3). 

Hence d = ^-^f"^ = ^ 2 J. 

5 

14. Find the distance from the origin to the line 3x + 2y — 6 = 0. 
Reducing the equation to the normal form, we have 

3x . 2v 6 ^ 6 

VT3 Vl3 Vis Vl3 
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16. From the point (2, — 7) to the line joining (—4, 1) and (3, 2). 

Erom [4], the equation of the line through (— 4, 1), (x^, yj) and 

(3, 2)» (xv Vi) is 

^ = It1' orx-7y + ll = 0. 
3? + 4 3 + 4 

Hence, -4a: + -By = C is — x + 7y = 11, and (x,, yj is (2, — 7). 

,^^■,2-49-11^^^,^ 

6V2 

16. From the line y = 7x to the intersection of the lines y = Sx — 4 
and y = 6 X + 2. 

By solving y = 3 x — 4 and y = 6 x + 2 as simultaneous equations, 
we find the intersection of their loci to be the point (—3, — 13). 
Now Ax-^-By^C IB ±(7x-y) = 0, and (x,, y^) is (-3, -13). 

Hence ^^ ^(-21 + 13) ^^^^ 

6V2 

17. From the origin to the line a(x — a) + 6 (y — 6) = 0. 
Reducing the equation to the normal form, we have 



ax 



+ -7-^^ — = VoM- 6^ = p. d = - Va^ + 62. 



V^T1J2 Va2 4- 62 

18. From the points (a, 6) and (— a, — 6) to the line ^ + ? = 1. 

a b 

Here -4x+ 5y — C is ± (6x -^ ay — ab), according as a and b have 
like or unlike signs, and (xj, y) is (a, 6). 

Hence, cf = ^(«^ + «ft- «ft) ^ _A^, 

V^M^ Va2 + 62 

the upper or lower sign being used according as a and 6 have like 01 
unlike signs. 

If (xj, yi) be (—a, —6), we have 

»_ j: (— ab — ab — ah) _ t 3a6 
Va2 -I- 6^2 Va2 + 62 

19. From the point (a, 6) to the line ax + 6y = 0. 

Here Ax -\- By = O is ax + 6y = 0, and (xj, yj is (a, 6). 

Hence, c/ = "' ^'^^^ = Va2 + 62. 

Va2 + 62 
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20. From the point (h, k) to the line Ax+ Bif + C= D. 

Here (ti, y{) is (A, k), fundAx + By-C ia ± [_Ax -\-By — (D- C)], 
the + or — sign being used according as 2> ~ C is positive or negative. 

Hence, d = . Ah^Bk^^D^Cl 

VA^ + B^ 

in which the upper or lower sign is to be used according as Z> — C is 
positive or negative. 

21. Find the distance between the two parallels 

3x + 4y + 16 = and 3x + 4y + 6 = 0. 

Reducing these equations to the normal form, we have 

-i^-fy = 3. (1) 

-*^-ty = i. (2) 

Since their distances from the origin are 3 and 1 respectively, and 
they both cross the third quadrant, the distance between them must 
be 2. 

22. Find the distance between the two parallels 

3j: + 4y + 16=0 and 3a: + 4y — 6 = 0. 

Reducing these equations to the normal form, we have 

-|x-ty = 3. (1) 

«:^ + iy = i. (2) 

Since their distances from the origin are 3 and 1 respectively, and 
(1) crosses the third and (2) the first quadrant, the distance between 
them.must be 4. 

23. Find the distance between the two parallels 

Ax-{-By = C and Ax-{-B^= C. (C and C are +.) 
Reducing these equations to the normal form, we have 
Ax-^By ^ C Ax + By ^ C 

y/A^ + B^ VaFTB^' V^-^ + B^ VA^T^ 
These two lines evidently lie on the same side of the origin ; hence 

the distance between them is ± according as C— C is + 

\^A^ + B^ 

or — . 
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34. Find the distance between the two parallels 

Ax-{'By= C and —Ax — Btf—O, 
Here the lines lie on opposite sides of the origin ; hence the distance 



between them is 



\/2aT^ 



25. Find the distance between the two parallels 

y = 5 ar — 7 and y = 5 ar + 3. 
Reducing these equations to the normal form, we have 

±^ L = _l_ and --^4.-iL. = .A.. 



V26 V26 V26 V26 ^26 V'26 

Since these lines lie on opposite sides of the origin, the distance 



between them is — =::, or y\ V26. 



V26 



26. Find the distance between the two parallels 

ah a b 2 

Reducing these equations to the normal form, we have 

± ^^ + «.y = + 2a6 ^^^ ^ bx -f g.y ^ ^ aft 



the upper or lower signs being used according as a and 6 have like or 
unlike signs. 

These lines lie on the same side of the origin ; hence the distance 
between them is 

±4ab ±ab ±Sab 



2 V^^ 62 2 Va2 + 62 2 Va^ + 62 

in which the upper or lower sign is to be used according as a and 6 
have like or unlike signs. 

27. Show that the locus of a point which is equidistant from 
the lines 3x + 4y — 12 = and 4a: + 3y — 24 = consists of two 
straight lines. Find their equations, and draw a figure representing 
the four lines. 
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Let (x, y) be the point; then by [12] the distance of the point (r,») 
from the line 3x + 4y = 12 is 

3a: + 4.y--12 
6 

and its distance from the line 4ir + 3y = 24 is 

4a: + 3.y-24 
6 

First let (r, y) be in the angle between the lines which includes the 
origin, or its vertical angle ; then the distances of (r, y) from the lines 
will have the same sign, and we have 

3r4-4y-12 4r + 3y-24 -^ .,, 

— -^--f = ^^—f- , ory = a: — 12. (1) 

o o 

If (x, y) is in either of the other angles, its distances from the lines 
will have opposite signs ; hence we have 

3a: + 4y — 12 4j: + 3y — 24 , ,« .„^ 

^~r = ^~T > or y = - X + ^f-. (2) 

6 

Equations (1) and (2), being of the first degree, represent straight 
lines ; and the locus of the point is the bisector of the angles between 
the given lines, whose equations are (1) and (2). The original equa- 
tions, as also (1) and (2), are easily constructed. 

28. Show that the locus of a point whicli so moves that the sum of 
its distances from two given straight lines is constant is a straight line. 

Let the point be (x, y), and the straight lines 

Ax JfBy = C, (1) 

and A'x + B'y = C\ (2) 

Now by [12] the distances of (x, y) from (1) and (2) are respectively 

Putting the sura of these distances equal to the constant Z), we ob- 
tain as the equation of the locus 

Ax-^By-C ^ A'x-^Bfy-C' _jy (3) 

y/A^ + J52 y/AJ^^W^ 

Since (3) is of the first degree, its locus is a straight line. 
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Ex. 16. Pasre 54. 

1. Find the area of the triangle whose vertices are the points (0, 0), 
(1.2), (2,1). 

If (xp ^i), (x,, yj), and (xg, y^) be the vertices of any triangle ; then 
numerically 

Area = i lx^{y^ - y,) + x^ (^j - yO + ^, (yi - ^2)]- [13] 

Here (x^, yj is (0, 0), (r„ y,) is (1, 2), and (arj, y,) is (2, 1). Sub- 
stituting these values in [13], we obtain 

Area = i [0(1) + 1 (1 -0) + 2 (-2)] = IJ. 

2. Find the area of the triangle whose vertices are the points (3, 4), 
(-3, -4), (0,4). 

Here(ari, yi) is (3,4), (x„ y,) is (-3,-4), and (x,, yg) is (0,4). 
Substituting these values in [13], we obtain 

Area = J [3 (- 4 - 4) - 3 (4 - 4) + (4 + 4)] = 12. 

3. Find the area of the triangle whose vertices are the points (2, 3), 
(4,-5), (-3,-6). 

Here (xi, y^) is (2, 3), (x,, y,) is (4, - 5), and (x„ y,) is (- 3, -6). 
Substituting these values in [13], we obtain 

Area = J[2(-.6 + 6) + 4(-6-3)-3(3 + 5)] = 29. 

4. Find the area of the triangle whose vertices are the points (8, 3), 
(-2,3), (4,-6). 

Here (xi, y{) is (8, 3), (x„ y,) is (-2, 3), and (x,, y,) is (4,-6). 
Substituting these values in [13], we obtain 

Area = J [8 (3 + 6) - 2 (- 6 - 3) + 4 (3 - 3) ] = 40. 

5. Find the area of the triangle whose vertices are the points (a, 0), 
(-a,0), (0,6). 

Here (x^, yj is (a, 0), (x,, y,) is (-a, 0), and (xj, yj) is (0,6). 
Substituting these values in [13], we obtain 

Area = i [^ ("~ ^) "~ ^^] = "^• 

6. Compare the formula for the area of a triangle with the result 
obtained by solving No. 68, p. 42. What, then, is the geometric mean- 
ing of that result ? 



96 ANALYTIC GKOMETRY. 



That result regarded as a particular case of the formula for the area 
of a triangle means that the area of a triangle vanishes when its yer* 
tices fall in the same right line. 

7. Find the area of the figure having for vertices the points (3, 5), 
(7, 11), (9, 1). 

We give below the solution according to the second method. 
By [1] the length of the side whose ends are (3, 6) and (7, 11} is 
V(7 - 3)2 + (11 - 5)2, or base = V62. 
By [4] the equation of this side is 

Hiz^^n^ or2y-3x-l = 0. 
x-3 7-3 ^ 

By [12], the distance from (9, 1) to 2 y — 3 x = 1 is 

2-27-1 ^ Qj. altitude = 2 vT3. 
Vl3 
Hence, area = Vl3 X V62 = 26. 

8. Find the area of the figure having for vertices the points (3, —2), 
(6,4), (-7,3). 

By [1] the length of the side whose ends are (3, —2) and (5, 4) is 
V(6 - 3)2 + (4 + 2)2, or base = 2 VlO. 
By [4] the equation of this side is 

ar-3 2' ^ 

By [12] the distance from (— 7, 3) to 3 a: — y = 11 ii 

,21-^-11 ^ ^^ altitude = f J VIO. 
VlO 
Hence, area = VIO X H VlO = 35. 

9. Find the area of the figure having for vertices the points (— 1, 2), 
(4,4),(6,-3). 

By [1] the length of the side whose ends are (— 1, 2) and (4, 4) is 
\/52 -f 22, or base = V29. 
By [4] the equation of this side is 

S-=l? = ?, or 5j^-2a:=12. 
*+ 1 5 
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By [12] the distance from (6, — 3) to 5y — 2x = 12 is 
-15-12-12 ^^ altitude = M V29. 

Hence, area = i V^ x i{ V^ = 19J. 

10. Find the area of the figure having for vertices the points (0, 0), 

(^1. yi)f i^v y*)- 

By [1] the length of the side whose ends are (0, 0) and (x^, y,) is 
V^^JTJ?, or base = V^M^. 
B [4] the equation of this side is 

y V\ 

i = j-. oryijr — jriy = 0. 

By [12] the distance from {x^ y,) to y,ar — a:,y = is 

yi -^a - ^iy\ the altitude. 

Hence, area = J (yi^r, — arjy,). 

11. Find the area of the figure having for vertices the points (2, -> 6), 
(2, 8), (-2, -5). 

Here (xj, yO is (2, - 6), (x^ y,) is (2, 8), and (x„ y,) is (- 2, - 5). 
Substituting these values in [13], we obtain 

Area = J [2 (8 + 5) - 2 (- 5 - 8) ] = 26. 

18. Find the area of the figure having for vertices the points (10, 5) 
(-2,5), (-5, -3), (7, -3). 

By inspection we see that the vertices of this quadrilateral are ar- 
ranged in order. We have then to find the areas of the two triangles 
whose vertices are (10, 5), (- 2, 6), (- 5, - 3), and (- 5, - 3), (7, - 3), 
(10, 5) respectively. By [13] we obtain 

Area =} [10 (8) -2(- 8) -6(0)] = 48, . 
and Area=K-5(-8) + 7(8)+10(0)] = 48. 

Hence area of quadrilateral = 96. 

18. Find the area of the figure having for vertices the points (0, 0), 
(6, 0), (9, 11), (0, 3). 
Here the vertices are arranged in order, and we have to find the 
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areas of the two triangles whose vertices are (0, 0), (5, 0), (9, 11), and 
(9, 11), (0, 3), (0, 0) respectively. By [13] we obtain 

Area =i[6 (11) +9(0)] = 27 J, 
and Area = J [9 (3)] = 13 J. 
Hence area of figure = 41 . 

14. Find the area of the figure having for vertices the points (a, 1), 
(0, 6), (c, 1). 

Here (rj, y^) is (a, 1), (x„ y,) is (0, 6), and (a:,, y,) is (c, 1). Hence, 
by [13], we obtain 

Area = J [a (6 - 1) + c (1 - 6)] = } (" - ^)(* - 1)- 

16. Find the area of the figure having for vertices the points (a, 6), 
(6, a), (c, c). 

Here (xj, yi) is (a, 6), (xj, y,) is (6, a), and (x„ yj) is (c,c). Hence, 
by [13], we obtain 

Area = J [a (o — c) + 6 (c — 6) + c (6 — a)] 
= }(o-6)(a + 6-2c). 

16. Find the area of the figure having for vertices the points (a, 6), 

(6, a), (c, — c). 

Here (a^i, y,) is (a, 6), (x.^, y,) is (6, a), and (ar,, y,) is (c, -c). 
Hence, by [13], we obtain 

Area = } [« (« + c) + * (- c — 6) + c (6 — a)] 

= K«^-^). 

17. Find the angles and the area of the triangle whose vertices are 
(3,0), (0, 3V3), (6, 3V8). 

By [4] the equation of the side through (3, 0) and (0, 3 VS) is 

-i4 = i:^, ory = -V3r + 3V3; (1) 

that of the side through (0, 3 VS) and (6, 3 VS) is 

y"^^ = 0, or y = 3\/3; (2) 

X 

and that of the side through (6, 3 VS) and (3, 0) is 

V — 3\/3 — 3V3 /Q o /o /^\ 

•^ -— = ^ „ , or y r= V3ar — 3 V3. (3) 

X — D — p 
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To find the angle between sides (1) and (2), we haye 

tan <t> = "' "" ^\ = ± >/3, .-. <p = 60^ or 120°. 
1 + mm' 

To find the angle between sides (2) and (3), we have 

tan^= ^"'""'"^ =± VS, .: = W or 120°. 
1 + mm' 

To find the angle between sides (3) and (1), we have 

i&n<p= J^^"'' =± V3, .-. ^ = 60° or 120°. 
l + ww' 

Hence each of these angles is 60°. 
By [13] we obtain 

Area = J [^ (- 3 V3) ] = 9 VS. 

18. What is the area contained by the lines 

x = 0, y = 0, 6ar + 4y = 20? 

The figure is evidently a right triangle whose sides are the inter- 
cepts of 6a; + 4y = 20, which are 4 and 5 respectively ; hence the area 
is 10. 

19. What is the area contained by the lines 

a: + y=l, a: — y = 0, y = 0? 

The intersection of x + y = 1 and x — y = is (J, J) ; that of 
a: — y = and y = is (0, 0) ; and that of y = and a: + y = 1 is (1, 0). 

Now by [13], for the area of the triangle whose vertices are (^, i), 
(0, 0), and (1, 0) we have 

Area = Hi] = i. 

20. What is the area contained by the lines 

a: + 2y = 5, 2a: + y = 7, y = a:+l? 
The intersection of ar + 2y = 6 and 2 a: + y = 7 is (3, 1) ; that of 
2x 4- y = 7 and y = a: + 1 iB (2, 3) ; and that of y = ar + 1 and x + 2 y = 6 
is (1, 2). 

By [13], for the triangle whose vertices are (3, 1), (2, 3), and (1, 2) 
Fe obtain 

Area=i[3 + 2-2] = li. 
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21. What is the area contained by the lines 

The intersection of x-^- y = and x = y is (0, 0) ; that of x = y and 
y = 3a is (3a, 3a) ; and that of y = 3a and j: + y = is (—3a, 3a). 

By [13], for the triangle whose vertices are (0,0), (3a, 3a), and 
(— 3 a, 3 a) we obtain 

Area = J [8a (3a) - 3a (- 3a)] = 9a«. 

88. What is the area contained by the lines 
y = 3x, y = 7ar, y = cl 

The intersection of y = Sx and y = 7 x is (0, 0) ; that of y = 7 x and 
y = c is (^Cj c) ; and that of y = c and y = 3x is (Jr, c). 

By [13], for the triangle whose vertices are (0, 0), {jCfC), and 
(J c, c) we obtain 

Area=i[^c3-lc«] = Ac^- 

88. What is the area contained by the lines 
x = 0, y = 0, X — 4 = 0, y + 6 = 01 

The figure is evidently a rectangle whose sides are 4 and 6 ; hence 
the area = 24. 

84. What is the area contained by the lines 

3a: + y + 4 = 0, 3x — 6y + 34 = 0, 3x — 2y+l = 01 

The intersection of3x + y + 4 = and 3a: — 5y + 34 = is (— 3, 5) ; 
that of 3jr-6y + 84 = 0and3ar-2y+ l = 0is (7, 11); and that of 
3ar — 2y + l = 0and3a: + y + 4 = 0is (— 1, — 1). 

By [13], for the triangle whose vertices are (— 3, 6), (7, 11), and 
(— 1, — 1), we obtain 

Area = i [-3 (12) + 7 (- 6) - 1 (- 6)] = 36. 

85. What is the area contained by the lines 

a:-5y+13 = 0, 5ar + 7y + l = 0, 3a: + y-9 = 0f 

The intersection of a: — 6y + 13 = and 6x4- 7y + 1 = Ois (-3,2); 
that of 6x+7y+l = and 3x + y-9 = is (4,-3); and that of 
3a: 4- y — 9 = and X — 5y + 13 = is (2, 3). 

By [13], for the triangle whose vertices are (— 3, 2), (4,-3), and 
(2, 3), we obtain 

Area =:c J [- 3 (- 3 - 3) + 4 + 2 (6) J = 16. 
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36. What is the area contained by the lines 

The sides y= x and y= x^a are parallel, as also are the sides ^ = — x 
and y = — x + 6 ; hence the figure is a parallelogram. Therefore its 
area is twice the area of a triangle whose vertices are any three vertices 
of the parallelogram. 

The intersection of y = ar and y = — a: is (0, 0) ; that of y = — x and 
y = X — a is (i a, — i a) ; and that of y = x — a and y = — x + 6 is 

/a + 6 h — a \ 

\T' 2 )• 

By [13], for twice the triangle whose rerticei are (0, 0), (Jo, — \a), 
and(^, '^'j we obtain 

Area = [j« /*rL2y £±6 (i„)J = Ja6. 

27. Find the area contained by the lines x = 0, y = 0, y = mx + 6. 

Since x = is the axis of y, and y = is the axis of x, the required 
area is a right triangle whose sides are the intercepts of y = mx + 6. 
These intercepts are h and — (6 -f- m). 

Hence, area = J 6 (6 -i- m) = 6^ ^ 2 w. 

X u 

88. Find the area contained by the lines x = 0, y = 0, - + 1 = 1. 

Here the area is a right triangle whose sides are the intercepts of 

X v 

- + T = 1, or o and h. 
a h 

Hence, area = J a5. 

89. Find the area contained by 'the lines x= 0, y = 0, Ax + By + C= 0. 

Here the area is a right triangle whose sides are the intercepts of 
Ax^-By-\- C7=0, or ^{C-^A) and -((7-^5). 
Hence, area = }(C-r-4)(C-i- jB) = G^-^2AB. 

80. Find the area contained by the lines y = 3x — 9, y = 3x + 5, 
2y = x — 6, 2y = x+14. 

Here the area is that of a parallelogram, two of whose parallel sides 
are y = 8 x — 9 and ^ = 3 x + 6, and the other two are y = } x — 3 and 
y = ^x + 7. Hence the area is twice that of a triangle whose vertices 
are any three vertices of the parallelogram. 
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The intersection of y = J x — 3 and y = 3 ar — 9 is {^-, — |) ; that of 
y= Jar — 3 and y = 3a: + 6 is (—V, — ¥)J a°^ t^** ©^ y=iar + 7 
with y = 3x-9 is W, W- 

By [13] for the triangle whose vertices are (^jf, — f), (— ¥, -¥)i 
and (^5^, ^^), we obtain 

Area= }[¥(-¥-¥) -¥(¥ + f) + ¥(-« + ¥)] = 28. 
Hence, area of parallelogram = 56. 

81. What is the area of the triangle formed by drawing straight 
lines from the point (2, 11) to the points in the line ^ = 62: — 6 for 
which X = 4, X = 7 ? 

For ar = 4 in y = 6x — 6, y=14; hence, (xj, y^) is (4, 14). 
For x=1 in y = 5x — 6, y = 29; hence, (Xj, y^) is (7, 29). 
By. [13] for the triangle whose vertices are (4, 14), (7, 29), and 
(2, 11) we have 

Area = J [4 (29 - 11) + 7 (11 - 14) + 2 (14 - 29)] = lOJ. 

Bx. 17. Pagre 66. 

1. Deduce equation [7], p. 39, from equation [6], 
In [6] b = the intercept on the axis of y. 

For y = in [6] a: = ; hence a, or the intercept on the axis of x 

equals — (6 -i- m). Writing [6] in the form 

^+ =1, 

6 -(6-=-»i) 

and substituting a for its equal — (6 -s- m), we have 

a 

2. The equation t/ = mx-{-b is not so general as the equation 
Ax-\-By-\- C=0, because it cannot represent a line parallel to the 
axis of y. Explain more fully. 

The simplest form of the equation of a line parallel to the axis of y 
is a: — a = 0. Now for B = 0, Ax-\- By ■{- G=0 assumes this form; 
but y = mar + 6 cannot assume this form directly, since the coeflacient 
of y is the absolute constant 1. To make y = mx + b include thifl 
form we might write it in the form y = m(^X'\-c) in which OTC=i 
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When the line is parallel to the SLxis of y, m = od, and the equation 
y=m(x-^ c) is satisfied only for ar + c = 0, which represents a line 
parallel to the axis of y, 

8. Determine for the line x = 2 the values of a, b, y, p, and a. 
Reducing Ax-{-By= C to the three forms [6], [7], [8], we have 



5^ = -(^-i?)x+(C-f.-B), 

-^ + —2^ = 1, 
G-r-A C-^B 

Ax , By 



C 



y/A^-\-& y/A^ + B^ V3M^ 
Hence, 

a=Q-i-A\ b=C-i-B; tan 7= - (^-f-B) ; 

C . _. A , ..._ B 



(1) 
(2) 

(3) 



P = 



; cos a -— 



; sma = 



(4) 

y/A^ + B^ VaFT^' V^PT^ 

Here A=l, B=Ot C=2, Substituting these values in (4), we have 
= 2; 6=2-7-0 = 00; tan 7 = — « or 7 = 90° ; j» = 2 -r 1 = 2 ; cos o = 1, 
sin o = 0, or o = 0°. 

4. Determine for the line x = y the values of a, 6, y, p, and a. 

Here -4 = — 1, 5= -H 1, C=0, Substituting these values in (4) of 
No. 3, we have 

a = 0; 6 = 0; tan 7= 1, 7 = 45°; /? = 0; cosa= — jV2, 

sino= + iv^, ora=1360. 

5. Determine for the line y -h 1 = V3 (x + 2) the values of a, b, 7, 
Pt and a. 

Putting this equation in the form of Ax -\- By = C, we have 
- V3a: + y = 2>/3-l. 

Here A = —VS, J5 = 1, 0= 2 V3 - 1. Substituting these values 
in (4) of No. 3, we have 

a = ^^":^ = ^V3-2; 6 = 2V3-1; tan 7 = V3, or 7 = 00° ; 
— v3 

p = ^ ^^"""^ = V3~|; C08o = -jV3, sina=}, or 0=150° 
V3-I- 1 
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6. Determine for the line x + V3y = 2 the values of a, 6, 7, ;^, 
and a. 

Here -4=1, J5= >/3, C=2. Substituting these values m (4) of 
No. 3, we have 

a = 2; 6 = jVS; tan7 = -iV3, or 7=150°; p = l; 

cos o = J, sin o = i VS, or a = 60°. 

7. Determine for the line x — y/Zy = 2 the values of a, 6, 7, ;^, 
and a. 

Here -4=1, JB = — V3, C= 2. Substituting these values in (4) of 
No. 3, we have 

a = 2;6 = -§V3;tan7=J>/3, or 7 = 30°; />= 1; 

cos o = i, sin a = — i \/3, or o = 300°. 

8. Determine for the line V3ar — y = 2 the values of a, 6, 7, p, 
and a. 

Here -4 = V3, B = - 1, C= 2. Substituting these values in (4) of 
No. 3, we have 

a = |V3; 6=-2; tan7= V§,or7 = 60O; /> = !; 
coso=iV3, sino = — J,oro=330O. 

9. Find the equations of the diagonals of the figure formed by the 
lines 3x-y + 9 = 0, 3x = y — l, 6a: + 3y = 18, 6a: + 3y = 2. What 
kind of quadrilateral is it ? Why ? 

Writing the equations of the lines in the form y = mo; + 6, we have 

i^ = 3ar + 9. (1) 3,=:-Ja: + 6. (3) 

y = 3x+l. (2) y = -}ar+f. (4) 

Lines (1) and (2) are parallel, since the slope of each is 3. 
Lines (3) and (4) are also parallel, since the slope of each is — f . 
Since the opposite sides are parallel, the figure is a parallelogram. 
Solving (1) and (3) as simultaneous, we obtain the vertex (— yVf ?)• 
Solving (1) and (4) as simultaneous, we obtain the vertex (— ff, fi)- 
Solving (2) and (3) as simultaneous, we obtain the vertex (|}, }f). 
Solving (2) and (4) as simultaneous, we obtain the vertex (— tV» It)* 
Of these vertices the first and last are opposite, since the first is the 
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Tertex of the angle between the sides (1) and (3), a^d the last, of the 
angle between (2) and (4). The diagonal through (— i^T>ff) and 

The diagonal through the other two yertices (— f {, f|) and (|}, f }) 
is 

y-H^H-H or z-6y + 20 = 0. 

10. Find the distance between the parallels x = y + 1 and 9 x = y ~ 7. 
Writing these equations in the normal form, we have 

9 11 ... 



V82 V^ V82 

and -_i_a:+_l_y = _L.. (2) 

V82 V82 v^ 

From their signs we see that (1) and (2) lie on opposite sides of the 
origin, (1) crossing the fourth quadrant, and (2) crossing the second. 
Hence the distance between them is equal to the sum of their dis- 
tances from the origin ; that is, 

8 or ± V§2. 
V82 41 

11. The vertices of a quadrilateral are (3, 12), (7, 9), (2, —^3), 
(— 2, 0). Find the equations of its sides and its area. 

The vertices in order are (3, 12), (7, 9), (2, - 3), (- 2, 0). 
The line through (3, 12) and (7, 9) by [4] is 

The line through (7, 9) and (2, - 8) is 

illJ = "^-^ = lg,orl2x-6y = 39. (2) 

x-7 2-7 5' ^ ^ ^ 

The line through (2, - 3) and (- 2, 0) is 

l±|-_l_ = -§, or 3x + 4y + 6 = 0. (3) 

X — 2 —2 — 2 4 
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. The line tlirough (- 2, 0) and (3, 12) is 

-iL = -i?- = — , or 12a:-6v + 24 = 0. (4) 

Sides (1) and (3) are parallel, as are also (2) and (4); hence the 
figure is a parallelogram. 

The length of the side between the vertices (3, 12) and (7, 9) is 
V(7 — 3)*^ + (9 — 12)'-*, or 6 ; and the distance between this side, whose 
equation is (1), and its opposite side (3) is ^+ f, or ^. Hence the 
area is 63. 

Lines (1) and (3) lie on opposite sides of the origin, and their dis- 
tances from it are obtained by reducing their equations to the normal 
form. 

12. The vertices of a quadrilateral are (6, —4), (4,4), (-4,2), 
(~ 8,-6). Prove that the lines joining the middle points of adjacent 
sides form a parallelogram. Find the area of this parallelogram. 

The vertices in order are (6, -4), (4, 4), (-4, 2), (-8, -6). 

The mid-point between (6, — 4) and (4, 4) is (6, 0) ; that between 
(4, 4) and (-4, 2) is (0, 3) ; that between (-4, 2) and (-8, -6) is 
(- 6, - 2) ; that between (- 8, - 6) and (6, - 4) is (- 1, — 6). 

The line through the mid-points (5, 0) and (0, 3) is 

= J_, or 3a: +5^ = 15. (1) 



X — 6 — 6 
The line through the mid-points (0, 3) and (— 6, — 2) is 

2Lz3 = -2-3 = 6 or 6 T - 6 i^ + 18 = 0. (2) 

ar -6 6* ^ 

The line through the mid-points (— 6, — 2) and (— 1, — 5) is 

a: + 6-l-f6 6 ^^^ 

The line through the mid-points (— 1, — 6) and (5, 0) is 

3Lti = ,J^ = §,or6:r-63, = 26. (4) 

a:+l 6+1 6 ^ 

Lines (1) and (3) are parallel, as are also (2) and (4) ; hence the 

figure is a parallelogram. 

The length of the side between the vertices (6, 0) and (0, 3) is 
\/25 + 9, or \/34 ; and the distance between this side and its opposite 
side (3) is -15_ + _?L, or -i^ ; .hence the area is 43. Lines (1) and 

>/34 Vai V34 

(3) are on opposite sides of the origin. 
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13. Find the equation of a line passing through (S, 4), and also per- 
pendicular to the axis of x. 

The equation of any line perpendicular to the axis of x in x = a. If 
the line passes through (3, 4), x must equal 3 ; hence a: = 3 is the equa- 
tion required. 

14. Find the equation of a line passing through (3, 4), and also 
making the angle 45^ with the axis of x. 

The line through (x^, y{) having slope m is 

y-yi=m(x-Ti). [6] 

Here (x^, y{) is (3, 4) and m = tan y =■ tan 45^ = 1. Substituting 
these values in [5], we have 

y — 4 = 1 (ar — 3) or y = ar + 1. 

If the line makes an angle of 45^ with the negative direction of the 
axis of X, we have m = tan y = tan 136° = — 1 ; and y — 4 = — l(x — 3), 
or y = — X +7. 

15. Find the equation of a line passing through (3, 4), and also 
parallel to the line 6ar + 6y + 8 = 0. 

Here (x^, y,) is (3, 4), and m = — -|. Substituting in [6], we have 
y-4 = -f(x-3), or6x + 6y-39 = 0, 
as the required equation. 

16. Find the equation of a line passing through (3, 4), and also 
intercepting on the axis of y the distance — 10. 

If in y = mx + 6, 6 = — 10, and the line passes through (3, 4), we 
have 4 = 3 m — 10, or m = ^. Hence the required equation is 
y = -y X - 10, or 14x - 3y - 30 = 0. 

17. Find the equation of a line passing through (3, 4), and also 
passing through the point half way between (1,-4) and (— 5, 4). 

The point midway between (1, — 4) and (— 6, 4) is (— 2, 0). 
The line through (3, 4) and (- 2, 0) is, by [4], 

g^= "'^ =-.or4x-5y + 8 = 0. 
a:-3 -2-3 6 ^ 
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18. Find the equation of a line passing through (3, 4), and also per- 
pendicular to the line joining (3, 4) and (— 1, 0). 

The line through (3, 4) and (— 1, 0) is, by [4], 

The slope of (1) is 1 ; hence the line through (3, 4) perpendicular to 
(1) is y — 4 = — (a: — 3) or a: + y — 7 = 0. 

19. Find the equation of a line parallel to the line joining (x^, y{) 
and (x^f y,), and passing through {x^ y,). 

The slope of the line through (xj, y^) and (a:,, y,) is ^'"~^^ ; hence 

•Cq ^^ Xt 

the line through (a:,, y,) parallel to this line is y — yj= (*— a:,). 

Xj — Xj 

20. Find the equations of the lines passing through (8, 3), (4, 3), 
(-6,-2). 

The line through (8, 3) and (4, 3) is 

V — 3 3 — 3 A o 

The line through (4, 3) and (— 5, - 2) is 

The line through (— 5, - 2) and (8, 3) is 

l±2 = §±| = A.or6x.l3y-l = 0. 
x + 6 8 + 6 13 ^ 

21. Find the equation of a line passing through the intersection of 
the lines 2a; + 6y + 8 = and 3x — 4y — 7 = 0, and perpendicular 
to the latter line. 

Regarding 2x + 6y H- 8 = and 3x — 4y — 7 = as simultaneous 

(3 38 \ 

y = mx + 6 is y = jx — -» and (Xi, yi) is T^' — ^^ V Now the 
equation of the line through (xi, yi) perpendicular to y = mx + 6 is 
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y - yi = - - (X - xi), or by substituting ^ + ^=-3(2^-^) or 

»2xH-69y + 102 = 0. 

22. Find the equation of a line perpendicular to the line 4 x — ^ = 0, 
and passing through that point of the given line whose abscissa is 2. 

For ar = 2in4ar — y = 0, y = 8; and the point is (2, 8). 
The slope of4jr — ^ = 0i8 4; hence the slope of the required line is 
— \. The line through (2, 8), having slope ~ ^, is 

y - 8 = - 4 (a: - 2), or a: + 4y = 34. 

23. Find the equation of a line parallel to the line 3.r + 4^ = 0, 
and passing through the intersection of the lines x — 2^ — a = and 
i+3^-2a=0. 

Regarding x — 2y — a = and x + 3y — 2a = as simultaneous 
we obtain as their point of intersection ( -r-» 7 )' 

The slope of3x + 4y = 0is— f; hence the slope of the required 
line is — f. 

The line through ( "7" ' 7 ) having the slope — f is 

y— ^ = — jfx — —\ or3x + 4y — 6a = 0. 

24. Find the equation of a line through (4, 3), such that the given 
point bisects the portion contained between the axes. 

If the point (4, 3) bisects the portion of the line between the axes, 
the lines through (4, 3) parallel to the axes must bisect the intercepts 
of the line on the axes ; hence, the intercepts of the line are 8 and 6, 
and its equation is 

f + ^=l,or3x + 4y = 24. 
o o 

25. Find the equation of a line through (xj, y^), such that the given 
point bisects the portion contained between the axes. 
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If the point (x^ y^) bisects the portion of the line between the axes, 
the intercepts of the line on the axes must be 2 Xj and 2^^ respectivelj, 
and its equation is 

o ^•. o^ = 1, or y — Vi = — — (x — Xi). 

2xj 2y, * 3 y\ a-^v i/ 

86. Find the equation of a line through (4, 3), and forming with the 
axes in the second quadrant a triangle whose area is 8. 

The line through (4, 3) is 

y — 3 = m (x — 4), or y = f»z4- 3 — 4 m. (1) 

The intercepts of (1) on the axes are — and 3 — 4 m. 

m < 

When the line crosses the second quadrant, is negative and 

m 

Q yl 

3 — 4 m is positive. Hence the product of and 3 — 4m, or 

m 



^ ^^, must equal twice the area of the triangle, or 16. 

m 

Solving ^—^ — ^^ = 16 for ?n, we find m = J and |, of which values \ 
m 

applies to this problem. 

Substituting this value in (1), we obtain as the required equation 

4y = x+8. 

27. Find the equation of a line through (4, 3), and forming with the 
axes in the fourth quadrant a triangle whose area is 8. 

Here we would have the same expression for the intercepts as in 

No. 26 ; but ^' "" is positive and 3 — 4 m is negative ; hence we have, 

m 

as before, -^^ ~" ' = 16. 

m 

The value m = f applies to this example. Substituting this value 

of m in (1) of No. 26, we have as the required equation 4y = 9x — 24. 

28. Find the equation of a line through (— 4, 3), such that the portion 
between the axes is divided by the given point in the ratio 6 : S. 
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Let P (Fig. 39) be the point (-4, 3), and let X'N be the position 
of the line through it so that X^P : PN: : 6 : 3 ; 
then XfN: PN: : 8 : 3 and ^iV: X'P: : 8 : 5. Y 

Draw PM parallel to OY, and PS parallel 
to OX'; then Px^^^^ 

OX' : OM: : NX' : iVP : : 8 : 3, - ^x^ 

or OX' = f Jf = - ^/, X.'^ ' 

and OiV:0^:;X'JV:X'P::8:6, -*^ 

or OJ\r=|0^=V-. ^"''''' 

Hence the intercepts of iVX' on OX' and Oy are — ^ and ^, and 
its equation is 



+ i(_=l, or 9x — 20^ + 96 = 0. 



—V ¥ 

If the line is so situated that NP\ PX' : : 5 : 3, then 

NX' :NP::S:6, and NX' : PX' : : 8 : 3. 

OX' : OM::NX' : NP: : 8 : 6, or OX' = f Oitf = - ^. 

ON: OS: : NX^ : PX' : : 8 : 3, or 0N= f 0^= 8. 

Hence the intercepts are — ^^- and 8, and the equation is 

+ ^=1, or 5x-4y + 32 = 0. 



-¥ 8 

29. Find the equation of a line dividing the distance between (— 3, 7) 
and (5, — 4) in the ratio 4 : 7, and perpendicular to the line joining these 
points. 

If in [3], (aTj, y{) is (— 3, 7), (a:,, y,) is (5, — 4), and m : n =-4 : 7, we 
have 

20-21 1 -16 + 49 Q 



x = 



11 11 -^ 11 



Hence the point of division is (— y^j, 3). 
The line through (- 3, 7) and (6, — 4) is 

3Lz7^-4-7^_ll ^^^ 3 23 
a. + 3 6 + 3 8' ^ if » 

whose slope is — Y. The line through (— ^, 3) having the slope j\ is 
y -3 = ^(a: + rV)» or 88ar- 121y + 371 = 0. 
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30. Find the equations of the two lines through (3, 5) making the 
angle 45° with the line 2x — 3^ — 7 = 0. 

The lines through (tj, y^) making the angle <p with the line 
y = mx + 6 is 

ffi ± tan 4> / \ ri 1 -I 

1 T m tan <p 

Here (arj, y{) is (3, 5), ^ = 45°, and m = J. Making these substitu- 
tions in [11], we have 

y-5 = i^(a:-3),or|^^-i' = l^- 
^ iTf^ ^ (ar+5y = 28. 

31. Find the equations of the two lines through (7,-5) which make 
the angle 45° with the line Oar — 2y + 3 = 0. 

Here (arj, y-^ is (7,-5), tan ^= tan 45°= 1, m = 3. Substituting 
these values in [11], we have 



, e 3± 1, «. ( 2a:+ y = 9. 
1 T o ( a: — 2y = 17. 



82. Find the equation of the line making the angle 45° with the 
line joining (7, — 1) and (— 3, 5), and intercepting the distance 5 on 
the axis of x. 

The line through (7,-1) and (- 3, 5) is 

^^i^ = -^±i- = -?.or3ar4-5y = 16. (1) 

a:-7 -3-7 5 "^ ^ ^ 

Here (arj, y^) is (6, 0), tan <p = tan 45° = 1, w = — J. Substituting 
these values in [11], we have 



s = 



l±l 



/ r\ - fa:- 4v — 5 = 0. 
(ar — 5), or < ^ 

^ Ua: + ^-20 = 0. 



33. Find the equations of the two lines which pass through the 
origin and trisect the portion of the line x-{- y = 1 included between 
the axes. 

For a:=Oina:-fy = l, y =1] for ^ = 0, a: = 1 ; hence the ends of 
the portion of a: + y = 1 included between the axes are (0, 1) and (1,0). 

If in [3] (aTj, y^) is (0, 1), (x^, y^) is (1, 0), and w : n = 1 : 2, we have 
X = I, y = ^, or one point of trisection is (J, f ). 

If wi : n : : 2 : 1, we have a: = |, y = J, or the second point of trisection 

^8 (t> 3). 

The line through the origin and (J, f ) is y = 2 a: ; and the line through 
the origin and (|, J) is 2y = a:. 
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84. Find the equations of the tinro lines parallel to the line 

4x+6y + ll = 0, at the distance 3 from it. 
Writing 4j? + 5y + ll = 0, in the normal form, we have 

4 6 11 ,1. 



11 



Va Vil ViT 

which evidently crosses the third quadrant and is at the distance — 

V41 

from the origin. 

Now the line crossing the third quadrant at the distance 3 from (1) 
is evidently 

4 5 11 



■X 



^y = -4= + 3, or 4x + 6y + 11 + 3 VST = D. 



Vil Vil V41 
The other required line must cross the first quadrant, and its distance 

from the origin must be 3 ; hence its equation is 

Vil 

4.6 o 11 



a: + -^ y = 3 - -'i: , or 4 ar + 6 y -f 1 1 - 3 \/41 = 0. 



Vil Vil V41 

85. Find the equations of the bisectors of the angles contained 
between the lines y = 2a: + 4, — y = 3a: + 6. 

There are evidently two bisectors : one bisecting the angle in which 
the origin lies; the other bisecting the supplementary angle. Now 
every point in either bisector is equally distant from the sides of the 
angle. Let (ar, y) be any point in the bisector of the angle which in- 
cludes the origin ; then, by § 49, the expressions for its distances from 
the two sides will be equal numerically, and have like signs; hence 
we have 

- y"';"^ = --^^"^-^ ,ory=(7-5V2)(. + 2) (1) 

V6 VlO 

Since (r, y) is any point in this bisector, (1) is its equation. 

The expressions for the distances of any point in the other bisector 
from the sides of the angle will be numerically equal, but unlike in 
sign ; hence the equation of this bisector is 

y-2a;-4 ^_ -,V-3x-6 ^ ory=(7 + 6V2)(:r + 2). 
V6 VIO 
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86. Find the equations of the bisectors of the angles contained be- 
tween the lines 2z — 6y = 0, 4x + 3y = 12. 

Proceeding as in No. 35, we find that the equation of the bisector of 
the angle in which the origin lies is 

23r-> 6.y _ 4 j: -♦- 3.y — 12 
>/29 ~ 6 

and the bisector of the supplemental angles is 

2x — by _ 43:4-3.y — 12 
V29 6 

87. Find the equations of the two lines which pass through (3, 12), 
and whose distance from (7, 2) is equal to V68. 

The lines through (3, 12) are 

y-12 = ii.(x-3), (1) 

the distances of which from (xp y^), by [12], are 

^ .y,-12-m(ar^3) ^ 
Vl + m^ 
Here (arj, y^) is (7, 2), and the distance is to be VSS; hence we have 

^2-.12-m(7-3)^^^ 
VI + w^ 
or (10 + 4m)2 = 58(l + »»2). 

Whence wi = | and — f . Substituting these values in (1), we obtain 
as the required equations 

7ar-3y + 16 = 0, 3a;+7y-93 = 0. 

88. Find the equations of the two lines which pass through (— 2, 5), 
and are each equidistant from (3, — 7) and (—4, 1). 

The equation of lines through (— 2, 5) is 

3^ — 5 = m(a:+2), (1) 

the distance of which from (x^, y{) is 

Vl + m2 
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If (jTp y{) 18 (3, — 7), we have as this distance 

-12-5w 



If (xj, y{) is (—4, 1), we have 

. — 4+2m 



That these expressioDS maj be numerically equal, we must have 

-12-5m = ± (2m -4); 
that is. III = — f and — J^. 

Substituting these values in (1), we obtain as the required equations, 

8x + 7y = 19, 16a: + 3y+ 17 = 0. 

39. Find the angle contained between the lines y + 3 = 2a; and 

If <f> be the angle between the lines ,y = mx + b and y = m'x + b', then 

1 + mm' 
Here m = 2, and m' = — 3. Substituting these values in [10], we 

have tand>= ?-i^ = - 1, or 4»= 135^. 
^ 1—6 

Hence two of the angles formed by these lines are 135^ each, and 
the other two 45° each. 

40. Find the angle contained between the lines y = 5x— 7 and 
5j^4-a: — 3 = 0. 

Here m = 5 and m' = — J. As these slopes are negative reciprocals 
of each other, the lines are at right angles to each other. 

41. Find the distance from the intersection of the lines 3f + 2y4-4 = 0, 
2x+ 5y + 8 = to the line y = 5j: + 6. 

Kegarding the two given equations as simultaneous, and solving, we 
find that their point of intersection ifi (— i^, —if)- The distance of 
(xi, yj) from y = 6x + 6 is 

y^,5x,-6^ 
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V26 11 v^ 143 

Since this distance is *, the origin and point are on the same side of 
the line. 

43. Find the distance from the point (h, k) to the line - + ^ = 1. 

a b 

By [12] the distance from (r„ yi) to - + ^ = 1, or bx-\-ay = ab\i 

br^ -f qyi — ab 

If (t,, y,) is (A, k), we have 

. bh-\- ak — {ib 
a = ± —  • 

48. Find the distance from the origin to the line hx + ky = c'. 
This equation reduced to the normal form is 

j^+ . - y= . — 0) 



VA2 + k^ Vh^ + ita VA2+13 
Hence the distance of (I) from the origin is 



c2 



V/i^ + k^ 



a 



44. Find the distance from the point (a, 0) to the line y = mx + - 



m 



By [12] the distance from (xj, ^j) to y = mx -| — is 

nt 

If (xp yi) is (a, 0), we have as the distance 

— ma — (a -f- m) o ^ /r—. — 5 

*  ^ — ^» or ± —VI + m^. 

VlH- m2 '^ 

45. Find the area included by the following lines : 

x = y, x + y = 0, x = c. 

The intersection of x = y and x = c is (c, c), and the intersection of 
X + y = and x = c is (c, — c). Hence if we regard x = c as the base 
of the triangle, the altitude is c and the length of the base is 2c; and 
therefore the area is c^. 
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46. Find the area included by the following lines : 

The intersection of x + y = 1: and 2 x = y + 1: is (| it, Jit). 
The intersection of 2x = y + i: and 2y = x + 1; is {k, it). 
The intersection of 2y = x + I; and x + y = it is (Jit, | ifc). 

Hence the vertices (x^ y^, (*» yi), (*s. ys) »« (i^. i^*)» (^*. *), 
(Jit, fit) respectiyely. Substituting these values in [13], we obtain 

Area = Kf*(*-f*^) + ^«^-*^) + i^a*-^)] = ***- 

47. Find the area included by the following lines : 

? + ?^=l, y = 2x+6, x = 2y + a. 
a b 

The intersection of - + ^ = 1 and y = 2 x + 6 is (0, 6), since they both 

a b 

have the same intercept on the axis of y. 

The intersection of y = 2x + 6 andx = 2y + ai8| ^^, ^^^-^)- 

The intersection of x = 2y + a and 5 + ? = 1 is (a, 0). 

a b 

Hence the vertices (x^ yj), (x^, y^), (xj, y,) are 

^A iLN / 26+ a 6 + 2o\ . ^, 
(0, b), I 1^, - -y- j» («' 0). 

Substituting these values in [13], we obtain 

Area=jL _ (- 6) + « -^— J = 

48. Find the area included by the following lines: y = 4x4-7 
and the lines which join the origin to those points of the given line 
whose ordinates are — 1 and 19. 

For y = — 1 in y = 4x+7, x = — 2; for y = 19, x = 3; hence the 
points on the given line are (—2, — 1) and (3, 19). 

The distance between (- 2, - 1) and (3, 19) is V26 + 400 or Vi26. 

7 
The distance of v = 4x + 7 from the origin is . Hence the base 

of the triangle is V425, and its altitude is "-;= ; and therefore its area is 

7 V425 ^35_.^.yi 
2 VI7 2 ^' 
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49. Find the area included by the lines joining the middle points of 
the sides of the triangle formed by the lines 

x-5y + ll = 0, lla: + 6i^-l = 0, x + y + 4 = 0. 
The intersection of x — 5y + 11 = and llx + 6y — 1 = is (- 1, 2). 
The intersection of 11 a: + 6y — 1 = and x + y + 4 = is (5, -9). 
The intersection of x + y + 4 = and x — 6y + 11 = is (— V* I). 
Hence, the vertices (xi, y,), (xj, y,), (r^ Vt) are (— 1, 2), (5, -9), 
(— jy., {), respectively. Substituting these values in [13], we obtain 

Area=i[-l(-»-i) + 5a--2)-i»^(2 + 9)] = 26A. 
Hence the required area = 6 J J. 

50. Find the area of the quadrilateral whose vertices are (0,0), 
(0,5), (11,9), (7,0). 

The area consists of the two triangles whose vertices are (0, 0), 
(0, 6), (11, 9) and (0, 0), (7, 0), (11, 9). If we take the side on the 
axis of y as the base of the first, its base is 5 and its altitude is 11 ; 
hence its area = 27 J. Taking the side on the axis of x as the base of 
the second triangle, its base is 7 and its altitude is 9 ; hence its area is 
31 J. Therefore the area of the quadrilateral is 27} + 31}, or 59. 

61. What point in the line 5x — 4y — 28 = is equidistant from the 
points (1, 5) and (7, - 3) 1 

If (x, y) is equidistant from (1, 5) and (7, —3), we have 

(x-.l)2+(y-6)2=(x-.7)a+(y + 3)2, or 3x-4y = 8. (1) 

The intersection of (1) and 5x — 4y — 28 = is (10, 6}), which is 
therefore the required point. 

52. Prove that the diagonals of a square are perpendicular to each 

other. 

Take two sides of the square as axes of reference, and denote the 
length of a side by a ; then the vertices are (0, 0), (a, 0), (a, a), (0, a). 
One diagonal passes through (0, 0) and (a, o), and therefore its equa- 
tion is y = X ; the intercepts of the other are each a, and therefore its 

equation is - + - = 1 or y = — x + a. The slopes of these diagonals be- 
ing negative reciprocals, the diagonals are at right angles. 

58. Prove that the line joining the middle points of two sides of a 
triangle is parallel to the third side. 



teachers' edition. 119 



Take the third side as the axis of x, and denote the altitude of the 
triangle by c ; then the ordinate of the middle point of each of the two 
sides will be |c, and the line through them will be y = ic, which is 
parallel to the ajds of x, on which the third side lies. 

54. What is the geometric meaning of the equation ary = ? 

The equation xy = is satisfied when a: = and when y = ; x = 
represents the axis of y, and y = represents the axis of x ; hence, 



—  ^ , — . ^, ^ _ _, 

xy = represents the co-ordinate axes. 



55. Show that the three points (3 a, 0), (0, 36), (a, 25) are in a 
straight line. 

The equation of the line through (3 a, 0) and (0, 36) is 

which is satisfied for x = a and y = 2b; hence, (a, 2 b) is on line (1). * 

56. Show that the three lines 5ar+3y — 7 = 0, 3x — 4y — 10 = 0, 
and a: + 2 y = meet in a point. 

The point of intersection of 6a:+3y — 7 = and 3a: — 4y — 10 = 
is (2, —1), whose co-ordinates satisfy x-{-2y = 0; hence the three 
lines meet in the point (2,-1). 

57. What must be the value of a in order that the three lines Sx-\-y 
— 2 = 0, 2a: — y — 3 = 0, and ax + 2y — 3 = may meet in a point? 

The point of intersection of 3x + y — 2 = and 2x — y — 3 = is 
(1, — 1). For X = 1, and y = — 1 in ax + 2 y — 3 = we have a = 6 ; 
hence, if a = 5, the three lines meet in the point (1, — 1). 

58. What straight lines are represented by the equation 

x2+ (a — 6)x — a6 = 0? 

The equation may be written in the form 

(x+a)(x-6)=0, 

the locus of which is the two straight lines x + a = and x — 6 = 0, 
which are both parallel to the axis of y. 

59. What straight lines are represented by the equation 

xy + 6x + ay + o6 = ? 
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The equation may be written in the form 

(^ + a)(y + 6) = 0, 

of which the locus is the two straight lines x + a = and ^ + 6 = 0. 
The first is parallel to the axis of y, and the second to the axis of x. 

60. What straight lines are represented by the equation 

The equation may be written in the form 

of which the locus is the three straight lines x = 0, y = 0, and y = x. 
The first is the axis of y, the second the axis of x, and the third bisects 
the first and third quadrants. 

61. What straight lines are represented by the equation 

14x2 — 6xy — y2_o? 

The equation may be written in the form 

(2x-.y)(7x + y) = 0, 
of which the locus is the two straight lines 2 x — y = and 7 x + y = 0. 

62. Prove that the locus of the vertex of a triangle having the base 
and the area constant is a straight line, and obtain its equation. 

Take the base of the triangle as the axis of x, and the left-hand ad- 
jacent vertex as the origin. Since the base and area are both con- 
stant, the altitude must be constant. Denote this altitude by h ; then 
in every position of the vertex its ordinate is h, and the equation of its 
locus is y = A. Since y = A is of the first degree, its locus is a straight 
line. 

63. Prove that the locus of a point equidistant from the points 
(^i» ^i) *^^ (^2» ya) ^^ * straight line, and obtain its equation. 

If (x, y) is equidistant from (xj, yj) and (x„ y,), then, by [1], we have 

(X - x,y + (y - yi)2 = (x - x,)2 + (y - y,)2, 

or 2 (X, -x{)x-\-2(y,-Si)y = V - x^^ + y,2 - yi. (1) 

Since (1) is of the first degree, its locus is a straight line. 
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64. Prove that the locus of a pomt at the distance d from the line 
Ax + By 4- C = consists of two straight lines, and obtain their 
equations. 

Reducing Ax + By + C = to the normal form, we haye 



Ax-\-By ^ ^ ^C 



y/A^ + B^ V^2^.^ 



(1) 



in which the upper or lower sign is to be talcen according as C is posi- 
tive or negative. 

The second member of (1) is the distance of its locus from the 
origin. If we add d to, and subtract it from, this member, we have the 
equations of lines parallel to (1), and at the distance d from it. Hence 
the required equations are 

T ^^+-gy =.T --^ ^d. 

V^2 + ^ V^a + B^ 

or Ax-\-By-\. C^ dy/A^ + ^ = 0. 

65. Prove that the locus of a point so moving that the sum of its 
distances from the axes shall be constant and equal to A; is a straight 
line, and obtain its equation. 

If we consider the direction, or sign, of these distances as well as 
their length, they will be denoted by x and y respectively ; hence we 
have X •{■ y = k as the required equation, of which the locus is a 
straight line. 

66. Prove that the locus of a point so moving that the sum of its 
distances from the lines Ax-\-By + C=0, A'x + B'y + Cf=0 shall be 
constant and equal to k, is a straight line, and obtain its equation. 

If we regard C and C as each positive, by [12] the distance of 

Cx,y) from Ax -\- By -hC=0 JB ^" ^ ^^ "^ ^ , and its distance from 

y/A^-\-B^ 

Hence the equation of the locus is 

Ax^By + C j^ A'x + B'lf +C ^j^ (1) 

Since (1) is of the first degree, its locus is a straight line. 
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87. Prove that the Iocub of the yeitex of a triangle, having given 
the base and the difiference of the squares of the other sides, is a 
straight line, and obtain its equation. 

Let XZ'P, be the triangle. Take the 

middle point O of the base as the origin, 

XX} as the axis of x, and F as the axis 

of y. Denote P by (a*, y), the base by 6, y/^ 

and the constant difference by ifc*. Then, MOM 

„ _ „ Pio. 40. 

X'F^ - PX^ = ± *«, (1) 

But5^ = X'Jf* + 5P^ = (X'0±0Jf)2+SP*=(i6 + z)« + 

PX^ =ifXV5P^=(i6-x)2+y2. 

Substituting in (1) we have 

of which the locus is two straight lines parallel to the axis of y. 

Ex. 18. Pagre 64. 

1. Find the equation of a line passing through the origin, and the 
intersection of the lines 3a: — 2y+17 = 0, T + 4y — 27 = 0. 

By § 51 the required equation may be written in the form 

3a: - 2y + 17 + it(x + 4y - 27) = 0. (1) 

Since (1) passes through (0, 0), we must have 
17-27 it = 0, or it=17-^27. 

Substituting this value of X: in (1), we obtain after reduction 
7a: + y = 0. 
as the required equation. 

2. Find the equation of a line passing through the intersection of 
the lines 3a — 2y + 17 = 0, a: + 4y — 27 = 0, and parallel to the line 
a:+2y + 3 = 0. 

The intersection of the lines 3a: — 2y+17 = and a: + 4y — 27 = 
is the point (— 1, 7). 

By § 46, the equation of the line through (—1, 7) parallel to 
y = — jor— fis 

y-7 = -J(^+l). or y = -l.r + 6J. 
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8. Find the equation of a line passing through the intersection of 
the lines, 3x — 2y+17 = 0, x + 4y — 27 = 0, and perpendicular tp the 
line 6x — 6y = 0. 

By § 40, the equation of the line through (— 1, 7) perpendicular 

to y = |x is 

y-7 = -f(ar + l), or y = -fx + 



4. Find the equation of a line passing through the intersection of 
the lines 3x — 2y + 17 = 0, a: + 4y — 27 = 0, and equally inclined to 
the two axes. 

If the line is equally inclined to the two axes, its slope must he 
+ 1 or — 1. 

By [6], the equations of the lines through (— 1, 7) having the slopes 
± 1, are y — 7 = ±l(a:+l), ory = ar + 8 and y = — ar + 6. 

5. Find the equation of a line parallel to the line x = y, and passing 
through the intersection of the lines y = 2x + 1 and y + 3x = 11. 

The intersection of y = 2a: + 1 and y + 3x = 11 is (2, 5). 

By § 40, the equation of the line through (2, 6) parallel to y = x is 

y — 5 = l(x — 2), or y = X + 3. 

6. Find the equation of a straight line joining (2, 3) to the intersec- 
tion of the lines 2x + 3y+l = and 3 x — 4y = 6. 

By § 61, the required equation may he written in the form 

2x+3y+l + A;(3x-4y-6) = 0. (1) 

Since (1) passes through (2, 3), we must have 

4 + 9 + l + ;t(6-12-6) = 0, or lc = \{. 

Substituting this value of k in (1), we obtain, after reduction, 
64x-23y-69=0. 

7. Find the equation of a straight line joining (0, 0) to the intersec- 
tion of the lines 5x — 2y-f3 = and 13x-fy = l. 

By § 61, the required equation may be written in the form 

6x-2y + 3 + A:(13x-fy-l) = 0. (1) 

Since (1) passes through (0, 0), we must have 
3-A; = 0, or Jfc=r3. 

Substituting this value of k in (1), we obtain as the required equation 
44x-f y = 0. 
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8. Find the equation of a straight line joining (1, 11) to the inter- 
section of the lines 2x + 6y~8 = and 3x — 4y = 8. 

By § 51 1 the required equation may be written in the form 

2x + 5y-8 + it(3r-4y-8)=0, (1) 

Since (1) passes through (1, 11), we must have 

2 + 65-8 + it(3-44-8)=0, or ifc=l. 

Substituting this value of ib in (1), we obtain 
6a: + y — 16 = 0. 

9. Find the equation of the straight line passing through the inter- 
section of the lines Ax-^B^+C=0 and A'x + B'lf + C = 0, and 
also passing through the origin. 

By § 61, the required equation may be written in the form 

Ax-\-Bif-^C-{-k (^A'x + B'y + C") = 0. (1) 

Since (1) passes through (0, 0), we must have 
C+^C" = 0, or ifc = -(a-T-C"). 

Substituting this value of k in (1), we obtain 

(AC - ^'C) a: 4- (BC* - B'C) y = 0. 

10. Find the equation of the straight line passing through the inter- 
section of the lines Ax + By-\-C=0 and A'x + B'y + C = 0, and also 
drawn parallel to the axis of x. 

By § 51, the required equation may be written in the form 

Ax-\-By-\-C-\-k (A'x + B^y + C) = 0, 

or {AJtkAf)x-\-{B-\-kB')y-\-C-\-ha = (S, (1) 

A 4- kA^ 
The slope of (1) is -'— - — -, which must equal zero as the line is 

parallel to the axis of x. 

Hence ^ + Ar^' = 0, or A: = - (^ -j- A'). 

Substituting this value of A; in (1) we obtain 

(A'B-AB')y'ifA'C-Aa = (i, 
as the required equation. 

11. Find the equation of the straight line passing through the inter 
section of the lines ^x + By + C= and Ah + -B^ + C = 0, and also 
passing through the point (xj, y,). 
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Bj § 61, the required equation may be written in tlie form 

Ax-^By+ C = -k(A'x-^B'y+Cf), (1) 

Since (1) passes through (x^, y^), we must have 

^1 + -Byi + C= - A; (^A% + B% + Cf). (2) 

Diyiding (1) by (2) we obtain as the required equation 
Ax±Bi±_C_^ Afx + B'y + (^ 

13. Find the equation of a straight line passing through the inter- 
section of 5ar — 4y + 3 = and 7 x + lly — 1 = 0, and cutting on the 
axis of y an intercept equal to 6. 

By § 51, the required equation may be written in the form 

6x-4y + 3 = -A:(7ar+lly-l). (1) 

Since 6 = 6, (1) passes through (0, 6), and we must have 

-.24 + 3=-;fc(66-l). (2) 

Dividing (1) by (2), and reducing the result we obtain 
472x-29y + 174 = 0. 

13. Find the equation of a straight line passing through the inter- 
section of y = 7 X — 4 and y = — 2 x + 5, and forming with the axis of x 
the angle 60°. 

The intersection of y = 7 x — 4 and y = — 2x + 5 is (1, 3). 

Here m = tan7= tan60°= VS. 

By § 46, the equation of a line through (1, 3) having a slope V3, is 

y — 3= •>/3(x-l), ory= V3x + 3- \/3. 

14. The distance of a straight line from the origin is 5 ; and it passes 
through the intersection of the lines 

3x-2y + ll = and 6x+7y — 65 = 0. 
What is its equation ? 
By § 61, the required equation may be written in the form 

3x - 2y + 11 + ;fc (6x + 7y - 66) = 0. (1) 

Reducing (1) to the normal form, we have 

(3 + 6ifc)x ^ (7ifc-2).y §M_- 11 (21 

VSbk^ + Sk+lS V86F+8ITT3 V85 yfc^ + 8 A: + 13 
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Since /i = 6, we put the aecond member of (2) equal to 5, and obtun, 
after squaring and clearing of fractions, 

900 ibs- 1410 ifc = 204. (3) 

Solving (3) for k, we obtain 

k=:{i, and — A- 
Substituting these values successively in (1), we obtain 

4a: + 3y — 26 = and 3* — 4y + 26 = 0, 
as the required equations. 

15. What is the equation of the straight line passing through the 
Intersection of bx-\-ay = ab and y =.mx, and perpendicular to the 
former line 1 

By § 51, the required equation may be written in the form 

6x + ay — aft + A; (y — mx) = 0. (1) 

Reducing (1) to the form y = mx-\-^ b, we have 

^ a + Jfc a + ifc ^^ 

The slope of bx ^ay^ab is — (6 -^ a). Since this line is perpendic- 
ular to (2), we must have 

a km — b , a^ + 62 

- = — , or A: = — — — 

b a-\-k bm — a 

Substituting this value of k in (1), we obtain 

6x + ay — aft + ^-^ — (y — mx) = 0, 
om — a 

which may be reduced to the form 

y X _ bm-^a 

a ft ft + o,m 

16. Prove that the lines y = 2af+l, y = x + 3, y= — 5af+15 are 
concurrent (or pass through one point). 

The intersection of y = 2x+l and y = a:-f 3 is (2, 5), and the 
co-ordinates of this point satisfy y = — 6a:+16; hence the three lines 
are concurrent. 

17. Prove that the lines 

4j:-2y-3 = 0, 3a--y + } = 0, 6a:-2y — 1 = 
are concurrent (or pass through one point). 
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The intersection of 4:r — 2^ — 3 = and 3a; — y + }=0 is (—2, 
— -y-}, and the co-ordinates of this point satisfy 6x — 2y — 1 = 0; 
hence the three lines are concurrent. 

18. Prove that the lines 

2jr — y = 5, 3x — y = 6, 4x — y = 7 
are concurrent (or pass through one point). 

The intersection of 2 a: — y = 6 and 3 a: — y = 6 is (1,-3), and the 
co-ordinates of this point satisfy 4 x ~ y = 7 ; hence the three lines are 
concurrent. 

19. What is the value of m if the lines 

-+^=1, ^-f-^=l, y = mar 
ah ha 

meet in one point ? 

.«. . . - ^ . y ^ * X , y ^ . t oh ah \ 

The intersection of - + t = 1 and -r -f- - = 1 is ( — -t» — -7 )• 

ah ha \o-f-6a + 6/ 

Substituting the co-ordinates of this point in y = mx, we obtain m = 1. 

SO. When do the straight lines y = mar -f 6, y = i»'x -|- 6', y = m"ar ■\- 6" 
pass through one XK)int ? 

The intersection of y = ma: -f- & and y = m'x -f- ^ is 



/ y-6 mV - hmf \ 



li y = m^x -f- 6" pass through this point, we must have 

m6' — 6m' m"6' — m"b , , /; 

7- = ]— + 0", 

m — m' m-^m' 

which by clearing of fractions, and adding h'hn" to each member, may 
be reduced to the form 

to" - m' 6" - 6'* ^ ^ 

Hence these three lines pass through one point when equation (1) 
is satisfied. 
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81. ProTe that the three altitudes of a triangle meet in one point. 

Let ABC be any triangle. Draw BO per- 
pendicular to ^C, and take AJT and OB as 
axes of reference. Let OC=a, OB=h^ 
and OA = c ; then the point A is (— c, 0), 
Ois (a, 0), and JB is (0,6). 

The equation of AB, or the line whose in- ^ 
tercepts are — c and b, is, by [7], 

+ T=1, or y = -x + 6. 

-^c o c 




(1) 



The equation of the perpendicular to (1) from C, or (a, 0), is, by 
§46, 

ac 



y = --(*-a), or j, = _-x+— . 



(2) 



The equation of BC, or the line whose intercepts are a and b, is, by 
[7], 

- + 3=1. or3r = --x + 6. 



(3) 



The equation of the perpendicular to (3) from A, or (— c, 0), is, by 
§46, 



y= j(* + c). or y = -x+ — 



W 



Since (2) and (4) have the same intercepts on the axis of y, the alti- 
tudes (2) and (4) cut the altitude x = at the same point. The com- 
mon point of the three altitudes is [ 0, — V 

28. Prove that the perpendiculars erected at the middle points of 
the sides of a triangle meet in one XK)int. 

Let ABC be any triangle. Draw O T per- 
pendicular to AB at its middle point, and 
take OX and F as axes of reference. 

Let OA=OB = a, OM=c, MC=d; 
then A is (—a, 0), B is (a, 0), and C is 
(c, cT). Hence the middle point 2>, by [2], 

is f2:±S, i\ and the middle point H is 

f c — a d' 
\ 2 




i) 
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By [4] the equation of BC, or the line through (a, 0) and (c, cf), iB 



y _ 



d ^ d ad 
, or y = X 



(1) 
x — a c-^a c — a c — a 

By § 46, the line perpendicular to (1) and passing through D, 



(a-}- c d\ . 



^ 2" d 



i-'-^} 



or y= — ;— ar + 



(2) 



d ' 2d 

By [4], the equation of ACt or the line through (—a, 0) and (c, </), is 



JL- = 



d , da 
or y = — : — x-\- 



(3) 



ar+o c + a c-^a c -^ a 

By § 46, the line perpendicular to (3) and passing through E, 
fc — a d\ . 

Since the perpendiculars (2) and (4) have the same intercepts on 
the axis of y, the three perpendiculars (2), (4), and x = 0, meet in a 
point. 

88. Proye that the three medians of a triangle meet in one point. 
Show also that this point is one of the two points of trisection for 
each median. 

Let ABC be any triangle. Draw CO per- 
pendicular to AB, and take AOX and OC as 
axes. Let OB=a, OA = c, OC=b; then 
A is (— c, 0), B is (a, 0), and C is (0, 6). 



By [2] the mid-point D is f^-^^, oV the 




-X 



mid-point E is (^a, }6), and the mid-point F 
By [4] the equation of the median from B, (a, 0), to F, (— ic, J6), is 



= i^ , or (c -f- 2a) y = — 6x f ba. 



x — a — ic — a 
The equation of the median from A, (— c, 0), to E, (J a, J 6), is 

— i^ — = — 2 , or (a -f- 2 c) y = fcr + 6c. 



(1) 



(2) 
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The equation of the median from C, (0, 6), to Z), (^^^, oV is 






, or (a — c) y = — 26x + (a — c) 6. 



(3) 



The intersection of the medians (1) and (2) is ["~^, -\ and the 

co-ordinates of this point satisfy the median (3) ; hence the three medi-, 
ans meet in a point. 

If (r, y^ be the point that divides the line joining the points (x^, yj 
and (x,, y,} in the ratio m : n, we have 



TO + n TO + n 



[3] 



Let (x„ yi) be E, (Ja, Jft), and (r^ y,) be ^, (-c, 0), and 
TO : n = 1 : 2 ; then x = ^^, y = ^t <M" the point of trisection of the 
median ^^ nearest E is the point of intersection of the medians. 

I^t (*i»yi) he A f^Y^,oVand(a:^y,)be C, (0,6),and to :n = l:2; 

then X = — ^, y = r as before, 
o 3 

So also if (xi, yi) be jP, (- Jc, Jft), and (z^ y,) be B, (o, 0), and 

TO : n = 1 : 2, we have x = ^'~ -, w = -• 

3*^3 

84. Prove that the bisectors of the three angles of a triangle meet 
in one point. 

Let ABC be any triangle. Let XX' and 
YY'f which intersect within the triangle, 
be taken as axes. Let the normal equa- 
tions of AB, BC, CA be respectively 

x cos a -f- y sin a =/>, (1) -X- 

X cos a' -f- y sin a' = />', (2) 

X cos a" -f- y sin a" = z)*^ . (3) A 

By § 54, the equation of the bisector of 
the angle ^^C7in which the origin lies is 




X cos a + y sin a— />=ra: cos a* •{■ y sin a' — p'. 



f4) 
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For like reason the bisectors of BGA and CAB are respectively 

X cos a' + y sin a' — /)' = X cos a" + y sin a" — p", (6) 

and Tco8a" + y sina"— />" = afC08a + ysina— p. (6) 

Now from any two of the three equations (4), (5), (6) the third 
may readily be obtained; hence the three bisectors have a common 

point. 

• 

85. The vertices of a triangle are (2, 1), (8, - 2), (-4, - 1). Find 
the lengths of its altitudes. Is the origin within or without the 
triangle ? 

By [4], the equation of the side through (2, 1) and (3, — 2) is 

lLzl = -^-^ or y + 3j: = 7. . (1) 

x^2 3-2 ^ 

By [12], the distance from (—4, — 1) to side (1) is 

-1-12-7^, a^ 

Vio 

By [4], the equation of the side through (3, —2) and (— 4, — 1) is 

J^ = ^i±|.or7y + ^ = -ll. (2) 

a: — 3 —4 — 3 

By [12], the distance from (2, 1) to side (2) is 

-7-^2-11^,,^ 

V50 

By [4], the equation of the side through (— 4, — 1) and (2, 1) is 

i^±i = l±i, or3y-x=l. (3) 

X + 4 2 + 4' ^ 

By [12], the distance from (3, -2) to side (3) is 

,6-3-1^,^ 

vlo 

Hence its altitudes are 2 VlO, 2 V^, and VlO. Since the formula 
gives a negative result for each altitude, each vertex and the origin lie 
on the same side of the opposite side of the triangle ; hence the origin 
must be within the triangle. 

96. The equation^ of the sides of a triangle are 

3x + y + 4 = 0, 3ar-6y + 34 = 0, 3ar-2y+l = 0. 
Find the lengths of its altitudes. 
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Mnltipljing these slopes together, we have 

cos* a — COB* a' _ il^ sin* a) — (1 — sin* aQ 
sin* a ^ sin* a' sin* a — sin* a' 

_ — (sin* a — sin* of) _ ^ 
sin* o — sin* a' 

Hence the slopes of these bisectors satisfj the condition mm' = — 1, 
and the bisectors are perpendicular. 

Bz. 10. Pafire 68. 

1. Describe the position of the two straight lines represented by the 
equation Ax* + Cxy + By* ■\- Dx ■\- Ey '\- F= 0, when 

(i.)^=C=l> = 0, (u.) B=C=zE=0. 
(i.) If A= C= D = 0, the equation becomes 

By* + Ey + F= 0. (1) 

Solying (1) for y, we obtain 



y = 2B ^^^ 

If ^ — 4 BF> 0, the locus of (2) is two lines parallel to the axifl 
of X. If ^* — 4 BF= 0, these two lines are coincident. If 

E* — 4BF<0, (2) has no real Iocub. 
(ii.) The locus is two lines parallel to the axis of y, 

3. When will the equation cay + 6x + cy + <f = represent two 
straight lines ? 

Comparing this equation with the general equation (1) of § 67, we 
have A = 0, B=0, C=a, D=b, E=c, F=d. 
Substituting these values in (3) of § 57, we obtain 

da* — abc = 0, or da = be. 
Hence the given equation will represent straight lines when da = 6c. 

8. Find the conditions that the straight lines represented bj the 
equation Ax^-\- Cxy + By* = may be real; imaginary; coincident; 
perpendicular to each other. 

Solving the equation for y, we obtain 

— 2 Ax /i\ 

y = , (1; 

C±VC* — ^AB 
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Now (1) represents two distinct lines through the origin when 
(T^ — AAB > 0, two coincident lines when 0* — 4^B = 0, and no real 
locus when C^ — 4AB<0. 

From § 56, we have, ^ denoting the angle between the lines, 



tan^=^^^^ill. (2) 

From (2) we see that if -4 + -S = 0, tan = oo, or <p = 90° ; that is, 
the lines are perpendicular to each other if ^ + ^ = 0, and conversely. 

4. Show that the two straight lines x^ — 2xy sec 0-{- y^ = make 
the angle 6 with each other. 

Here -4 of § 56 is 1, (7= -2seca, B=l. 

Substituting these ralues in the value of tan ^ (§ 56), we have 



. „^ VC2-4AB V4sec2fl-4 . „^ 
tan d) = = = tan 0. 

^ A+B 2 

Hence <t>= 0, 

6. Show that a:^ — 2ary — 3y2 + 2ar — 2y+l = represents straight 
lines, and find their separate equations. 

Comparing this equation with the general equation, (1) of § 57, we 
obtain ^=1, ^=-3, C=-2, D = 2, J&=-.2, F=l. By trial we 
find that these values satisfy the condition (3) of § 57; hence the 
equation represents two loci of the first order. Solving the equation 
for X, we obtain 

a: = y-l±2y, 

or X — 3y + 1 = and ar + y + 1 = 0, 

as the required equations. 

6. Show that x^ — 4xy-\-by^ — 6i/ + 9 = represents two loci of the 
first order, and find their separate equations. 

Here A=l, jB=5, (7=-4, Z) = 0, JS?=-6, F=9, 
These values satisfy condition (3) of § 57 ; hence the equation repre- 
sents two loci of the first order. Solving for x, we obtain 



a: = 2y±(y-3)V=n[. 

Since each of these simple equations contains an imaginary term, 
neither has a real locus. 



1 
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7. Show that jc« — 4xy + 3y« + 6y — 9=0 represents straight lii 
and find their separate equations. 

Here -4=1, B = S, C=-4, J9 = 0, ^=6, F=-9. 
These values satisfy condition (3) of § 57 ; hence the equation repre- 
sents two loci of the first order. Solving for x, we obtain 

x=zBy^B, and x = y + 3, 

as the separate equations of these loci. 

8. Show that the equation o:^ + J^y — 6y* 4- 7 x 4- 31 y — 18 = rep- 
resents two straight lines, and find the angle between them. 

Here -4 = 1, 5 = -6, C=l, Z) = 7, ^=31, i?'=-18. 
These values satisfy condition (3) of § 57 ; hence the given equation 
represents two loci of the first order. Solving for x, we obtain 

x=2y-9, andx= — 3y + 2, 

or . y = iJc+},andy = -}x+f (1) 

The slopes of lines (1) are } and — |; hence 

tan A = .^LZI^ = i±i = 1, whence ^ = 45°. 
1 + mm' 1 — J 

9. Determine the value of K for which 

12 x2 - 10 xy + 2 y2 + 1 1 X - 5 y + ir= (1) 

will represent a pair of straight lines. Are the lines real or imaginary ? 

Here ^=12, B = 2, C=-10, /)=11, J^=-5, F= K 
Substituting these values in (3) of § 57, we obtain 

A:-.2 = 0, or^=2. 
Hence when K= 2, the given equation represents two loci of the 
first order. 
Putting /r= 2 in (1), and solving for y, we obtain 

y = 3 X + 2, and y = 2 X + J. (2) 

The loci of (2) are real and distinct lines. 

10. Determine the values of JTfor which 

12x2 4. j[xy + 2y2 + 11 X - 5y + 2 = O 
will represent a pair of straight lines. Are the lines real or imaginary? 
Here ^ = 12, B = 2, C=h\ 7) -11, £'=-5. F=2, 
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Substituting these values in (3) of § 57, and solving for K, we obtain 

K= - 10 and - ^, 
Putting K= — 10, and solving for y, we obtain 

y = 3ar+2,y = 2ar+i, 
whose loci are two real straight lines. 
Putting K= — -^/, and solving for y, we obtain 

y = 8a: + 2, and y = f X + J, 
whose loci are two real straight lines. 

11. Determine the values of K for which 

12ar2 ^ S6xy + Ky^ + 6ar + 6y + 3 = 

will represent a pair of straight lines. Are the lines real or imaginary ? 

Here A=12, B=K, C=36, 2> = 6, E=6, F=S. 
Substituting these values in (3) of § 57, we obtain 

^-28 = 0, or ir=28. 

Putting K= 28, and solving the equation, we obtain imaginary values 
for X ; hence the equation represents no real locus. 

12. For what value of K does the equation Kxy + 5ar + 3y + 2 = 
represent two straight lines ? 

Here ^ = 0, 5=0, C=K, 2> = 5, E=Z, F=2. 

Substituting these values in (3) of § 57, we obtain 

2ir2- 15^=0, or K=0 and J/. 

For K= 0, the equation represents a single straight line. Putting 
K=^y and multiplying by 2, we obtain 

l^xy + lOx + 6y + 4 = 0, 

or (5x4-2)(3^ + 2) = 0, 

the locus of which is the lines 5 r + 2 = and 3^ + 2 = 0. 

Ex. 20. Page 70. 

1. Through a fixed point any straight line is drawn, meeting two 
given parallel lines in P and Q ; through P and Q straight lines are 
drawn in fixed directions, meeting in Bm Prove that the locus of It is 
a straight line, and find its equation. 
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Fig. 45. 



(2) 
(3) 



Let O be the fixed point, MP and Nq the paraUels, mnd OPq any 
position of the line cutting them. 

Take O aa the origin, and OY parallel to 
JfP as the axis of y. Let Oif = a, 0N= h, 
tan MOP= m, slope of PT= wf, and slope of 

Then P is (a, am), and the equation of PT is o M ' 

y — aiii = m'(x — a). (1) 

Also Q is (6, 6m), and the equation of Q8 is 

y — 6m = m" (ar — 6). 
Combining (1) and (2), so as to eliminate m, we obtain 

(6 — a) y = m'6 (x — a) — m"a (x — 6), 
as the equation of the locus of B. 
For (3) will hold true for any position of OPQ. 
Since (3) is of the first degree, the locus is a straight line. 

8. The hypotenuse of a right triangle slides between the axes of x 
and y, its ends always touching the axes. Find the locus of the vertex 
of the right angle. 

Let ABP be the right triangle in any position. 
Let BP=a, AP=b, OB=m, OA = n, OM=x, 
MP=y\ then B is (m, 0), A is (0, n), and P ^ 
is (ar, y). 

By [4] the slopes of PA and PB are respec- 

y-n 



tively 



and 



X X — m 

Since these lines are perpendicular to each 
other, we have 

l=i!x-^ =-I, or 3L'=(!?LZ1£I^ 
X x — m a:2 (y — n)» 

Whence, by composition, we have 

y^Jlf.(m^ x)2 : x2 Jfiy-ny^ixy^ I x^. 




0) 



But y2 + (m-x)2 = PB* = a2, «2 4- (y - w)2 = ^p2 = 52 
Substituting in (I), we have 



«2 _ a^ a 



X* 



, or 1/ = ± - X. 
62 •' 6 
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8. Given two fixed points, A and B, one on each of the axes, if V 
and V are two variable points, one on each axis, so taken that 
0U+ 0V= 0A-{- OB, find the locus of the intersection of ^F and 
BU. 

Let A and B be the two fixed points and 
ZTand V the variable points on the axes 
OX and F respectively . Let 0-4 = a, 
OB=b. 

Since 0U+ 0V= 0A-\- OB, we have 

OCT- 0^ = 05 - OF, or ^ U= VB. 

Let AU= VB = z; then OU=a-\-z, 
and O V— b — z. Hence the equations 
of ^F and UB Are 




FiQ. 47. 



X 



- + -L=1, and 

a b — z a-\- z 



+!=»• 



Regarding these equations as simultaneous, and combining them so 
as to eliminate z, we obtain 

x-\-y = a-\-b, (1) 

as the equation of the intersection of the two lines. 
Since (1) is of the first degree, the locus is a straight line. 

4. Find the locus of the middle points of the rectangles which may 
be inscribed in a given triangle. 

Let ABC be any given triangle. Take the 
base as the axis of x, and the altitude DC as 
the axis of y. Denote the segments of the 
base OA and OB by a and 6, and the altitude 
OChy h. Let MKDHhe any rectangle in- 
scribed in this triangle; we are required to find 
the locus of the intersection of its diagonals. 

Let DS=za; then, from the similarity of the triangles AOC and 
DSC, CS=zh; and from the similarity of O^^ and COB, SK=zb. 
Hence, OS=h — zh ; and M is (zb, 0), K is (e6, h — zh), D is C— za, 
h — zK), and ^is (^—za, 0). Hence, by [4], the equations of the lines 
HK a,nd Ditfare 




O M 

Fio. 48. 



B 



y __ h'-zh 



h^zh 



X •\- za zb ■\- za x-^ zb az-^bz 



(1) 



140 



ANALYTIC GEOMETRY. 



From equations (1) we obtain 



iL- = _JL 



or « = 



2x 



x-{.za zb-x' b-^a 

Substituting this yalue of z in the last of equations (1), we obtain 



(2) 



2x 



^ = 1. 



6-a A 

Hence the locus is a straight line through the middle points of the 
base and altitude. 

5. If PP', QQ' are any two parallels to the sides of a given rectangle, 
find the locus of the intersection ot F'Q and PQ', 

Let OACB be the given rectangle, and „ d c 

PP* and QQ' any positions of the parallels 
to them. Take OA and OB as the axes of p 
X and y respectively. 

JjetOA = a, OQ=m, OB = b, OP=n; 
then Q is (m, 0), P* is (a, n), P is (0, n), 
and Q' is (m, 6). 

By [4] the equations of the lines QP^ and Fie. 49. 

PO' are 

y » 

= , or au — my = nx — mn. 




and 



x—'tn O'-m 
y -^n 6 — n 



, or my — mn = 6t — nx. 



CD 
(2) 

(3) 



X m 

Adding (1) and (2), we obtain 

ay = bx, or bx — ay = 

as the equation of the locus. 
Hence the locus is a diagonal of the rectangle. 

' Ex. 21. Page 73. 

1. Find the equation of the circle, taking as origin the point B 
(Fig. 50). 

If B is the origin, then C, or (a, 6), is (— r, 0). ^--nr-^^P 

Substituting these values of a and 6 in [15], we 
obtain 

(x + r)3 + y* = r2, or x^ + y^ + 2rx = 0, 

2. Find the equation of the circle, taking ns k 
origin the point D (Fig. 50). 
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If D is the origin, then C, or (a, 6), is (0, r). Substituting these 
values of a and 6 in [15], we obtain 

a4J+(y-.r)2 = ra, or :^-{-y^=2ry. 

8. Find the equation of the circle, taking as origin the point E 
(Fig. 50). 

If ^ is the origin, then (7, or (a, h\ is (0, — r). Substituting these 
values of a and 6 in [15], we obtain 

a^ + (y + r)2 = ra, or a:^ + yS + 2ry = 0. 

4. Write the equation of the circle, centre (5, — 3), radius 10. 
Here r = 10, and (a, 6) is (6, — 3). Substituting in [15], we obtain 

(ar-5)2+(y + 3)2=100. 

5. Write the equation of the circle, centre (0, —2), radius 11. 

Here r = 11, and (a, h) is (0, —2). 
Substituting in [15], we obtain 

a:^ + (5^ + 2)2 = 121. 

6. Write the equation of the circle, centre (5, 0), radius 5. 

Here r = 5, and (a, 6) is (5, 0). 
Substituting in [15], we obtain 

(x - 6)2 4. y2 = 26. 

7. Write the equation of the circle, centre (— 5, 0), radius 5. 

Here r = 5, and (a, 6) is (— 6, 0). 
Substituting in [15], we obtain 

(x + 5)2 + y2 = 25. 

8. Write the equation of the circle, centre (2, 3), diameter 10. 

Here r = 5, and (a, 6) is (?, 3). 
Substituting in [15], we obtain 

{X - 2)2 + (y - 3)2 = 25. 



9. Write the equation of the circle, centre (h, ^), radius ^/h^ + k^. 

Here r= Vh^ + k^, and (a, 6) is (A, k). 
Substituting in [15], we obtain 

(:x-A)2+(y-^)2 = A2 + ^Q, 

or x^-\-y^ — 2hx — 2ky^0. 
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10. Determine the centre and radius of the circle 

a:2 4. y2 „ 10 X + 1 2 y + 26 = 0. 

This equation may be written in the form 

(:r3 - lOx + 26) + (y2 + I2y + 36) = 36, 
or (a:-6)2+(y + 6)2 = 62. 

Hence, from [16], r = 6, and (a, b) is (6, — 6). 

11. Determine the centre and radius of the circle 

a:2 + y2 — 2a: — 4y = 0. 

This equation may be written in the form 

(x2-2x+l) + (y2-4y + 4) = 5, 
or (x-l)2+(y-2)2 = (V6)2. 

Hence f*= V6, and (a, 6), the centre, is (1, 2). 

12. Determine the centre and radius of the circle 

3x3 + 3y2_5a:-7y + l = 0. 

This equation may be written in the form 

or (:f-f)^+Cy-i)^=(iV62)^. 

Hence r = J V62, and the centre is (J, J). 

13. Determine the centre and radius of the circle 

a:2 + y2«8x=r0. 
This equation may be written in the form 

(x2-.8a:+16) + y2=16, 
or (a: - 4)2 + y^ = 42. 

Hence r = 4, and (a, 6), the centre, is (4, 0). 

14. Determine the centre and radius of the circle jc^ ^ y2 ^ gj = 0. 

This equation may be written in the form 

(a:2+8r+16)+y2=i6, 
or (x + 4)2 + y2 = 42. 

Hence r = 4, and the centre is (— 4, 0). 
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16. Determine the centre and radius of the circle a:^ + y* — 8y = 0. 
This equation may be written in the form 

or a:+ (y-4)2 = 42. 

Hence r = 4, and (a, 6) is (0, 4). 

16. Determine the centre and radius of the circle x^ + y^ + Sy = 
This equation may be written in the form 

or a:2 4. (y 4. 4)2 ^ 42. 

Hence r = 4, and (a, b) is (0, — 4). 

17. Determine the centre and radius of the circle 

6a:2-.2y(7-3y)=0. 
This equation may be written in the form 

Hence r= J, and (a, b) is (0, J). 

18. Determine the centre and radius of the circle x^ + y2 _ 9 ^2^ 
Here r=Sk, and (a, b) is (0, 0). 

19. Determine the centre and radius of the circle 

(a: + y)2+(x-y)2 = 8A:2. 

Reducing this equation to its simplest form, we obtain 

a:2 + y2 = 4jfc2. 

Hence r = 2A;, and (o, 6) is (0, 0). 

20. Determine the centre and radius of the circle oi^ + y^ = a^ + 1^, 
Here r= Va^ + 62, and (a, 6) is (0, 0). 

21. Determine the centre and radius of the circle 

x^-\-y^ = k(x-\-k). 

This equation may be written in the form 

x^^kx-}-ik^ + y^=ik^, 
or (ar-i^)2 + y2=6^2. 

Hence r= Jifc \/6, and (a, b) is (J A;, 0). 
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22. Determine the centre and radioB of the circle x^ -h y^ = Ax + iky. 
This equation may be written in the form 

or (x-}A)M.(y-Jifc)a=K^' + ^). 

Hence r = J VA* + k\ and (a, 6) is (§A, ik). 

23. When are the circles x^ -{■ y^ -^ Dx -{■ Ey -{■ C = and x2 + y* 
+ D'ar + J^'y + C" = concentric 1 

From § 61, we see that the coefficients of x and y in the equation of 
a circle determine its centre. Hence these circles are concentric when 
Z> = 2>'and^=^'. 

24. What is the geometric meaning of the equation 

(x-a)2+(y-6)2 = 0? 

This equation is satisfied only when x = a and y = b; hence, geo- 
metrically, it represents the point (a, b), 

25. Find the intercepts of the circles 

(i.) x2 + y2-.8a:-.8y+ 7 = 0, 

(ii.) x2 + y3-8a:-8y + 16 = 0, 

(iii.) x^-{-y^^Sx-Sy-]-20 = 0. 

Putting y = in each case, we have in case (i.) x^ — 8x4-7 = 0, 
whence x = 1 and^ 7 ; in case (ii.) x^ — 8 x + 16 = 0, whence x = 4 ; in 
case (iii.) x^ — 8 x + 20 = 0, whence x = 4 ± V— 4. 

Putting X = in each case, we obtain for y values identical with the 
above values of x. 

The geometric meaning of these results is as follows : 

Circle 00 cuts the axis of x in the points (1, 0), (7, 0), and the axis 
of y in the points (0, 1), (0, 7). 

Circle (ii.) touches the axis of x at (4, 0), and the axis of y at (0,4). 

Circle (iii.) does not meet either axis. 

This is the meaning of the imaginary values of x and y in case (iii.). 

If, however, we wished to make the language of Geometry conform 
more exactly to that of Algebra, then in this case we should say that 
the circle meets the axes in imaginary points. This form of statement, 
however, must be understood as simply another way of saying that the 
circle does not meet the axes. 
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26. Find the centre, rmdins, mnd intercepts oo tbe axes, of tbe circle 

x3 + jf«-6x-7jr + 6=0. (1) 

Writing the equation in the form of [1^]» ^^ obtain 

Hence, r = f V2, and (a, 6) is (f, }). 

For y = in (1), x = 2 and 3 ; hence the intercepts oo the axis of 
X are 2 and 3. 

For X = in (1), jf = 1 and 6; hence the intercepts on the axis of jf 
are 1 and 6. 

87. Find the centre, radius, and intercepts on the axes, of the drde 

xa + y«-l2x — 4y + 16 = 0. 

Writing this equation in the form of [15], we hare 

(x-6)«+(^-2)« = 26. 

Hence r = 6, and (a, 6) is (6, 2). 

For y = in (1), x = 6 ± V21 = the intercepts on the axis of x. 

For x = 0,y is imaginary ; hence the cnrre does not cut the axis of jr. 

28. Find the centre, radius, and intercepts on the axes, of the circle 

xa + ya-4x-8y = 0. 

Patting this equation in the form of [15], we haye 
(x-2)«+(y-4)« = 20. 

Hence r = 2V6, and (a, 6) is (2, 4). 

For y = in (1), x=rO and 4 ; that is, the cunre cuts the axis of 
X at the origin and 4 to the right of it 

For X = in (1), y = and 8 ; that is, the curre cuts the axis of y 
at the orig^ and 8 above it 

29. Find the centre, radius, and intercepts on the axes, of the circle 

x3 + y2_6x + 4y + 4 = 0. (1) 

Putting this equation in the form of [15], we have 
(x-3)«+(y + 2)2 = 32. 

Hence r = 3, and the centre is (3, — 2). 

For y = in (1), x = 3 db VE = intercepts on axis of x. 

For X = in (1), y = — 2 = intercept on axis of y. 
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SO. Find the centre, radius, and intercepts on the axes, of the circle 
a:a + y» + 22 z - 18 y + 57 = 0. (1) 

Putting this equation in the -form of [15], we have 
(x + 11)2 + (y . 9)a ^ 146. 

Hence the radius is V145, and the centre is (— 11, 9). 

For y = in (1), ar = — 3 and — 19 = intercepts on axis of x. 

For a: = in (1), y = 9 ± 2 VO = intercepts on axis of y. 

81. Under what conditions will the circle 

x2 + ^a + Z)x + ^y + C= 

(i.) touch the axis of x ? (ii.) touch the axis of y ? (iii.) not cut oi 
touch either axis '? 

Putting this equation in the form of [15], we have 

(x+ J2>)2+ (y + }JSr)a = t (^+ ^^-4 C). 

Hence the centre is (— JZ), - J JF), and r = } \/I>^+ E^-^G. 

(i.) Now the circle will touch the axis of x, when the ordinate of 
its centre equals numerically its radius ; that is, when 



db (- i^) = J V2>-2 + JB72-4C7, or Z>2 = 4C. 

(ii.) The circle will touch the axis of y, when the abscissa of its 
centre equals numerically its radius ; that is, when 

±(-J2?)=iV2>2+^-4C, or JB?2 = 4C. 

(iii.) The circle will not cut or touch either axis, when the co-ordi- 
nates of its centre are each numerically greater than its radius ; that is, 
when 

± (- iE) > J VZ)2-f J72-4a, or 2)2 < 4 C, 
and ± (_ JZ)) > J Vz>2-f ^-4(7, or ^2 <; 4 c. 

32. Show that the circle x^-{- y^+lOx-^lOy -\-2b = touches the 
axes and lies entirely in the second quadrant. Write the equation so 
that it shall represent the same circle touching the axes and lying in 
the third quadrant. 

Writing this equation in the form of [15], we have 
(x + 5)2 -f (y -. 6)2 = 25. 

Hence r = 5, and the centre is (— 5, 5). 

The centre (— 5, 5) is in the second quadrant, and perpendiculars 
from it to the axes equal the radius 5 ; hence the axes are tangents, 
and the circle lies in the second quadrant. 
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If the circle whose radius is 6 lies in the third quadrant, and touches 
the axes, its centre must be (— 6, — 5) ; hence its equation is 

(or + 5)2 + (y + 6)2 = 26, 
or x2 + y2 _|. 10 j; + lOy + 26 = 0. 

33. In what points does the straight line 3x + y = 25 cut the circle 

Regarding these equations as simultaneous, and solving for x and y, 
we obtain 2=7, y = 4 and x = S, y = 1 ; hence the points of intersec- 
tion of their loci are (7, 4) and (8, 1). 

34. Find the points common to the loci x2 + y2 = 4 and y = 2a: — 4. 

Regarding these equations as simultaneous, and solving for x and y, 
we obtain x = f , y = — f and ar = 2, y = ; hence their common points 
are(t,-t)and(2,0). 

85. The equation of a chord of the circle 2;2 + y2 = 25isy = 2ar+ll. 
Find its length. 

Regarding these equations as simultaneous, and solving for x and y, 
we find the intersections of their loci, or the extremities of the chord, 
to be (- 4, 3) and (- 4f , If). 

By [1], the distance from (- 4, 3) to (— 4|, If) is 

X V 

86. The equation of a chord is - + t = 1 ; that of the circle is 
x2 + y2 = r2. Find the length of the chord. 

Putting the equation of the chord in the normal form, we obtain 

^ -. • Cf oft XIX 

x + —-==y = ——=' (1) 



Va2 + 62 Va2 + 62 Vo2 + 62 

ab 



Hence the distance of the chord from the centre is 



But this distance, one-half of the chord, and the radius of the circle 
form a right triangle, of which r is the hypotenuse. Hence, 

chord = 2fr2 E!^U 

V a^ + l^J 
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87. Find the equation of a line passing through the centre of 

a:3 + y«-6a:-8y = -21, 

and perpendicular to j; + 2y = 4. 

Writing a:* + y^ — 6a: — 8y = — 21in the form of [15], we haye 

(x-3)a+(y-4)2 = 4. 

Hence the centre of the circle is (3, 4). 

The slope ofj;4-2y = 4is— ^; hence the slope of the perpendicular 

must he 2 (§ 46, Cor. 2). 

By [6], the equation of the line through (3, 4) and having the slope 

2 is 

y — 4 = 2(x — 3), ory = 2x — 2r 

which is the required equation. 

38. Find the equation of that chord of the circle i^-\- y^= 130 which 
passes through the point for which the abscissa is 9 and the ordinate 
negative, and which is parallel to the straight line 4a: — 5y — 7 = 0. 

For ar = 9, in ar* + y* = 130, y = ± 7 ; hence the line is to pass through 
the point (9, —7). 

The slope of 4a: — 5y — 7=0 is f; hence the slope of the required 
line is |. 

By [6], the equation of the line through (9, — 7), and having the 
slope |, is 

y + 7 = J (a: — 9) or 4a: — 5y = 71. 

39. What is the equation of the chord of the circle a:2 + y2 = 277 
which passes through (3, — 6) and is bisected at this point ? 

Let the equation of the chord be 

X cos o + y sin a = p. (1) 

Since the perpendicular from the centre upon a chord bisects the 
chord, (3, — 5) must be the foot of the perpendicular p. 

Hence p= V3'»+ (-6)2= V3i, cosa=3-i- V34, 

and sin o = — 6 -f- V34. 

Substituting these values in (1), we obtain 

^ ar--A_y= V34, or 3x-5y = 34. 



\/34 V34 
as the required equation. 
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Or, the equation of the luie through (0, 0) and (3, —6) is 

y = -J^- (2) 

The line through (3, — 6) perpendicular to (2) is 
y + 6 = f (T-.3), or 3x-6y = 34. 

40. Find the locus of the centre of a circle passing through the 
points (a:j, y{) and (xj,, y,). 

Let (x, y) be the centre of the circle. 

Then, since (x„ y-^ and (r,, y,) are points on the circle, they must 
be equally distant from the centre (x, y) ; hence we have 

(:r-x02+ (y-yi)«= (ar-x,)2+ (y-y,)2, 
or 2 (xi - x^) T + 2 (y^ - y,) y = (x^^ + y^a -. j:,2 « y^a), (1) 

which is the equation of the required locus. 
Since (1) is a simple equation, the locus is a straight line. 

The slope of (1) is ^ \ the slope of the line through (x., y.) 

and (xj, y^) is ^' "~ -^^ ; hence (1) is perpendicular to the line through 
x, — Xi 

(^11 Vi) and (x,, y,). The mid-point between (xj, y{) and (xj, y,) is 
y ^ ^' , JijtJ[?], whose co-ordinates satisfy (1). 

Hence (1) is perpendicular to the line through (x,, y^) and (x,, y,) 
at the point mid-way between them. 

41. What is the locus of the centres of all the circles which pass 
through the points (6, 3) and (- 7, - 6) ? 

K in (1) of No. 40, we let (x^ y^) be (5, 3) and (x„ y,) be (- 7,-6), 
we obtain, after simplifying, 

8x4-6y + 17 = 0, 

which is the equation of the required locus. 

By No. 40 it is perpendicular to the line through (5, 3) and (— 7, 
— 6) at the point (- 1, — f ). 

42. Find the equation of a circle passing through the points (4, 0), 
CO, 4), (6, 4). 

The required equation will be of the form (§ 61), 

x2 + ya 4- 2Z)x 4- 2^y -H?'= 0. (1) 
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Since the locus of (1) passes through each of the three points (4,0), 
(0, 4), and (fi, 4), their co-ordinates must satisfy (1) ; hence, we have 

16 + 82)+i^=0, (2) 

16 + 8^+J''=0, (3) 

and 36+16 + 12Z)+8^+^=0. (4) 

Solving these equations for D, E, and F, we ohtain 2> = — 3, j&= - 3, 
F= 8. Substituting these values in (1), we obtain 

as the required equation. 

48. Find the equation of a circle passing through the points (0, 0), 
(8,0), (0,-6). 

Substituting the co-ordinates of each of these points in the general 
equation of the circle, or (1) of § 61, we obtain 

F=0, (1) 

64+16Z>+i^=0, (2) 

36-12^+i^=0. (3) 

Solving these equations for 2>, E, and Fy we obtain 

F=0, Z) = -4, E=Z. 

Substituting these values in the general equation, we have 

x^ + y^ — Sx + 6y = 0, 
as the required equation. 

44. Find the equation of a circle passing through the points (—6, 
-1), (0,0), (0,-1). 

Substituting the co-ordinates of each of these points in the general 
equation of the circle, or (1) of § 61, we obtain 

36+l-12i>-2^-f i?=0, 

F=0, 

1^2E+F=0. 

Solving these equations for D, Ej and F, we obtain 

F=0, E=l D = S. 

Substituting these values of D, Ej F in the general equation of the 
circle, we obtain 

a:2 + y^ + 6a: + y = 0. 
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46. Eind the equation of a circle passing through the points (0, 0), 
(-8a, 0), (0,6a). 

Substituting the co-ordinates of each of these points in the general 
equation of the circle, or (1) of § 61, we obtain 

64a2-16aZ)+F=0, 

36a2+12a^+i^=0. 
Whence F= 0, 2> = 4a, ^= — 8a. 

Hence ar^ + y^ + gaar — 6ay = 

is the required equation. 

46. Find the equation of the circle passing through the points 

L (2,-3), (3,-4), (-2,-1). 

Substituting the co-ordinates of each of these points in (1) of § 61, 

we obtain 

4 + 9 + 42>-6^+ J?'=0, (1) 

9+16 + 62>-8^+i^=0, (2) 

4+l-42>-2JEr+i^=0. (8) 

Whence 2) = 4, ^=10, 2f=31. 

Substituting these values in (1) of § 61, we obtain 

x2 + ^2 ^. 8 J. 4. 20y + 31 = 0, 
as the required equation. 

47. Find the equation of the circle passing through the points 

(i, 2), (1, 3), (2, 6). 

Substituting the co-ordinates of each of these points in (1) of § 61, 

we obtain 

l-f 4 + 2 Z) + 4 ^ -I- i?* = , 

1 -f 9 + 22> + 6^-1- iy'zn 0, 

4 -f 25 -I- 42> -f 10^4- i^= 0. 
Whence /> = — f, -&= — f, 1^=14. 

Substituting these values in (1) of § 61, we obtain 

a:2 + ^2 _ 9a: _ 5^ + 14 = 0. 

48. Find the equation of the circle passing through (10, 4) and 
(17, — 3), and radius = 13. 
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Sobctitntiiig the Tmlne of r and the co-ordinate of each of these points 
m [15], we ohtain 

(10-a)«+(4-6)«=ie9, (1) 

(17«a)«+ (-3-6)«= 1«9. (2) 

Subtracting (2) from (1), we obtain 

-189+14a + 7-U6 = 0, or a = &+13. (3) 

Substitating this Talne of a in (1) and aolTing for 6, we obtain 

6 = 9, and —8. 
Hence from (3) we hare 

a = 22, and 5. 

Sobstitnting thete ralues in [15], we obtain 

(x-22)«+(y-9)« = 109, 
and (af-5)«+(y + 8)« = 109. 

as the required equations. 

49. Find the equation of a drde passing through (3, 6), and touch- 
iog the axes. 

If the circle passes through (3, 6) and touches the axes, it must lie 
in the first quadrant, and we hare a = 6 = r. Putting x = 3, y = 6, 
a = r, 6 = r in [16], we obtain (3 - r)« + (6 - r)» = r». 

Whence a = 6 = r = 15 and 3. 

Substituting these ralues in [15], we obtain 

(x - 15)2 +(j^-16)« = 225, 
and (x- 3)2 +(^-3)2 = 9, 

as the required equations. 

60. Find the equation of a circle touching each axis at the distance 
4 from the origin. 

If the circle touches each axis at the distance 4 from the origin, the 
centre must be (4, 4) and r = 4. 

Substituting these values in [15], we obtain 

a:a + ya-8a:-8i^ + 16 = 0, 
as the required equation. 
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61. Find the equation of a circle touching each axis at the distance 
a from the origin. 

If the circle touches each axis at the distance a from the orig^, 
the centre must he (a, a) and r=±a according as a is positive or 
negative. 

Substituting these values in [15], we obtain 

a^» + y2 :f 2aar t 2ay + a^ -. q. 

52. Find the equation of a circle passing through the 'Origin, and 
cutting the lengths a, h from the axes. 

This circle passes through the three points (0, 0), (a, 0) and (0, 6). 

Substituting the co-ordinates of each of these points in (1) of § 61, 

we obtain 

1?'=0, 

a2 4.2aZ)+l?'=0, 

Whence J?*=0, i> = — }a, Jgr= — 16. 

Substituting these values in (1) of § 61, we obtain 

a:^ -}- y2 — ax — 6y = 0, 
as the required equation. 

63. Find the equation of a circle passing through (5, 6), and having 
its centre at the intersection of the lines y = 7ar — 3, 4y — 3ar=13. 

Regarding y = 7 ^r ~ 3 and 4y — 3a;=13 as simultaneous, and solv- 
ing, we find for the intersection of their loci the point (1, 4). By [1], 
the distance from (1, 4) to (6, 6) is V(6-l)«+ (6-4)2, or V^. 
Hence a = 1, 6 = 4, and r = V^. Substituting these values in [15], 

we obtain 

(a:-l)2+(y-4)2 = 20, 

as the required equation. 

54. Find the equation of a circle passing through (10, 9) and 
(5, 2 — 3 \/6), and having its centre in the line 3a: — 2y — 17 = 0. 

Since the circumference passes through (10, 9) and (5, 2 — 3 \/6), its 
centre (a, 6) must be equally distant from these points ; hence, by [1], 
we ha^e 

(a^lO)2+ (6-9)2= (a-6)2+(6-2 + 3\/6)2, 

or 10a+ (14 + 6 \/6) 6 = 98 + 12 Ve. (1) 
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Moreover, since the centre (a,b)iaon 3x — 2y — 17 = 0, we have 

3a -26 =17. (2) 

Solving (1) and (2), we obtain a = 7, 6 = 2. 

Now the distance from (7, 2) to (10, 9) equals r ; hence 

r= V3a+72= V58. 

Substituting these values of a, 6, r in [15], we have 

a:a + y2 — 14a: — 4y — 6 = 0, 

as the required equation. 

55. Find the equation of a circle passing through the origin, and 
cutting equal lengths a from the lines x = y, x-\- y = 0. 

Let OX and OT be the axes, and PjP^ 
P^Pj, the lines y = x and y = — ar, respec- 
tively, which bisect the angles between the 
axes. Let OP^ = OP^ = OP^^ - OPt = a ; 
then, 0M= MP^ = j a V2. Hence, Pj is 
(iaV2, Ja\/2), P^ is (-Jav^, Jav^), 
P, is (-Jav^, -Jav^), and P^ is 
(laV2, -Jav^). 

Fig. 51. 

The circle passing through O, P^ and P^ has its centre on 0X\ hence 
its equation is of the form 

ar2 + y2 = 2 rar. [17] 

Since Pj, (J a "\/2, J a V^), is on this circle, we must have 

\a^^\■\a^ = ra^/2. 
Whence r = \a V2. Substituting in [17], we have 

ra + ya-aa: V2. 
The circle passing through 0, Pj, P, is a:^ ^. y^=ayy/2. 
The circle passing through 0, Pj, P3 is ar^ + ^2 _. __ ^j. ^2. 
The circle passing through 0, Pg, P4 is ar^ + y2 — _ ^y y^. 

56. Find the equation of the circle circumscribing the triangle whose 
sides are the lines 




X V 

y = 0, y = ma: + 6, - + I = 1. 
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The intersection of ^ = and y = mar + 6 



18 (-' 0^, 

^ m 



that of y = »ix + 6and - + |=1 is (0,6); 

that of - + 'I = 1 and y = is (a, 0). 

Substituting the co-ordinates of each of these vertices in (1) of § 61, 
we obtain 

^ IIld + f=o. (1) 

m^ tn 

62 + 26^ + 1^=0, (2) 

a2 + 2aZ)+i?^=0. (3) 

Solving these equations for D, E, and Fj we obtain 

jy_ h—nm -p_ a^mb ri__a6^ 
2m 2m ' m 

Substituting these values in (1) of § 61, we obtain 

x^'\-y^-\- X + 5^* = 0, 

m mm 

or, m (a;2 + y^) —ab= (am — 6) x + Qjia — a) y, 

as the required equation. 

67. Find the equation of a circle having for diameter the line joining 
(0, 0) and (a:i, yj. 

The mid-point between (0, 0) and (x^ y{) must be the centre ; hence 
the centre (a, 6) is (Jarj, J^i). 

The radius must be one-half the distance between (0, 0) and 
(^i» .yi)» or r = iV^?+y?. 

Substituting these values in [15], we have 

(x - I x,y + (y - y,y = K^i^ + yi')> or a:« + y* = XiX + y,y, 
as the required equation. 

58. Find the equation of a circle having for diameter the line joining 
(x„ yi) and (t,, y,). 
Here the centre is the mid-point between (j*i, yj) and (xg, yj); hence 



ia, i) is (a-tii, 2^'Y 
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The radius is one-half the distance between (x^, y^ and {x^ y,) ; 
hence r = } V(t, - x{)'^ + {y^ - ^i)*^- 

Substituting these values in [15], we obtain 

or (^ - ^i) (^ - a:,) + (y - yO (y - ya) = 0, 

as the required equation. 

59. Find the equation of a circle having for diameter the line joining 
the points where y = mx meets x^ + y^ = 2 rx. 

Regarding these equations as simultaneous and solving, we find the 
common points of their loci to be 

(0,0)a„d(_|?l^. -2^,). 

\ 1 + f»2 1 + Wl? / 

Hence the centre of the circle is the mid-point between these points ; 

( , ), and the radius is one-half the distance between 

Vl + m2' 1 + Wi2/' 

them; or 

^ , / 4r2-f4mV ^ r 

'-^^ (i-h«i2)2 vr+^^' 

Substituting these values of a, b, and r in [15], we obtain 



or 



V"" 1 + »»V V 1 + »»V l+w2' 



or (1 + iB^) (j:2 -f yg) _ 2 r(a: -|- my) = 0, 

as the required equation. 

60. Find the equation of a circle having for diameter the common 
chord of the circles x^ -\-y^ = r^ and (x — a)2 + y2 = A 

Regarding these equations as simultaneous and solving for x and y, 
we find the common points of their loci to be (J a, J V4r^ — a^) and 

Now the centre (Jf the circle is the mid-point between these points oi 
(i a, 0), and the radius is one-half the distance between them, or 
r=}V4r2-a2. 
Substituting these values of a, 6, and r in [15], we have 

(x-ia)2-fy2=U4'-2-«'). 
or x'^'-ax-{-y^=r^-ia^, 

as the required equation. 
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Ex. 22. Paere 81. 

1. Explain the meaning of the double sign in equation [22]. 

The geometric interpretation of the double sign in [22] is, that to 
any circle there may be drawn two tangents having the same slope. 
If the circle be referred to its centre, the intercepts of these two tan- 
gents on the axis of y will be equal in length, but opposite in sign or 
direction. 

8. Deduce the equations of the tangent and normal to the circle 
x^ + ^^ = r^y assuming that the normal passes through the centre. 

If the normal to ar^ + y2 _ ,.2 ^t thg point (xp y{) passes through the 
centre, its equation is 

y = — ^, or x^y — y^x = 0. (1) 

By § 46 the equation of a line through (a:,, y^), and perpendicular to 
(1), is 

y-yi = -- (^-^i) or arjx + y,^ r= r2. (2) 

Hence (2) is the equation of the tangent at (x,, y^). 

3. Find the equations of the tangent and the normal to x^-\-y^= 62 
at the point (4, 6). Find, also, the lengths of tangent, normal, sub- 
tangent, subnormal, and the portion of the tangent contained between 
the axes. ^ 

The equations of the tangent and normal to x^ + y^ = r^ at the point 
(xj, ^i) are respectively 

XiX-[-yiy = r^, [18] 

and yix — Xiy = 0. [19] 

Here (x^, y,) is (4, 6) and r^ = 52. Substituting these values in [18] 
and [19] we obtain 

4a:+6y = 52, or 2x + 3^ = 26, (1) 

and 6a:-4y = 0, or3x-2^ = 0, (2) 

as the equations of the tangent and normal to x^ + y^ = 62 at the point 
C4, 6). 
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From Fig. 52 we have 

Subt = Tif = o^- or= or, - or. 

Subn = 3fi\r= OiV- OM=ON'' r,. 
Tan =PT = yffM^'^Mp 
= VSubtM^. 

Nor =PJV' = VmZ«7^ + S? 
= VSubiiMT^a. 

For y =0 in (1) and (2), x= 13, and 0; hence we have Or=13, 
and ON = ; also jrj = 4, and yj = 6. Substituting these values in 
{A) and (E), we obtain 

Subt =4-13 = — 9. (3) 

Subn = — 4 = -4. (4) 

The minus signs show that in this case the subtangent and subnor- 
mal extend in the direction opposite to that in the figure. 

Substituting the values of subtangent, subnormal, andy^ in (C) and 
(D), we obtain 

Tan= V81 + 36 = Vll7 = 3\/l3. 



Nor = V16 + 36 = V52 = 2 Vl3. 

For T = in (1), y = 8J; hence the portion of the tangent between 
the axes is the distance between the points (13, 0) and (0, 8f) ; that 
is, Vl32+78fy, or VVl3. 

4. A straight line touches the circle a^-{-y^ = r^in the point (xj, y{). 
Find the lengths of the subtangent, the subnormal, and the portion 
of the line contained between the axes. 

The line is tangent to a:^ _^ y2 _ ,.2 at (xi, y{), and its equation is 

^1^ + yiy = »^- W 

For y = in (1), a: = r^ -^ Xj = intercept of tangent on the axis of x. 
Substituting this value of OT in (^A) of No. 3, we obtain 

••2 V 2 ~2 

Subt=ar,-^ = ^1 L. 

The equation of the normal to a^ + y2 _ ^a at (jr^^ y^j |g 

y^x - x^y = 0. (2) 

For y = in (2), x = 0= intercept of normal on the axis of x. 
Substituting this value of ON in (B) of No. 3, we have 

Subn = — a?! = — arj. 
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For X = in (1), y = r^ -f- yj = intercept of tangent on the axis of y. 
The portion of the line between the axes forms with its intercepts a 
right triangle, and hence eqaals 






r» 

 — -I  « 



5. What is the equation of a tangent to the circle x^-\- tf^ = 250 at 
the point whose abscissa is 9 and ordinate negative ? 

Here r2 = 260, and for x = 9 in x^-\-y^ = 260, y = ±13; hence 
(^i> yD is (^> ~- 13). Substituting these values in [18] we obtain 

9x— 13y = 250 
as the required equation. 

6. Find the equations of tangents to x^ -t- y^ = 10 at the points whose 
common abscissa = 1. 

Here r^ = 10, and for x = 1 in x* + y* = 10, y = i 3 ; hence (xj, yj) 
is (1, 3) and (1, — 3). Substituting these values in [18], we obtain 

x + 3y = 10, and x — 3y = 10, 

as the required equations. 

7. Tangents are drawn through the points of the circle x^ + y^ =: 25 
which have abscissas numerically equal to 3. Prove that these tan- 
gents enclose a rhombus, and find its area. 

Here r^ = 26, and for x = 3 in x^ + y2 = 25, y = ± 4, for x = - 3, 
y=±4; hence (x„ yj is (3, 4), (3, -4), (-3,4), and (-3,-4). 
Substituting these values in [18] in succession, we obtain 

3x + 4y = 26, (1) 

3x-4y = 25, (2) 

-3x + 4y = 25, (3) 

-3x-4y = 26, (4) 

as the equations of the four tangents. 

Now lines (1) and (4), having the same slope, are parallel; for like 
reason lines (2) and (3) are parallel. Hence the figure is a parallelo- 
gram. Either of these lines is at the distance 5 from the origin ; hence 
the distance between either two opposite sides of the parallelogram is 
10. Let a and b be two consecutive sides; then area = 10a or 106. 
Hence a = 6, and the figure is a rhombus. 
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Regarding (1) and (2) as simultaneous, and also (1) and (3), we 
find that two consecutive yertices are the points (^^-, 0) and (0, ^f). 
By [1] the distance between these vertices, or the length of a side, is 

V(-¥)'+(¥)» = W. 

Hence, area = J^ x 10 = 104J. 

8. The subtangent for a certain point of a circle is 5} ; the subnor- 
mal is 3. What is the equation of the circle ? 

From No. 4 we have 

Subt = -* , Subn = — X,. 

Hence we have 

Subn = — 2*1 = 3, or Xj = — 3. 

Substituting the value of x^ in the value of the subtangent, we obtain 

Subt = ^— ^ = 6 J, or r3 = 26}. 

— o 

Hence the equation of the circle is 

9. Find the equation of a straight line touching 2^ + ^3 = 232 at 
the point whose abscissa = 14. 

Here r^ = 232, and for a: = 14 in ar^ + y« = 232, y=±6; hence the 
point of contact (arj, y{) is (14, 6) or (14, —6). 
Substituting these values in succession in [18], we obtain 

14a: + 6y = 232, and 14a: — 6y = 232, 
as the required equations of the tangents. 

10. Find the equation of a straight line touching 

(x-2)a+(y-3)a=10 
at the point (6, 4). 

The equation of a tangent to the circle (ar — o)* + (y — ^)* = ^^ *' 

(a:,, Vi) is 

(ari-a)(x-a) + (yi-6)(y-6) = r«. [20] 

Here the centre (a, 6) is (2, 3), the point of contract (xi, y{) \s 
(5, 4) and r^ = 10. Substituting these values in [20], we obtain 

(5-2)(x-2) + (4-3)(j(-3) = 10, 

or 8 ar + y = 19, 

as the required equation. 
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11. Find the equation of a straight line touching 

at the origin. 
This equation may be written in the form 

(^-i)^+(y-2)2 = -y. (1) 

The equation of the tangekt to the circle (x — a)* + (y — ^)* = ^^ ** 
the point (x^, ^,) is 

(arj-a)(.r-a) + (3,i-ft)(y-6)=r2. [20] 

Here (a, 6) is (f, 2), (arp y^) is (0, 0) and r^ = \». Substituting these 
Talues in [20], we obtain 

(-|)(^-f) -2(3^-2)=^, or3x + 4y = 0, 

as the required equation. 

IS. Find the equation of a straight line touching 
a^j + ^2 _ 14a: _ 4y _ 5 = 
at the point whose abscissa is equal to 10. 

Forx= 10 in ar2 + y2— 14x— 4y — 5 = 0, y = 9,and— 5; hence (xj, y^) 
is (10,9) and (10,-6). 
The giyen equation may be written in the form 
(x-7)a+(y-2)2 = 68; 

hence (a, 6) is (7, 2) and r^ = 68. 
Substituting these values in [20], we obtain 

(lO-7)(a:-7)+ (9-2)(y-2) = 58, or 3j: + 7y = 93, 
and (10-7)(ar-7) + (-6-2)(y-2)=58, or Sx-^7y = 6b, 

as the required equations. 

13. What is the equation of a straight line touching the circle 
x^-{- y^ = r^, and also passing through the point of contact (r, 0) ? 

The equation of the tangent to the circle x^-\-y^ = r^ at the point of 
contact (aTj y^) is 

Here (xp y{) is (r, 0). Substituting in [18], we obtain 
x= r 
as the required equation. 
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14. What is the equation of a straight line touching the circle 
r2 4. y2 _ r2, and also parallel to the line Ax •{■ Bt/ + C = f 

I. Sdution. The slope of (1) is — — , and that of [18] is - ^. 
Hence if the tangent is parallel to (1), we must have 

Again, since {x^, y-^ is on the circle, we have 

'1^ + yi^ = r2. (2) 

Solving (1) and (2), we obtain 

*i — -t y\ — 



Substituting these values of j-j and y^ in [18], we obtain 

as the equation required. 
II. Solution. Substituting the slope for m in 



y = mx± ry/l + m*-^, * [22] 

we obtain after reduction 



Ax + By = ± ry/A^ + ^. 

15. What is the equation of a straight line touching the circle 
x2 + y2 = ^2^ and also perpendicular to the line -4x + % + C = 0? (1) 

If the tangent is perpendicular to Ax + By + C = 0, its slope wi 

must be the negative reciprocal of the slope of (1) or — • 

A 

Substituting this value for m in [22], we obtain after reduction 

Bz-Ay = ±r^lA^ + &, 



16. What is the equation of a straight line touching the chxjle 
x2 4- 2/2 = |.2^ and also making the angle 45° with the axis of x ? 
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Here m = 1. SVibstituting this value of m in [22], we obtain as the 
required equation 

y = x± r V2. (1) 

Or, since y = 46°, m = tan 7=1.- Hence we have 

-^1 = 1, and a: 2 + Vi^ = r^. 
yi ' ^' 

Solving these equations, and substituting in [18], we obtain (1) as 
the required equation. 

17. What is the equation of a straight line touching the circle 
j2 _j. y2 _. ,.2^ and also passing through the exterior point (^, 0) ? 

If r,ar + y,y = r^ passes througli (k, 0), we have 

hx^ — r*, or Xj = r^ -j- h. 
Since (arj, y,) is on x^-{- y^ = r^, we have 

^i» + yi^='^. (2) 

From (1) and (2) we obtain 



h 
Hence the points of contact are 

Substituting these values of (x^, y^) in [18], we obtain 

- ar±IVAa^^ay = r2, or r2(x - A)2 = (A2 - r2)y2, 

as the equation required. 
The use of [22] instead of [18] would give a shorter solution. 

18. What is the equation of a straight line touching the circle 
r^-\-y^ = f 2, and also forming a triangle of area r2 with the axes ? 

For X = in x^x + y^y = r2, y = r2 -^ y, = intercept on axis of y. 
For y r= 0, X = r2 -f- Xj = intercept on axis of x. 
Hence the area of the triangle which a tangent to the circle forms 
with the axes equals r^ -r- 2xjy, ; hence 

r«=r^, orra = 2Xiyj. (1) 

2ariyi 

But we have also Xi2 + y^^ = r*. (2) 
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Solving (1) and (2), we obtain ' 

Substituting these values in [18], we obtain 

as the required equation. 

19. Find the equations of the tangents drawn from the point (10, 5) 
to the circle ar^ + y^ = 100. 

By [18] the equation of the tangent to 3^-^ y^= 100 at (ar^yi) is 

'i' + M = 100- (1) 

Since (10, 6) is on (1), we must have 

10^1 + 6^1 = 100, or 2a:, + yi = 20. (2) 

Since (xp y{) is on x^-^- y^= 100, we have 

x,^ + y^a = 100. (3) 

Solving (2) and (3), we obtain 

Xj^ = 10, ^1 = 0, and x, = 6, ^i = 8* 
Substituting these values in (1), we obtain 

X = 10, and 3a: + 4y = 60, 
as the equations required. 

20. Find the equations of tangents' to the circle 

x2 + ya+10a:-6y-2 = 
and parallel to the line y = 2 a: — 7. 

Since the tangents are to be parallel to 2 a: — y = 7, their equations 

will be of the form 2 a: — y = C (1) 

The equation a-^ + yS+lOa: — 6y — 2 = may be written in the form 

(x + 6)2 + (y - 8)2 = 36. (2) 

Thus the centre is (—6, 3) and r = 6. Now the distance of (1) 

10 3 (7 

from (— 6, 3) is -. But if (1) is a tangent, this distance 

must be db 6 ; hence we have 

"'^^""^ =J:6,or C=-13t6V6. 

V6 

Substituting these values of C in (1), we obtain 

y = 2a:+13db6V6 
as the required equation. 
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21. Find the lengths of subtangent and sabnormal in the circle 
*^ + ^^ — 14a: — 4y = 6 for the point (10, 9). 

The equation of the circle may be written in the form 

(ar-7)2+(y-2)2 = 68. (1) 

By [20] the equation of the tangent to (1) at (10, 9) is 

(10-7)(x-7) + (9-2)(y-2) = 58, or 3x+7y = 93. (2) 

For y = in (2), ar = 31 = intercept on axis of x. 
Substituting this value and that of x^ in {A) of No. 3, we have 

Subt = xj - Or= 10 - 31 = - 21. 
By [21] the equation of the normal to (1) at (10, 9) is 

(9-2)(x-10)-(10-7)(y-9) = 0, or7x-3y = 43. (3) 

For y = in (3), x = Q\= intercept of normal on axis of x. 
Substituting this value, and that of xi in {B) of No. 3, we have 

Subn = OiV- xj = 6f - 10 = - 3f . 

The minus signs in the values of the subtangent and subnormal show 
that the subtangent extends from the foot of the ordinate to the right, 
and the subnormal from the same point to the left 



What is the equation of the circle (centre at origin) which is 
touched by the straight line x cos a + y sin a = p ? What are the 
co-ordinates of the point of contact ? 
The distance of this straight line from the origin is p. 
Hence the radius of the circle is />, and its equation is 

i* + y«=/^. (1) 

Multiplying both members of x cos a + y Bin a = p by /), we have 
xp cos a + yp sin tt = p*. (2) 

The equation of the tangent to (1) at (x^, y^ is 

xix '\' yyy = pf^. (3) 

Comparing (2) and (3), we obtain 
Xj=/>cosa, yi = psino. 

28. When will the line ^x + 5y - C= touch the circle x3+ yS = r^ ? 
the circle (x - a)^ + (y - 6)2 = r^ ? 

The distance of Ax + By — C = from the o rigin is C -i- VA^ -f B^. 
Hence when C-i-y/A^ -{■ B^ = r, or C=ry/A^-{- B^, the line will 
touch the circle x* + y* = r®. 
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The distance of a tangent to (ar — a)^ + (y — b)^ = r^ from (a, 6) is 
numerically r, and the distance of Ax-\- Bt/— C=0 from (a, b) is 

Aa-^Bb—C 



Hence when the line is tangent to the circle, we must have 
Aa + Bb- C 



Vj^Tb^ 



= ± r. 



24. Find the equation of a straight line touching jr^ + y^ = ax + 
and passing through the origin. 

The equation of the circle can be written in the form 

(X - ia)a + (y - J6)» = J(a» + 62). (1) 

By [20] the equation of a tangent to (1) at (x^, y{) is 

(I,- Ja)(x-la) + (y,- i5)(y-i6) = i(a'' + 6^). (2) 

Since this tangent passes through (0, 0), we have 

-ia(Ti-ia)-i6(.yj-i6) = K«' + 62), 

or axj + 5yi = 0. (8) 

Since (x,, y{) is on the given circle, we have 

'i* + yi* = «*i + 6yi. (4) 

Combining (3) and (4), we find 

^1 = yi = 0- 
Substituting these values in (2), we obtain 

ax + 6y = 

as the required equation. 

Or, since the line passes through the origin, its equation is 

y = mx. (P) 

Putting the distances of y = mx from the centre (Jo, J 6) equal to 
± r, or ± i Vo^ + 62^ we can find the value of m. 

25. Prove that the circle x* + yS + ax + 5y = and the straight line 
ax + &y + a2 4- &2 _ touch, and find the point of contact. 

Regarding these equations as simultaneous, and solving for x and y, 
we find that the only common point of their loci is (— a, — 6) ; hence 
the straight line is a tangent to the circle at this point. 
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Or, by puttiiig the first equation in the form 

(X + lay + Or + iby = J(a« 4- ft«), 

we learn that the centre of the circle is 



(— 1 a, - 1 6), and r = I Va« + b^. 
But the distance of ax + 6y + a* + 6* = from (— J a, — J 6) is 



hence the line is tangent to the circle. 

The slope of this tangent is — (a -4- 6) ; hence the slope of the nor- 
mal to the point of contact is 6 h- a, and the equation of the normal is 

ay — bx = 0. 

The point of contact is found by determining the point of intersec- 
tion of tangent and normal to be (— a, — 6). 

26. Prove that the circle x«+y*— 2ax— 26y-f-6*=0 and the straight 
line x = 2a touch, and find the point of contact. 

Regarding these equations as simultaneous, and solving for x and y, 
we find that the only common point of their loci is (2 a, 6) ; hence the 
line is tangent to the circle at this point. 

27. Prove that the circle z* -|- y^ = ox + 6y and the straight line 
ax — by + iy^ = touch, and find the point of contact 

Regarding these equations as simultaneous, and solving for x and y, 
we find that the only common point of their loci is (0, b) ; hence the 
straight line is tangent to the circle at this point. 

28. What is the equation of the circle (centre at origin) which 
touches the line y = ox — 5 ? 

Reducing y = 3x — 6 to the normal form, we have 

Vio vlo VlO 

Hence the distance of this line from the origin is .| VlO, and the line 
is therefore tangent to the circle 
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29. What must be the value of m in order that the line ^ = mx + 10 
may touch the circle a:* + y* = 100 1 Show that we get the same 
answer for the line y^mx^ 10, and explain the reason. 

The distance of y = nur + 10 from the origin is  

VI + fj|2 

Hence that y = inr -f 10 may touch the circle a^'\'y^=z 10^, we 

must have • = 10, or m = 0. 

vT+to2 

The distance of y = mx— 10 from the origin is also 



Vl + TO^ 

Hence when this line is tangent to a:^ -|- y2 = lO^, we have to = 0. 
The lines y = mx + 10 and y = mx — 10 are the same distance from the 
origin, but on opposite sides of it. 

80. Determine the value of c in order that the line 3x— 4y4-c = 
may touch the circle x^ + y2 — 8 x + 12 y — 44 = 0. Explain the 
double answer. 

The equation of the circle may be written in the form 

(x-4)2+(y + 6)2 = 96. (1) 

Hence its centre is (4, — 6) and r = 4V6. 

The distance of — 3x + 4y — c = from the centre (4, — 6) is 

_12_24-c -m-c 
, or • 

5 5 

Hence that this line may be a tangent to (1), we must have 

"•'^^-^ = ± 4 V6, or c = - 36 T 20\/6. 
5 

The double answer shows that two tangents can be drawn having 
the slope |. 

81. What is the equation of the circle having for centre the point 
(5, 3) and touching the line 3x + 2y-10 = 0' 

The distance of the line 3x + 2y-10 = from (6, 3) is, by [12], 
16 + 6-10^^^ 11 



Vl3 V13 
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Hence the radius of the required circle is -^. Its centre is (5, 3). 

VTS 

and therefore its equation is (ar — 6)^ 4- (y — 3)* = ^^* 

82. What is the equation of a circle whose radius = 10, and whioh 
touches the line 4ar + 3y — 70 = in the point (10, 10) ? 

Let (a, b) be its centre ; then, since r = 10, its equation is 

(ar-a)2+ (3,-6)2=100. (1) 

Since (1) passes through (10, 10), we have 

(10 - a)2 + (10 - 6)2 = 100. (2) 

The distance of4ar + 3y — 70 = from (a, 6) is 

4a + 36 — 70 
5 

But this distance is i: 10 ; hence we have 

4a + 85- 70 ^^10 ^3 

5 

Solving (2) and (3), we find (a, b) to be (2, 4) or (18, 16). 
Substituting these values in (1), we obtain 

(X - 2)2 + (y - 4)2 = 100, 
and (x - 18)2 + (y - 16)2 = loo, 
as the equations required. 

83. A circle touching the line 4ar + 3y + 3 = 0in the point (— 3, 3) 
passes through the point (5, 9). What is its equation ? 

Since the circle passes through (— 3, 3) and (6, 9), its centre (a, 6) 
must be equally distant from them, and by [1] we have 

(a+ 3)2+ (6-3)2= (a-5)2+ (6-9)2, or 4a + 36 = 22. (1) 

Since the circle is tangent to 4x + 3^ -f 3 = at (— 3, 3), its centre 
is on the perpendicular to this line at (— 3, 3), whose equation is 

y-3=}(x+3), or 4y-3a: = 21. ,(2) 

Since (a, 6) is on (2), we have 

46 -3a = 21. (3) 

Solving (1) and (3), we find a = 1, 6 = 6. 

The distance from the centre (1, 6) to the point (6, 9) or (— 3, 3) is, 
by [1], equal to 6; hence r = 5. Substituting these values in [15], we 
have (jT — 1)2 4- (^ — 6)2 = 26, as the required equation. 
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S4. Under what condition will the line - -f- ^ = 1 touch the circle 

a b 
za + y2 = ,-a? 

Reducing - + ^ = 1 to the normal form, we have 
a 

^^+«y = °^ . (1) 

Putting the distance of (1) from the origin equal to r, we have 

.^^,orl=^?i±^ = i + l, 



r = 



as the required condition. 

85. What is the equation of the circle inscribed in the triangle whose 

X y 
sides are x — 0, y = 0, -+^ = 1? 

^ a b 

The bisector of the angle between x = and y = is 

y = x. (1) 

The bisector of the angle between y = and bx-\-aif = ab is 

_bx^-a^^ab^^ (2) 

Va2 + m 

Solving equations (1) and (2) for x and y, we obtain 

ab 
X — y =i « 

a + 6 + Va2 + 62 
Hence the centre is 

f ^?^ . "^ \ and r = ^^^^ . 

\a + 6+ Va2-|-62 a + 6+\/a2 + 62/ « + 6 -f y/a^ + 62 

and the equation of the circle is 

/ ab Y / ab Y^ a262 

\ a + 6+V^M^V V a + 6+ y/a^-\-b^) (a + 6 + V«M^)' 

or 

(x2 + y2)(a^.5 4. Va2 + 62)2-2a6(a + 6+ Va2 + 62)(x + y) + a^^=0' 

86. Two circles touch each other when the distance between their 
centres is equal to the sum or the difference of their radii. Prove that 

the circles 

:r2 + y2 = (r + a)2, (t - a)2 + y2 ^ r% 

touch each other, and find the equation of the common tangent. 
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The centre of x^-\- y'^= (r + a)2 is (0, 0), and its radius is r + a. 

The centre of (a: — a)^ + y2 _ ^a jg ^^^ q), and its radius is r. Hence 
the distance between the centres (0, 0) and (a, 0) is equal to the differ- 
ence of their radii r -{-a and r, and the smaller circle is tangent to the 
other internally. Regarding their equations as simultaneous, we find 
the common point of these circles to be (r-{- a, 0). Now the tangent 
to a:2 + y2 _ (^ ^ a)2 at the point (r + a, 0) is 

(r + d)x = (r + a)2, or a: = r + a. 

which is the required common tangent. 

37. Two circles touch each other when the length of their common 
chord = 0. Find the length of the common chord of 

(a: - a)2 + (y - 6)2 = r2, (^c - 6)2 + (^ « a)2 = r2, 

and hence prove that the two circles touch each other when 

(a-6)2=2r2. 

Subtracting the first equation from the second, we obtain as the 
equation of their common chord 

jr-y = 0. (1) 

• The distance of (1) from the centre (a, 6) is . But this dis- 

tance and half the chord are the sides, and the radius r is the hypote- 
nuse of a right triangle ; hence 

Chord = 2-^r2-C£j=S = [4 r2 - 2(a - 6)2]i 

The length of this common chord becomes zero, and hence the 
circles are tangent when 2r^= (a — 6)2. 

We might solve No. 3p as follows : 

The equation of their common chord is x = r'\- a, which, being at 
the distance r-^a from the origin, is tangent to x^ + y'^ = (r + a)2. 

Ez. 23. Paere 84. 

1. Find the radius and centre of the circle 
3x2 — 6a: + 3y2 + 9y_i2 = 0. 

Dividing by 3, this equation may be written in the form 

(a; -l)i'+(y + !)«=¥• (1) 

Hence r = jV29, and the centre is (1, — f). 
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8. Find the radius and centre of the circle 

7a:a + 3ya«4y-.(i«2x)« = 0. 
This equation may be written in the form 

Hence r = jVll, and the centre is (— f, }). 

8. Find the radius and centre of the circle y (y — 6) = x (3 — *). 
This equation may be written in tlie form 

Hence r = } VSi, and the centre is (f, f). 
4. Find the radius and centre of the circle 

This equation may be written in the form 

V Vl + aV V VT+^J 

Hence r = 6, and the centre is ( ^ \ 

V VI + a2 VI + a^J 

6. Find the equation of a circle : centre (0, 0), radius = 9. 

Here r = 9, and (a, 6) is (0, 0). Substituting these values m [15], 
we obtain 

as the required equation. 

6. Find the equation of a circle : centre (7, 0), radius = 3. 

Here r = 3, and (a, b) is (7, 0). Substituting these values in [16], 
we obtain 

(a:-.7)2 + y2 = 9 

as the required equation. 

7. Find the equation of a circle : centre (—2, 6), radius = 10. 
Here r= 10, and (a, b) is (—2, 5). Substituting these values in 

[15], we obtain 

(a: + 2)2+(y-5)2=100 
as the required equation. 
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8. Find the equation of a circle: centre (3a, 4a), radius = 6a. 

Here r = 6a, and (a, 6) is (3a, 4a). Substituting these values in 
[15], we obtain 

(x — 8a)2 + (y - 4a)2 = 25a2, 

or a:a + y2_2a(3x + 4y)=0 

as the required equation. 

9. Find the equation of a circle : centre (6 + c, 6 — c), radius = c. 

Here r = Cf and (a, 6) is (b + c, b—c). Substituting these values 
in [16], we obtain 

(x-6-c)2+(y-6 + c)a = c2, 
or xa + y24.262 + c2-2[(6 + c)x+ (6-c)y]=0 
as the required equation. 

10. Find the equation of a circle passing through 
(a,0), (0,6). (2a,26). 

By § 61 the required equation will be of the form 

x^ + y^ + 2Dx + 2Ey + F= 0. (a) 

Since (a) passes through each of the three points, we have 

a2 + 2i>a+if=0, (1) 

62 + 2.E5+^=0, (2) 

and 4a2 + 462H-42>a + 4JSr6 + i^=0. (3) 

Solving these equations for 2), E, and F, we obtain 

oa oo 

Substituting these values of 2>, i?, F, in (a), we obtain 

t5a oo 

or 3a6(a:2 + y2) _ (5^2 _|. 2 62)6x- (662 + 2a2)aj^ + 2a6(a2 + 52) ^q 
as the required equation. 

11. Find the equation of a circle passing through (0, 0), (0, 12), 
(5, 0). 
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Substituting the co-ordinates of each point in (1) of § 61, we obtain 

F= 0, (1) 

144 + 24^+JF'=0, (2) 

26+102)+i^=0. (3) 

Solving these equations for 2>, E^ and JP, we obtain 

F^Q, E=-6, Z) = -|. 

Substituting these values in (1) of § 61, we have 

ar^ + y*-5ar — 12y=0 
as the required equation. 

12. Find the equation of a circle passing through (10, 9), (4, ~5), 
(0, 6). 

Substituting the co-ordinates of each point in (1) of § 61, we obtain 

100 + 81 -^20D+ 18^+1^=0, (1) 

16 -^ 26 + 8 D - 10 ^ -M?» = 0, (2) 

and 26+10JS:+i^=0. (3) 

Solving these equations for Z>, E, and F, we obtain 

I>=-7, E=-2, F=-b, 

Substituting these values in (1) of § 61, we have 

a:2 + y2 _ i4a^ _ 4y _ 5 = 

as the required equation. 

13. Find the equation of a circle touching each axis at the distance 
— 7 from the origin. 

Here (a, b) is (— 7, — 7) and r = 7. Substituting these values in 

ri6], we obtain 

(^4.7)2+(y + 7)2 = 49, 

or a^2 + y'2 + 14a:-»- 14y + 49 = 0, 

as the required equation. 

14. Find the equation of a circle touching both axes, and radius = r 

Here r = r, and (a, 6) is (r, r), (— r, r), (- r, — r), or (r, — r). 
Substituting these values successively in [16], we obtain 

(ar — r)2 + (y — r)2 = r% or x^ -{- y^''2rx -^2ry -^ r^ = 0; 
(ar + r)2 4- (y — ry = r^, or r^ + y2 4. 2rT — 2r^ -f r2 = 0; 
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(2r+r)2+ (y4.r)2=»r2, or ar2 + y^^. 2rx + 2ry + r^ = 0; 
and (x - r)2 + (y + r)2 = r^, or or^ + y2_2rx + 2 ry + r^ = 0, 
as the required four equations. 

15. Find the equation of a circle : centre (a, a), and cutting chord 
= 6 from each axis. 

Here the radius r, the abscissa or ordinate of centre a, and one-half 
the chord b form a right triangle of which r is the hypotenuse ; hence 
we have 

,-2 = a2 + 1 62^ and (a, 6) is (a, a). 

Substituting these values in [15], we have 

(:r-a)2+(y_a)2 = a2+ J62^ 

or ar2 + ^2 _ 2 aar — 2ay + a2 — 1 62 = 0, 

as the required equation. 

16. Find the equation of a circle having the centre (0, 0), and touch- 
ing y= 2a: +3. 

Writing y = 2x + 3 in the normal form, we have 

_^ + JL = JL. (1) 



\/6 \/5 V5 
Hence the distance of (1) from the origin is | y/b, and therefore 



r=f V5. 



Substituting this value of r in [16], we have 
x2 4-^=1 
as the required equation. 

17. Find the equation of a circle having the centre (1,-3), and 
touching 2a: — y — 4 = 0. 

By [12] the distance of2a: — y — 4 = from (1, — 3) is 

2 + 3 — 4 ^. 1 ,/R 

,_ — , or i V6- 

V5 
Hence the radius of the required circle is ^ VS, and its centre is 
(1, —3). Substituting these values in [15], we obtain 

(:r-l)2+(y + 3)2=i, 

or 5(a:2 + y2) - lOar + 30y + 49 = 0, 

as the required equation. 
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18. Find the equation of a circle with it0%;entre in the line 
5r — 7y — 8 = 0, 

and touching the lines 2j: — y = 0, x — 2y — 6 = 0. 

The centre must be in the bisectors of the angles between the lines 
2 r — ^ = and x — 2y — 6 = 0. By [14] the equations of these bi- 
sectors are 

2a: — y a: — 2y — 6 

—J' _ i •— , 

or T + y + 6 = 0, (1) 

and x-y = 2. (2) 
The centre is also on the line 

5a:-7y-8 = 0. ' (3) 

The common point of (1) and (3) is (— J^, — y) ; hence the centre 
of one circle is (— ^, — -*g®). 

By [12] the distance of this centre from 2jp — y = is — ^ ^ 

or — jV5; hence the radius is ^VE. 

Making these substitutions in [15], we have 

(^+-V)*+(y + -V')*=f- W 

The common point of (2) and (3), or the centre of the second circle, 

is (3, 1). The distance of this centre from 2 x — y = is , or y/b; 

Vb 
hence r^ = 5, and the equation of the second circle is 

(^~3)2+(y-l)2 = 5. 

19. Find the equation of a circle passing through the origin and the 
points common to the circles 

2:2 + y2 _ 6 J. _ 10^ - 15 = 0, 

^24.y2 + 2ar+ 4y — 20 = 0. 
By § 61 the required equation may be written in the form 

a^2 4. y2_ 6a: - lOy - 15 + k(^x^ + y2 + 2x + 4y - 20) = 0. (1) 
Since (1) passes through the origin, we have 

-15-20A; = 0, orit = -f. 
Substituting this value of k in (1), we obtain 

^2 4.y2«30a: — 62y = 
as the required equation. 
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80. Find the equation of a circle having its centre in the line 

5a: — 3^ — 7=rO, 
and passing through the points common to the same circles as in No. 19. 

Equation (1) of No. 19 may be written in the form 

From (1) we know that the centre of the required circle is 
( Z-k b-2k \ 

\\ + k' 1 + ^y 

But thid centre is in the line 5jr: — 3y — 7 = 0. Hence we have 

15-6;fc 15-6^ . z. 7 
= /, or A: = — ;. 

1 + ifc 1 + *: ' 

Substituting this value of ^ in (1), or (1) of No. 19, we obtain, after 
reduction, 

ar2 + y2 •+ 50 a: + 88y — 50 = 

as the required equation. 

21. Find the equation of a circle touching the axis of x, and passing 
through the points common to the circles 

^a + y2 + 4 jc _ 14 y _ 68 = 0, 

a:2 + y2 _ 6a. _ 22y + 30 = 0. 
By § 51, the required equation may be written in the form 

x2 + y2_|.4a._i4y_68 + *:(:«^ + y^-6a--22y + 30)=0. (1) 
Putting (1) in the form of [16], we have 

100it2+180it+121 



(-'fe7H'-HWT- 



(1 + ky^ 



Hence a = ^iLz2, 6=lJA+7, ,2^ 100^'+ 180^ + 121. 
1 + ^ 1 + ifc (1 + ^)2 

But since the circle is tangent to the axis of x, we must have 6^ = r2, 
^j. (11 A; + 7)8 ^ 100;fc2+180ifc+121 ^o^ 

(1 + ky (1 + ^)2 • ^ ^ 

Solving (2) for k, we obtain A; = — f and V®. 
Substituting these values of k in (1), we obtain 

x2 + y2_36x-46y + 324 = 0, 
and 25*2 + 25 y2- 80 a: -494^ + 64 = 0, 

as the required equations. 
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82. Find the centre and the radius of the circle which passes through 
(9,6), (10,6), (3,-2). 

Substituting the co-ordinates of each point in (1) of § 61, we obtain 
81 + 36 +182)+ 12^+ F=0, (I) 

100 + 25 + 20Z>+ 10E+F=0, (2) 

9 + 4 + 6Z)-.4^+ Jf=0. (3) 

Solving these equations for Z>, E, and F, we obtain 
i) = -6, E=-2, F=lb, 

Substituting these values in (1) of § 61, we obtain 
j^ + y2 __ 12 x — 4 y + 16 = 0, 
or (x - 6)2 + (y - 2)2 = 26. 

Hence (o, b) is (6, 2) and r = 6. 

28. What is the distance from the centre of the circle passing through 
(2, 0), (8, 0), (6, 9) to the straight line joining (0, - 11) and (- 16, 1)? 

Substituting the co-ordinates of each of the points (2, 0), (8, 0), (6, 9) 
successively in (1) of § 61, we obtain 

4 + 4D+2?'=0, (1) 

64+16Z)+i?'=0, (2) 

25 + 81 + 102>+18JSr+i^=0. (3) 

Solving these equations for D, E, and F, we obtain 

i> = -6, ^=-4, F=16. 

Hence, by § 61, (a, b) is (5, 4). 

The equation of the line through (0,-11) and (— 16, 1) is, by [4], 

iL±^ = l±^=^l or 3x + 45^ + 44 = 0. (4^ 

X — 16 

By [12] the distance from (6, 4) to (4) is 

-16-16-44 ^^ ,. 
, or — 10. 

•6 

24. What is the distance from the centre of the circle 

a:2^y2_4aj + 8y = 
to the line 4^-3^^ + 30 = 0? 
The centre of a:2 + y2 _ 4 ^ + 8 y = is (2, - 4) by § 61. 
By [12] the distance from (2, - 4) to 4ar - 3y + 30 = is 

-8-12-30 ^, irt 
, or — 10. 
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26. What portion of the line y = 5jr + 2 is contained within the 
circle x^ -\- y^-^lSx — ii^ — 9 = 01 

Writing the equation of the circle in the form of [15], we have 

(:rr-V-)^+(y-2)2 = iiJi. (1) 

The centre of (1) is (Y, 2) and r2 = -2}i. 

The distance from (y-, 2) to the line y — 5 a: = 2 is 

2-^-2 _ 66 
* , or • 

Now the radius, half the chord, and its distance from the centre 
form a right triangle of which r is the hypotenuse ; hence 



36. Through that point of the circle a:^ + y^ = 25 for which the 
abscissa = 4 and the ordinate is negatiye, a straight line parallel to 
y = 3x — 5 is drawn. Find the length of the intercepted chord. 

For x = i in x^ -\- y^ = 26, y = ± 3 ; hence (4, — 3) is a point of the 
line ; and its slope is 3, since it is parallel to y = 3 j: — 6. From 
[5] the equation of a line through (4, — 3) and having the slope 3 is 

y + 3 = 3(ar — 4), or y = 3x — 16, 

1 r 

whose distance from the origin is — ^^ ; hence 

VlO 

Chord = 2 J25-f-i5_y= VlO. 
^ VVlO/ 

27. Through the point (arj, yj), within the circle x^-\- y^= r\ a chord 
is drawn so as to he bisected at this point. What is its equation ? 

The equation of the line through (0, 0) and (x^, y^) is 

?=!'. (1) 

X X^ ^ ^ 

The chord is perpendicular to (1) at the point (xj, y^) ; hence its 

X 

slope is -, and its equation is 

y-yi = --i(x-x,), or XiX + y,y = X^a + yjS. 

Ifi 
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28. What relation must exist among the coefficients of the equation 

Ai^^ + y^) + Dx -^ Elf -^ C=0, 

(i.) in order that the circle maj toach the axis of j: ? 
(ii.) in order that the circle maj touch the axis of y ? 
(iii.) in order that the circle may touch both axes ? 

This equation may be written in the form 



The centre (a, b) is f--^, -;^\ and f^ = 



4^« 



(i.) Circle (1) is tangent to the axis of x when b— ±r, or 6^ = r^; 
that is, when E^ = D^ ■\- E^ -^ ^ AC, or D* = ^AC, 

(ii.) Circle (1) is tangent to the axis of y, when a^ = r^; that is, 
when L» = D^+E^-^^AC, or E<^ = 4AC. 

(iii.) Circle (1) is tangent to both axes when o' = 6* = r2; that is, 
when D^ = E^=L» + E^^^AG, or D^=E^=^Aa 

29. Under what condition will the straight line y = mx-\-c touch 
the circle x^ + y^ = 2 rx ? 

The equation x^ + y^ = 2 rx may be written in the form 

(x-r)a + y2 = r2. (1) 

The centre of (1) is (r, 0), and its radius is r. 
The distance of y = mx-^c from (r, 0) is, by [12], 

— mr — c 



VI + m^ 

The line y = mx-\-c will be tangent to (1) if this distance equals 
± r ; that is, if 

■-( "*^ + c ) ^^^^ Qj r2 = 2rmc + c2. 

80. What must be the value of k in order that the line 3x + 4^^ = ^ 
may touch the circle y^ = lOx — x* ? 

The equation of the circle may be written in the form 

(ar - 6)2 + y2 = 25. (1) 

The centre of (1) is (5, 0) and r = 5. 
The distance of3x + 4y = A: from (5, 0) is, by [12], ± i2llf. 
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If this distance equals 5 ; that is, if ± 
the line is a tangent to the circle. 



16-1; 



= 6, or ifc = 40 or — 10, 
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31. Find the equation of the circle which passes through the origin 
and cuts equal lengths a from the lines x = y, x-\- y = 0. 

Let OX and Oy be the axes and .P3P1, 
P^P^ the lines 1/ = x and y = — x respectively, 
which bisect the angles between the axes. 

Let OPi = OP^ = OP3 = 0P^ = o; 

then 0M= MP^ = J a V2. 

Hence P^ is (Jav^, Jav^), 

P,i8(-Jav^,iav^), 

P3i8(-iav^,-iaV2), 

and Pj is (Jav^, - Jav^). 

The circle passing through 0, Pj, and P4 has its centre on 0X\ 
hence its equation is of the form 

x2 + y2 = 2?r. [17] 

Since Pj (JaV2, JaV2) is on this circle, we must have 

la^ + \a^ = ray/2, or r = \a\/2. 
Substituting this value of r in [17], we have 

x^ ■{■ y^ = axy/2. 
The circle passing through O, P^ Pj is x^-^ y^ = ayy/2. 
The circle passing through 0, Pj, Pj is a;^ + ^2 _ _ axv^. 
The circle passing through 0, Pj, P4 is ar^ ^. ^2 _ _ ay \/2. 

82. Find the equations of the four circles whose common radius 
= a\/2, and which cut chords from each axis equal to 2 a. 

The radius, one-half the chord, and either co-ordinate of the centre 
form a right triangle of which the radius is the hypotenuse. Hence 
either co-ordinate of the centre equals y/{a^Zy^ — a^, or a numerically, 
and the four circles are 

Cx-a)2+(y-.a)2 = 2a2, 
(r + a)2-Ky-a)2 = 2a2, 
(x + a)2+(y + a)2 = 2a«, 
(a:-a)2+(y + a)a = 2a2, 
or a:2 + ^2 + 2a(x±y)=0. 
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88. Find the equation of the circle whose diameter is the common 
chord of the Circles x^-\-y^= r% {x — a)^ + y^ = r\ 

Subtracting the first equation from the second, we find the equation 
of the common chord to be 

jp=ia. (1) 

The intersections of (1) and T^^y^ = r^ are (J a, jVir^ — a*) and 
(let, — jV4r2 — a'), which are the extremities of the chord, of which 
the middle point is (^a, 0). 

Hence the centre of the required circle is (^a, 0), and its radius is 
jV4r2 — a2 . therefore its equation is 

or 2 (x2 — oar + y2 _ r^) + aa = 0. 

34. Find the equation of the straight line passing through (0, 0) 
and the centre of the circle a:^ + y^ = «(a: + y). 

From the form 

x^ — ai: 4- y^ ~ oy = 0, 

we learn that the centre of the circle is Qa, \a). 
The line through (0, 0) and (J a, \a) is, by [4], 

y i« 

- = 1— = 1, or y = x, 

36. Find the equation of the straight line passing through the 
centres of the circles a:^ + y2 =- 25 and ar^ ^ ^2 _|_ g j. _ g^ _ q. 

The centres of the circles are (0, 0) and (— 3, 4) respectively, and 
the equation of the line through these two points is 

3( = -i-, or4ar+3y = 0. 
X — o 

36. Find the equation of the straight line passing through (0, 0) and 
touching the circle ar^ _|_ ^2 _ g ^r — 12 y + 41 = 0. 

This equation may be written in the form 

(ar - 3)2 + (y - 6)2 = 4. (1) 

Hence (a, h) is (3, 6) and r = 2. 

Since the line passes through the origin, its equation is of the forni 
y = mx. (2) 
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The distance of (2) from (3, 6) is '^ — . and (2) is a tangent to 

Vl + m^ 
(1) if this distance equal 2 ; that is, if 



Sm-e ^2 or (3»i-6)2 = 4 + 4»i2. 



Vl + >«i 

Whence m = ^±^ Vil, and the required equation is 
y= W±f V4T)ar, or 5y = (18 ± 2 V41)x. 

37. Find the equation of the straight line parallel to 
ar+ \/3(y-12)=0 
and touching x^ + y^=: 100. 
Putting X + VS (y — 12) = in the normal form, we have 

| + :^3, = 6V3. (1) 

Now the required lines are parallel to (1), and at the distance 10 
from the origin ; hence their equations are 

X , s/S irt , X V3 trt 

- + y = 10 and y = 10, 

2 2 2 2 

or jr + VSy T 20 = 0. 

88. Find the equation of the straight line passing through the points 
common to the circles 

x2+y2— 2a:- 4y- 20 = 0, 

x^^y^^l^x- \Qy + 100 = 0. 

Suhtracting the second equation from the first, we obtain 

12a: + 12y — 120 = 0, or a: + y = 10, 

as the equation of the common chord of the circles. 

89. Prove that the common chord of the circles in No. 38 is perpen- 
dicular to the straight line joining their centres. 

The centre of the first circle is (1, 2), and of the second (7, 8), and 
the line through these points is 

^^^ = ^^=1, or y = a:+l. (1) 

x~l 7-1 ' ^ ^ ^ ^ 

The slope of (1) is + 1, and that of the common chord is — 1 ; hence, 
bj § 45, Cor. 2, the lines are perpendicular. 



184 ANALYTIC GEOMETRY. 

40. Find the area of the triaDgle formed by radii of the circle 
x^ + y' = 169 drawn to the points whose abscissas are — 12 and + 7 
and ordinates positive, and the chord passing through the same two 
points. 

For a:= — 12 in ar^ +^ = 169, y = ±6; hence one vertex is (- 12, 5). 
For X = 7, y = ± 2 V30; hence a second vertex is (7, 2 VSO). 
The third vertex is the origin. 

By [13] the area of a triangle whose vertices are (7, 2V^), (0, 0), 
(-12, 5) is 

Area = i[7(- 6) - 12(2^30)] = J(36 + 24 V^). 

41. Prove that an angle inscribed in a semicircle is a right angle. 

Let x^ + y^ = r^ be any circle ; then the extremities of the horizontal 
diameter are (— r, 0) and (r, 0). 
The equations of the chords through these points are 

y = m(x-\- r), (1) 

y = m'(ar-r). (2) 

Let the lines (1) and (2) intersect on the circle in (xj, y{) ; then 

we have 

yi = wf(xi + r), (3) 

yi = »»'(^i - 0> (4) 

Multiplying (3) and (4) and dividing by (6) we obtain mm' = — 1. 
Hence lines (1) and (2) are perpendicular, if they intersect on the 
circle x'^ + y^ = r*. 

42. Prove that the radius of a circle drawn perpendicular to a chord 
bisects the chord. 

Let P1P2 be any chord of the circle whose radius is r. Take as axes 
the diameters perpendicular and parallel to PiPf, 

Then the equation of the circle is ar^ + y* = r*, and 

from which it follows that the axis of x bisects P^P^ and every chord 
parallel to it. 

4&. Find the inclination to the axis of x of the line joining the cen- 
tres of the circles x'^ -^ 2x -{■ y^ = 0, x^ -\- 2 y -\- y^ = 0. 
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The centres of these circles are (— 1, 0) and (0, ~ 1). 

By [4], the equation of the line through these two points is 



-1 
1 

Here tan7 = m = — 1, /. 7 = 135°. 



— L = — = — 1, or y = — X — 1 
ar+1 1 ^ 



44. Determine the point from which tangents drawn to the circles 
ji^^y2^ 2a:— 6y+ 6 = 0, 
ar8 + y2 _ 22y — 20 a: + 62 = 0, 

will each be equal to 4 V6. 
The equations of the circles may be written 

(a:-l)2+(y-3)2 = 4, (1) 

(ar - 10)2 + (y _ 11)2 = 169. (2) 

In (1), (a, b) is (1, 3), and r = 2. 

In (2), (a, 6) is (10, 11), and r = 13. 

Let (a:,, ^j) be the required point ; then the distance between (xp y^) 
and (1, 3) is the hypotenuse of a right triangle of which the other two 
sides are 2 and the length of the tangent. Hence we have 

(x, _ 1)2 + (yj - 3)2 = 22 + (4 V6)2 = 100. • (3) 

Also (a:, - 10)2 + (^j - 11)2 = (13)2 + (4 V6)2 = 265. (4) 

Solying (3) and (4) for x^ and y^ we find as the required points 
(7,-5)and(.6A,9if). 

46. Find the equations of the circles which touch the straight lines 
6j:+7y + 9 = and 7x + 6y + 3 = 0, and the latter line in the 
point (3,-4). 

Let (a, b) be the centres of the circles. 

The distance of (a, b) from 6a:+7y + 9 = 0is 

_6o-76-9 

V86 

The distance of (a, 6) from 7x + 6y + 3 = 0is 
^7a.,66--3 
\/85 



Solving (2) and (4), we find the other centre to be ( — 7- » "" 
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Since the circles are tangent to both of these lines, these distances 
are numerically equal, and we have 

— 6a~7fe-9 _ —7a — 66-^3 

V86 V85 

or a-6-6 = 0, (1) 

and 13a +136 +12 = 0. (2) 

The line perpendicular to 7 ar + 6y + 3 = at (3, — 4) is, by § 46, 

y + 4 = f(x-3), or 7y-6j: + 46 = 0. (3) 

But the centre (a, 6) is on (3) ; hence we have 

76-6a + 46 = 0. (4) 

Solving (1) and (4) for a and 6, we find one centre to be (—4, —10). 

514 670\ 
169/' 

The radius of the first is the distance from its centre (— 4, — 10) to 
(3, —4), or V86; hence its equation is 

(x + 4)2 + (y + 10)a = 86. 

The radius of the second is the distance from its centre 

^169 169/ ^ ' ^ 169 ' 

hence its equation is 

^^514y / 670y^_86_. 
V 169/ r 169/ 1692 

46. Obtain and discuss the equation of the locus of the centre of a 
circle having the radius r and passing through the point (xj, y^). 

Let (Xf y) be the centre of the circle ; then the distance from (i, y) 
to (aTj, yi) equals r ; that is. 

Hence the required locus is a circle whose centre is the point (j^nyi) 
and whose radius is r. 

47. Obtain and discuss the eqaation of the locus of the centre of a 
circle having the radius r' and touching the circle 

(ar - a)2 + (y - 6)2 = r2. 

The centre of this circle is (a, 6), and its radius is r. Let (x^y) be 
the centre of the circle whose radius is r'. 
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If these circles are tangent externally, the distance between their cen- 
tres equals the sum of their radii, and we have 

(x - a)2 + (y - 6)2 = (r + r'y, (1) 

If the circles are tangent internally, the distance between their cen- 
tres equals the difference of their radii, and we have 

(x - a)2 + (3, - by = (r - r')2. (2) 

Equations (1) and (2) are those required. 

The locus of (1) is a circle whose centre is (a, 6) and whose radius 
is r -f r', and that of (2) is a circle whose centre is (a, 6) and whose 
radius is ± (r — r'), the upper or lower stgn being used according as 
r > or < r'. 

48. Obtain and discuss the equation of the locus of all points from 
which tangents drawn to the circle (ar — a)2 -|- (y — 6)2 _ ^2 have a given 
length t. 

Let (x, y) be the point from which tangents are drawn ; then the 
distance from (a:, y) to the centre (a, 6) is the hypotenuse of a right tri- 
angle whose other sides are r and t ; hence we have 
(a:-o)2-|.(y-6)2 = r2-K2, 

as the equation of the required locus, which is a circle whose centre 
is (a, b) and whose radius is Vr^ + t^. 

49. Obtain and discuss the equation of the locus of the middle point 
of a chord drawn through a fixed point ^ of a given circle. 

Let a diameter tlirough A be the axis of x, and a tangent at A be the 
axis of y ; then the centre of the given circle is (r, 0), and its equation is 

a^-{.y^ = 2rx. [17] 

Let the equation of the chord be 

y = mx, (1) 

The line through the centre (r, 0), and perpendicular to (1) is 

y = (^ — »')> ^^ ^ + ^y — **• (2) 

m 

By No. 42, (2) bisects the chord intercepted on (1) ; hence the re- 
quired locus is the locus of the intersection of (1) and (2). Combining 
these equations so as to eliminate m, we obtain 

x2 + y2 _ rx (3) 

as the required equation. 
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Tbe locus of (3) is a circle whose radius is ^ r and whose centre is 
(ir, 0). 

50. Obtain and discuss the equation of the locus of the point M 
which diYides the chord AC, drawn through the fixed point ^ of a 
given circle, in a giren ratio 

AM: MC = m : n. 

Let a diameter through A be the axis of x, and a tangent at ii be 
the axis of y; then the centre of the given circle is (r, 0), and its 
equation is 

3^ + y^ = 2rx. (1) 

Let (x„ ^j) be any point C on [17], and let (x, y) divide AC in the 
ratio m:n; then, by [3], we have 

tnx^ my, 

m -\- n f ji + n 

Whence x, = ^^ —  — ^ , y, = ^^ —  — ^- (2) 

m m 

Since (x^, y,) is on (1), we have 

^.' + y,' = 2rx,. (3) 

Substituting in (^) the values of x, and y, in (2), we liave after 

reduction 

2mrx ,jv 

x2+y2 = — — (4) 

^ VI -\-n 

as the equation of the required locus. 

Tlie locus of (4) is a circle whose centre is ( , ) and whose 

\»» + w / 

,. . mr 
radius is 



m •{- n 
For m = n, this gives the solution of No. 49. 

51. Obtain and discuss the equation of the locus of a point whose 
distances from two fixed points. A, B, are in a constant ratio m : n. 

Take A as the origin, AB as the axis of x, and let AB = a ; then A 
is (0, 0), and B is (a, 0). Let (x, y) be the point whose locus is re- 
quired. The distances of (x, y) from (0, 0) and (a, 0) are respectively 

a/x2 4- y2 and ^(x — a)'^ + y'^. 
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Bat these distances are in the ratio m:n; hence we have 
3^ + y^ _ »» 

or (m* — n2) (2^ + y2) _ 2 am^x + a^m^ = 0, (1) 

as the equation of the locus sought. 

The locus of (1) is a circle whose centre is [ —^ — » ), and whose 

\^i»*^ — n* J 

radius is 



TO* — n^ 



62. Obtain and discuss the equation of the locus of a point, the sum 
of the squares of whose distances from two fixed points, ^ and £, is 
constant, and equal to k^. 

Take AB as the axis of x, and O, the middle point of AB, as the 
origin, and let 0A= OB = a; then A is (—a, 0), and B is (a, 0). 
Let (x, y) be the point whose locus is sought. The distances of (or, ^) 
from (— a, 0) and (a, 0) are respectiTcly 



V(:c + ay + y2 and V(a: - a)2 + y^. 

But the sum of the squares of these distances is equal to k^ ; hence 
we have 

or a:2 + 3^2 = j(^2_2a2), (1) 

as the equation of the required locus. 

The locus of (1) is a circle whose centre is (0, 0), and whose radius 
is Vi(^'-2a2). 

53. Obtain and discuss the equation of the locus of a point, the dif- 
ference of the squares of whose distances from two fixed points, A, B, 
is constant and equal to k\ 

With the same axes and notation as in No. 52, we have 
(a: + «)2 + i/2 _. [(r - a)2 + y2] =: ± ^2, 

or 4aar=dbifc2, (1) 

as the equation of the required locus. 

The locus of (1) is two lines parallel to the axis of y ; one A:2 -^ 4 a to 
the right, the other k^-i-A^a to the left, of that axis. 
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54. Obtain and discuss the equation of the locus of the middle point 
of a line of constant length d which moves so that its ends always 
touch two fixed perpendicular lines. 

Let OX and OF be the fixed lines, and DB 
the line of length d in any position. Let 
(ar, y) be P, the middle point of DB. Draw 
PJf parallel to OY; then 

Mff + Mp^PS", (1) 

But MB= OM=Xy MP=yy PB=\d, 
Substituting in (1), we have 

as the equation of the required locus. 




— X 



(2) 



The locus of (2) is a circle whose centre is (0, 0), and whose radius 
is \d. 

56. Obtain and discuss the equation of the locus of the vertex of a 
triangle whose base is fixed and of constant length, and the angle at 
the vertex is also constant. 

Let AGB be any one of the triangles con- 
structed on AB as base, and having a vertical 
angle equal to ACB. Take O, the middle 
point of ABy as the origin, and OB as the 
axis of X. 

Let Cbe (a:, .y), a = AO=OB, e=ZACB, 
a=ZBAC, $ = ^ABC; then 

= 180° - (o + i8), 

and tan6 = — tan(a+ iS)- 

tan a + tan B 




M B 



Fig. 65. 



Whence tan = — 



But 



tan a = 



1 — tan a tan fi 
MC_ y 



n) 



tani8 = 



MC_ y 



AM a + ar MB 

Substituting these values in (1), we obtain 

y . y 



a — ar 



tan0 = 



a-\- X a — X 

To. ' 

-1 



a^ — x^ 

or a:2 4- ^2 _ 2 ay cot = a\ 

as the equation of the required locus. 



C2) 
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The locus of (2) is a circle whose centre is (0, acot^), and whose 
radius is a esc B. 

56. One side, AB, of a triangle is constant in length and fixed in 
position; another side, AG, is constant in length, but revolyes about 
the point A. Find the locus of the middle point of the third side, BC. 

Let ^C in the figure be one position of the 
revolving side, AB the fixed side, and P the 
middle point of the side BC. Let AB==a, 
AC=b; let {x, y) denote P referred to AB 

And AY, ^ B M B 

Then Aff + RC^ = AC^ = l^, (1) Fio. 56. 

AB = AB-'IiB=a^2'MB=a~2(^a-x) = 2x^a. 
BC=2'MP=2y, 
Substituting these values in (1), we obtain 

(2ar-a)2+(2y)2 = 62, or (x- i a)a + y2= 152, (2) 

as the equation of the required locus. 

The locus of (2) is a circle whose centre is (}a, 0), and whose 
radius is ^ 6. 

67. Find the locus of the intersections of tangents at the extremities 
of a chord whose length is constant. 

Let (a/, ^') be any point of intersection of tangents at the extremi- 
ties of a chord whose length is / ; then the equation of the chord of 

contact is 

x'x + y'y = r9. (1) 

The distance of (1) from the origin, or centre, is - . But 

this distance, half the chord Z, and the radius form a right triangle of 
which the radius is the hypotenuse ; hence we have 

^ or'a + y^ r2-J/2 4r^-.p 

Since (x', ^') is any point in the locus, and the square of its distance 
from the origin is x^ + y'* or -, the equation of the locus is 



4r3-/a 
Hence the locus is a circle. 



192 



ANALYTIC GEOMETRY. 




O M A 

Fio. 57. 



68. A and B are any two fixed points, and P moves so that 
PA = n'PB; 
find the locus of P. 

Let A and B be the fixed points, and take 
the line through them as the axis of x and 
the point mid-way between them as the origin. 
Let OA = a, and P (x, y) be any position of 
the point P; then we have from the right 
triangles AMP and BMP 

P?=,(a-x)2 + y«, 

Pff = (a + x)^ + yK 

Substituting these values in the relation PA^ = n^ • P5*, we have 
(a - xy + y2 = „2 (a ^. a.)9 ^. „2y3^ 

or (1 - v?){x^ + y^ + a^) - 2a (1 + n2) X = 0, 

of which the locus is evidently a circle. 

Ex. 24. Paere 97. 

1. What is the equation of the diameter of the circle x^ + y^ = 20 
which bisects chords parallel to the line 6a:+7y + 8 = 0? 

The equation of the diameter of the circle a;^ + y^ _ ,.2^ bisecting 
chords whose slope is m, is 

1 



y- ar. 

m 



Here 



in = — ^; hence 

is the required equation. 

2. What is the equation of the diameter of the circle which bisects 
all chords whose inclination to the axis of x is 135^ ? 

Here in = — 1 ; hence the required equation is y — x, 

8. Prove that the tangents at the extremities of a diameter are 
parallel. 

If (xi, yi) be one extremity of a diameter of a:^ + y^ = t\ (— arj, -.Vi) 
is the other extremity. By § 64 the slope of a tangent at (xj, yj) is 



X. 



— — ; that of a tangent at (— x„ — y^ is 

y\ 



— Xt 



-yi 



y\ 
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Their slopes being equal, the tangents are parallel. 

Or, conceive the chord FE, Fig. 27 (Analytic Geometry), to move 
parallel to itself until the points F and E coincide at either extremity 
of the diameter. In either position it will be a tangent parallel to DC 

4. Write the equations of the chords of contact in the circle 
x2 + y2 _ f2 for tangents drawn from the following points : 

(r,r), (2r,3r), (a + 6,a-6). 

The equation of the chord of contact of tangents drawn from (A, Ic) 
to the circle a^ + y^ = ^2 jg 

Ax + % = r2. (1) 

If (A, h) be (r, r), (1) becomes 

rx ■\- ry = r^, or x + y = r. 
If (A, k) be (2r, 3r), (1) becomes 

2 ra: + 3ry = r2, or 2 a: + 3y = r. 
If (A, k) be (a + 6, o — 6), (1) becomes 

(a + 6)a:+(a-6)^ = r2. 

5. From the point (13, 2) tangents are drawn to the circle 

x3 + 3^2_49j 

what is the equation of the chord of contact ? 

Here (A, h) is (13, 2) and r^ = 49; hence the equation of the chord 

of contact is 

13ar + 2y = 49. 

6. What line is represented by the equation hx-^-hy = r^ when (A, k) 
is on the circle ? 

The tangent at (A, k), 

7. Write the equations of the polars of the following points with 
respect to the circle x^-\- y^ = 4ti 

(i.) (2,3). (u.) (3,-1). (iii.) (1,-1) 

The polar of the point (A, k) with regard to the circle 3:2^^2 — ^2 jg 

hx-\-ky = r3. (1) 

(i.) If r2 = 4, and (A, k) is (2, 3), (1) becomes 

2x + 3y = 4. 



1 
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(ii.) If r* = 4, and (A, k) is (3, - 1), (1) becomes 

3x — y = 4. 
(iii.) If r* = 4, and the pole is (1, — 1), the polar is 

T — y = 4. 

8. Find the poles of the following lines with respect to the circle 
r2 + ^3 = 35 . 

(i.) 4x + 6j^ = 7. (ii.) 3ar-2y = 5. (iii.) ax + 6y = l. 

The pole of the line hx + ky = r^ with respect to the circle 3fi-\-y^=t^ 
is (h, k). 

(i.) Since here r^ = 36, to put 4a: + 6y = 7 in the form hr-\-ky = r^ 
we multiply by 5, and obtain 

20ar + 30y = 35, 

of which the pole is (20, 30). 

(ii.) 3ar — 2y = 5 in the form of hx-\-ky = r^ is 

2lx-14^ = 36, 

of which the pole is (21, — 14). 

(iii.) ax + 6y = 1 put in the form of hx-{-ky = r^ becomes 

36ax + 366y = 36, 

of which the pole is (35 a, 366). 

9. Find the pole of3a; + 4^ = 7 with respect to the circle 

a:a + ^«=14. 
Here r^ = 14 ; hence 8x + 4^ = 7 in the form of hx ■{- ky = i^ i% 

6x + 8y = 14, 
and (h,k), on the pole, is (6, 8). 

10. Find the pole ot Ax ■{■ By + C = with respect to the circle 

a:* + y9 = r«. 
Put in the form of hx-{-ky = r^, Ax + By •{• C = becomes 

Ar*x Br^y _ ^ 

c 'c""' 

and (A, fc), or the pole with respect to z* + y' = r*, is 

[~~c' --0/ 
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11. Find the co-ordinates of the points where the line x = 4 cuts the 
circle j:^ -f ^^ = 25 ; also find the equations of the tangents at those 
points, and show that they intersect in the point (^, 0). 

For ar=4in j:2_|.y2__25, y = ±3; hence in [18], r2 = 26, and (ar, y) 
is (4, ± 3). Substituting these values in [18], we obtain 

4xdb3y = 26. (1) 

Regarding equations (1) as simultaneous, and solving for x and y, 
we find that their loci intersect in the point (^^, 0). 

18. If the polars of two points P, Q meet in B, then B is the pole 
of the line PQ. 

If the polars of P and Q each pass through i2, the polar of B passes 
through each of the points Pand Q (§ 74), and is therefore the line PQ, 

18. If the polar of (A, k) with respect to the circle x^ + y* = r^ touch 
the circle x^ + y^ = 2rx, then k^-\-2rh = r^. 

The polar of (h, k) with respect to x^ + y^ = r^ is 

hx+ky = f^, (1) 

The tangent to x^ + yS = 2 rx at (x^ y{) is 

(xi - r)x + yiy = rxj. (2) 

If the polar (1) is a tangent to x^ + y^ = 2rx, (1) and (2) are the 
same line ; hence we have 

^i-''^.Vi 2^ = r£i = £i. (3) 

h k' k r^ r 

Solving equations (3), we obtain 

Since (x^, y{) is on x^ + y^ = 2 rx, we have 

a?i^ + yi« = 2rxi. (6) 

Substituting in (5) the values in (4), we obtain 

k^ + 2rh = r^. (6) 

Hence the pole (h, ifc) is on the curve y^ + 2rx = r», when the above 
conditions are fulfilled. 

14. If the polar of (A, k) with respect to the circle x^ ■\-y^=c^ touch 
the circle 4(x2 + y3) ^c^; then the pole (A, k) will lie on the cupcle 
x2 + y2=4c2. 
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The polar of (h, k) with respect to the circle x® + y* = c^ is 

hx-\-ki/ = c^. (1) 

The tangent to 4 (r^ + yS) = c^ at (or,, y{) is 

4 (x'lX + y^) = c3. (2) 

If (1) and (2) are the same line, we have 

4^1 = A, 4^1 = A;. (3) 

Since (1:1, y,) is on 4 (a:^ + y^) = c\ we have 

4(:fi«+yi*) = ca. (4) 

From (3) and (4) we obtain A^ + ifc« = 4c2. 
Hence (A, k) is on the circle a:* + y* = 4 c*. 

16. Find the polar of the centre of the circle x^-^-y^^r^. Trace 
the changes in the position of the polar as the pole is supposed to move 
from the centre to an infinite distance. 

In Fig. 32 of § 76, OPx 0Q= oZ*. As OP approaches zero, Oii 
increases without lim it; h ence the polar of the centre is at infinity. 

Since OPX 0Q = 0A\ as OP increases from zero, OQ diminishes 
from infinitj. While OP increases from zero to OA, OQ decreases 
from infinity to OA. While OP increases from OA to infinity, OQ 
diminishes from OA to zero. 

16. What is the square of the tangent drawn from the point (A, h) 
to the circle x^'\-y^ = r^'i 

The tangent t and the radius r are the sides of a right triangle of 
which the hypotenuse is the distance from (A, k) to (0, 0) ; hence we 
have A» + jfca = r2 + ^2, or <« = A^ + A;» - r^. 

17. Find the length of the tangent drawn from (2, 5) to the circle 

a;3 + y3_2x-3y-l = 0. 

By § 76 the length of the tangent from (A, k) to the circle 

a:3 4.y2_2ar-3y-l = 

is v'A2 + jfc2«2A-3;fc-l. 

Here (A, k) is (2, 6) ; hence the tangent equals 

V4 + 26-4- 16-1, or 3. 
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18. Find the radical axis of the circles (a: + 5)2 + (y + 6)2 = 9, 
(x-7)2+(y-ll)2=16. 

From (3) of § 77 we have as the required equation, 

(:c+5)2+(y + 6)2-9=(x-7)2+(y-ll)2-16, 

or 12x+17y = 51. 

19. Find the radical axis of the circles x^-{-y^ + 2x-{-Sij-7 = 0, 

From (3) of § 77 we have as the required equation, 

a^» + y 2 + 2 x + 3 y - 7 = x2 + y 2 . 2 X - 3/ + 1 , 
or X + y — 2 = 0. 

20. Find the radical axis of the circles x^ + y^-\-bx-\-by — c = 0, 
ax^ + ay^ + a2x + 62^ = 0. 

From (3) of § 77 we have as the required equation, 

&2 

x^ ■{■ y^ + bx + by — c = x^ •{■ y^ -^^ ax + - y, 
or (a2 — ab)x— (ab — }p)y-\-ac = 0. 

21. Find the radical axis and length of the common chord of the 
circles ^2 + y^ + «a: + 6y + c = 0, x'^-{'y^-{-bx-\-ay ■\- c = {i. 

From (3) of § 77 we have as the required equation, 

a^ ^ y^ ■\- ax ■{■ by -{■ c = 3^ ■\- y^ -^-bx ■\- ay ■{■ c, 

or a: — y = 0. (1) 

The centre of the first circle is (— ia, — i^), and its radius is 
\ Va2 + 62 — 4 c. Bj [12] the distance from (— Ja, —56) to the radi- 
cal axis, or common chord, (1) is 

-i« + i^ or ^-=1^. 
V2 2v^ 

Now this distance and half the chord are the sides of a right triangle 
of which the hypotenuse is the radius of the first circle ; hence 

Chord = 2.^/^±|Hlf_^i^J= V Ka + t)'-4c. 

82. Find the radical centre of the three circles 

a:2 + y2 + 4a: + 7 = 0, (1) 

2x2 + 2^24.3^:4.53,4.9 = 0, (2) 

a:3+y2 + y = 0. (3) 
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The radical axis of (1) and (2) is 

or z — ^ + 1 = 0. (4) 

The radical axis of (1) and (3) is 

a:« + y2 + 4x + 7 = xa + ya + y, 
or 4ar — y + 7 = 0. (6) 

The common point of (4) and (5) is (^2, —1), which is therefore 
the radical centre of the circles. 

Ex. 25. Page 104. 

1. Find the distances from the point P in Fig. 58 to the two axes. 
NP= 0M= OPco8MOP=pco8e, 
MP= OPsin MOP=p sin 0. 

8. Prove that the equation of a straight line, 
referred to oblique axes in terms of its intercepts, ^ 
is identical in form with [7]. 

If the axei9 were oblique in Fig. 19, § 38, AMP 
and AOB would be similar triangles, and we would haye the same pro- 
portions as those used in § 40. Hence [7] holds for oblique axes. 

8. If the straight line P^OP^ (Fig. 68) bisects the second and fourth 
quadrants, what are the polar co-ordinates of the points P, and P, ? 
Give more than one set of values in each case. 

Pj, is (a, Jir), or (- a, }ir), or (- a, - Jir), or (a, - }ir) ; 
Pj is (- a, Jir), or (a, }ir), or (a, - Jx), or (- a, - Jir). 

4. Construct the following points (on paper, take a = 1 in.) : 

(-3a, ^^, (4a,tan-i|Y (4a,tan-i|Y 

Note. The expression tan-^ - in higher Mathematics means "the 

4 ^ 

angle whose tangent is — " 

o 
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5. If pi, Pa denote the two values of p in equation [25], p. 103 
(Analytic Geometry), prove that p^p^ = p'« — r^. What theorem of Ele- 
mentary Geometry is expressed by this equation (i.) when the pole is 
outside the circle ? (ii.) when the pole is inside the circle ? 

By Algebra we know that the product of the values of x in th^ 
quadratic x^ -\- ax -[■ b = equals b ; hence in [25] 
PiP, = p'2-r2=(p' + r)0>'-r). (1) 
(i.) In Fig. 59 

Pi = OP, Pa - OQ, 
p' + r= OM, p'-^r^ON. 
Substituting these values in (1), we have 
OPxOQ=OMxON, 
or OP'.OM'.iOK'.Oq. 




Fig. 69. 



That is, if from a point without a circle two secants be drawn, the 
whole secaiits and the parts without the circle are reciprocally propor- 
tional. 

(ii.) When the pole is within the circle, pj and p^ are the two parts 
of any chord through the pole, and p' -{-r and p^ --r are the parts of 
the diameter through the pole, p, and p' — r being each negative. Hence 
if any chord and a diameter intersect each other in a circle, their seg- 
ments are reciprocally proportional. 

6. Through a fixed point P in a circle a chord PB is drawn, and 
then revolved about P; find the locus of its middle point. 

Let P be the fixed point in the circle PBA, and PB 
the chord. Draw CQ perpendicular to PB\ then Q 
is the middle point of PB^ whose locus is sought. 
Let P be the pole, PC tlie polar axis, and Q the point 
(p, 6) ; then 



cos e — — ^, or p = PO X cos 9. 




(1) 



Fig. 60. 



Comparing (1) with [24], we see that the locus of (1) is a circle 
whose diameter is PG, 

If Pwere within or without the circle, we would obtain the same 
result, except that, when P is without the given circle, the locus con- 
sists only of that part of the circle whose diameter is PC, which lies 
within the given circle PBA. 
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7. If p denote the distance from the pole to a straight line, a the 
angle between p and the polar axis, prove that 
the polar equation of the line is pcos (t^— a) =/>. 

Let be the pole, OX the polar axis, OD the 
perpendicular on any line PD^ and P any point 
(p, &) on the line ; then 

c<mDOP '^ cos (9 -a) Fie. 61. 

4 

Bz. 26. Pasre 109. 

1. What does the equation y*— 4ar + 4y + 8 = become when the 
origin is changed to the point (1, — 2) ? 

To find the equation of a curve referred to new axes parallel to the 
old, the new origin being (A, h)^ we substitute x + h for x and y + i for 
y in the given equation of the curve. Here (/*, h) is (1, —2). Sub- 
stituting j: + 1 f or X, and y — 2 for y in y^ _ 4 a: + 4 y + 8 = 0, we obtaiu 

(y -2)2-4 (.r+l) + 4(y-2) + 8 = 0, 

or y^ = 4 X, 

as the equation of the curve referred to the new axes. 

2. Transform the equation of the circle (jx — of + (y — 6)^ = r^ by 
changing the origin to the centre of the circle. 

Here the new origin (A, h) is (o, 6). Substituting ar + a for ar, and 
y 4- 6 for y in (ar - a)2 + (y - 6)2 = r^, we obtain 

(x + o - o)2 4. (y + 6 - hy = r2, or x2 + y2 = r2, 

as the equation of the circle referred to its centre. 

8. Transform the equation of the circle (x — a)2 + (y — 6)2 = r^ by 
changing the origin to the left-hand end of the horizontal diameter. 

Here the new origin (A, k) is (a - r, 6). Substituting x^a-riox 
a, and y + 6 for y in the given equation, we obtain 

(^ + «-'*-«)2+ (y + 6-6)2 = r2, or x2 + y2^2rx, 
as the equation of the circle referred to the new axes. 

4. Transform the equation of the circle (x - a)2 + Cv - 6)2 = r^ by 
changing the origin to the upper end of the vertical diameter. 
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Here the new origin (A, k^ is (a, 6 + r). Subsdtating x-\-a for x, and 
y^l^r for y in the giyen equation, we obtain 

(a:+a-a)«+ (y + 6 + r-6)» = r«, or x« + y«+2ry = 0, 

as the equation of the circle referred to the new axes. 

5. What does the equation 2^+ y^ = r' become if the axes are turned 
through the angle a ? 

To find the equation of a curve referred to a new set of rectangular 
axes, the origin remaining the same, and the new axis of x making an 
angle 6 with the old axis of x, we substitute xcos^ — ^sind for x, and 
x8\n9-\- y cos $ for y in the given equation. 

Here 0= a. Substituting x cos a — y sin a for x, and x sin a + y cos a 
for y in ar2 + y2 = r^, we obtain 

(x cos o — y sin o)^ + (x sin o + y cos a)* = r*, 
or (C082 a + 8in2 „) (^^2 + y^) = x^ + y* = r^, 

as the equation of the circle referred to the new axes. 

6. What does the equation 3^-^y^=a^ become if the axes are 
turned through — 45° ? 

Here a = — 46° ; hence sin ^ = — J V2, and cos (> = J V2. 
Substituting J V2x + } V^y for x, and - J V2x + J \/2y for y in 
x2 — y2 = a2^ we obtain 

[JV^(x + y.)P-[jV2(y-x)P = a2, or 2 xy = a2, 

as the equation of the curve referred to the new axes. 

7. The equation of a curve referred to rectangular axes is 

X— xy — y = 0. 
Transform it to new axes, whose origin is the point (— 1, 1), the new 
axis of y bisecting two of the angles formed by the old axes. 

To change the reference of a curve from one set of rectangular axes to 
another, the new origin being (A, h) and the new axis of x making the 
angle $ with the old, we substitute A + x cos ^ — y sin tf for x, and k-\-x 
sin fl + y cos 6 for y in the given equation. Here (A, k) is (— 1, 1) and 
= 45° ; hence sin ^ = cos ^ = } V2. Substituting — 1 -f J\/2 (x — y) 
for a:, and 1 + J\/2 (x + y) for y in x — xy — y = 0, we obtain 

-l + iV2(x-y)-[-l + iv^(x-y)] 

[l + ^v^(x + y)]-l-iV2(x + y)=0, 

or x2 — y2 + 2 = 0, 

as the equation of the curve referred to the new axes. 
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8. Change the following equations to polar equations, taking the 
pole at the origin and the polar axis to coincide with the axis of x; 

(i.) ar2 + y2 = a^. (ii.) x^ - y^ = a^. 

To obtain the polar equation of a curve from its rectangular equa- 
tion, the pole being at the origin and the polar axis coinciding with 
the positive direction of the axis of x, we substitute p cos for x, and 
p sin 6 for y, 

(i.) Making these substitutions in x^ + ^^ = a^, we obtain 

p2cos2^4-pagin2^ = a2orp=±a, 

as the required polar equation of the circle. 

(ii.) Making these substitutions in x^^y^ = d^, we obtain 

p^coB^ - f^Bin^e = a^, or p^(:082e = a^, 

as the required polar equation of the curve i^ — y2 _ ^2. 

9. Find the polar equation of the curve x^ = 4 ay, (i.) taking the 
pole at the origin; (ii.) taking the pole at the point (a, 0). 

(i.) Substituting p cos $ for x, and p sin for y in x^ = 4 ay, we obtain 

p3 cos2 = 4ap sin 0, 

or p = 4atan0sec0, 

as the required polar equation. 

(ii.) To obtain the polar equation of a curye from its rectangular 
equation, the pole being (h, k) and the polar axis being parallel to the 
axis of X, we substitute A + p cos 6 for x and A; + p sin for y. Here 
(h, k) is (a, 0). Substituting a + pcos0 for x and psind for y in 
x2 = 4 ay, we obtain 

(a-\- p cos oy = 4 ap sin 0. 

10. Change the following equations to rectangular equations, the 
origin coinciding with the pole, and the polar axis with the axis of x : 

(i.) p = a, (ii.) p = a cos 0, (iii.) p^ cos 2 0= a^. 
To find the rectangular equation of a curve from its polar equation, 
the pole being the origin and the polar axis the axis of x, we substitute 
x^ + y2 for p2, and y -f- x for tan 6. 

(i.) Substituting x^ + y^ for p^, we obtain 

Vx^ + y^ = a, or x^ + y^ = a^ 
as the rectangular equation of the curve. 
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(ii.) Since x = p cos B, cos ^ = - = * 



' Substituting this value for cos 9, and x^ + y^ for p^, we obtain 
Vg8+v^= ^ . or a:3 + ya-=ax, 

as the rectangular equation of the curve. 

(iii.) f^ cos 2 ^ = a* may be written 

p2 (C082 e - sin3 e)=a\ (1 ) 



X 



Since y = psin d, sin = ^ = ^ and by (ii.) cos <> = - 

Substituting in (1) these values for sin 6 and cos &, and x^ + y^ for p^, 
we obtain 

as the rectangular equation of the curve. 

11. Transform a: + y + 2 = by changing the origin to the point 
(-2,0). 

To find the equation of a curve referred to new axes parallel to the 
old, the new origin being (A, k), we substitute ar + A for ar, and y ■\-k for 
y, in the given equation of the curve. 

Here (A, k) is (—2, 0). Substituting x — 2 for x, and y for y, in 
* + y + 2 = 0, we obtain 

as the required equation. 

12. Transform 2x — 6y — 10 = 0by changing the origin to the point 
(5,-2). 

Here Qi, h) is (6, — 2). Substituting x + 6 for x, and y — 2 for y, in 
2 X — 6y — 10 = 0, we obtain 

2x — 5y + 10 = 

as the required equation. 

18. Transform 3x2 + 4xy + y2 — 5x — 6y— 3 = by changing the 
origin to the point (|, —4). 
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Here (A, h) is Q, — 4). Substituting^ x + J for x, and y — 4 for y, in 
8ar3 + 4xy + y« — 6a: — 6y — 8 = 0, we obtain 

as the required equation. 

14. Transform x^ + y* — 2 r — 4 y = 20 by changing the origin to the 
point (1, 2). 

Here (h, h) is (1, 2). Substituting r + 1 for x, and y + 2 for jf, in 
x2 + y2 _ 2 X - 4 y = 20, we obtain 

(x+l)»+(y + 2)2-2(ar+l)-4(y + 2) = 0, 

or a:a + y^ = 26, 

as the required equation. 

16. Transform ar^ — 6xy + y'^ — 6a:+2y + l='0 by changing the 
origin to the point (0, — 1). 

Here (A, fc) is (0, — 1). Substituting x for x, and y — 1 for y, in 
x2 — 6ry + y2 — 6x + 2y + 1 = 0, we obtain 

a:a-6ar(y-.l) + (y-l)a-6r+2(y-l) + l = 0, 
or a:* — 6j:y + y2 = 0, 

as the required equation. 

16. Transform the equation a-^ — y* -|- 6 = by turning the axes 
through 45<^. 

To find the equation of a curve referred to new rectangular axes 
having the same origin as the old, the new axis of x making an angle 
with the old axis of x, we substitute arcostf — ysintf for x, and 
X sin + y cos for y, in the given equation. 

Here tf = 46° ; hence sin ^ = cos ^ = i V2. 

Substituting J V2 (x — y) for x» and J V2 (x + y) for y in 

jr2 - y2 ^. 6 _ 0, we obtain 

i(^-y)^-i(^ + 3^)* + «=0, or xy = 3, 
as the required equation. 

17. Transform the equation (x + y — 2 a)2 = 4 xy by turning the 
axes through 46^. 

Here = 46° ; hence cos a = sin a = J V2, 
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Substituting J V^ (a: — y) for x, and J V2 (x + y) for y, in 

(x + y — 2a)2 = 4a:y, 
we obtain 

(v^a:-2a)2 = 2(a:2-y2), or y^ = 2a(^/2x-a), 
as the required equation. 

18. Transform the equation Ox*— 16y2= 144 to oblique axes, such 
that the new axis of x makes with the old axis of x a negative angle 
whose tangent = — f ; and the new axis of y makes with the old axis 
of X a positive angle whose tangent is |. 

From the rectangular equation of a curve, to find its equation when 
referred to oblique axes having the same origin, a and $ being the 
angles included between the old axis of x and the new axes of x and y 
respectively, we substitute x cos a + y cos /B for x, and x sin a + y sin jS 
for y, in the rectangular equation. 

Here tan o = — J and tan j3 = f ; hence cos o = f , sin o = — f , and 
cos /B = f , sin j8 = f . 

Substituting | (x + y) for x, and | (y — x) for y , in 9 x* - 16 y2 = 144, 

we obtain 

4xy = 26 
as the required equation. 

Ex. 27. Pagre HI. 

1. Find the distance from the point (— 2 6, b) to the origin, the axes 
making the angle 60°. 

By § 79 the formula for the distance between the two points (x^ y,) 
and (x,, y,), when the angle between the axes is «, is 

d = >/(x2 - xi)2 + (ya - y^^ + 2 (x^ - xj (y^ - yj cos «. (1) 

Here (x,, y,) is (-26, fc), (xj, yO is (0, 0), and « = 60^. 
Substituting these values in (1), we obtain 

d= V462 + 62_262 = 6V3. 

2. The axes making the angle w, find the distance from the point 
(1, - 1) to the point (— 1, 1). 
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Here (x^, y^) is (1,-1), and (x,, y,) is (— 1, 1). Substituting thew 
▼alues in (1) of No. 1, we obtain 



.>j- 



— cos U 



= 4 sin } «. 



8. The axes making the angle w, find the distance from the point 
(0,2) to the point (3,0). 

Here (xj, y{) is (0, 2) and (x,, y,) is (3, 0). Substituting these values 
in (1) of No. 1, we obtain 

d= V13 - 12 cos ». 

4. Determine the distance between the points (a, 6) and (ft, ^). 
Let P and C (Fig. 40, in Analytic Greometry) be any two points 
(pi» ^i) ^^^ (p2» ^a) » ^^^^ from the triangle OCP we have 

PC^ = Op + OC^ -20P'0C COS COP. 
Or, denoting the distance PC by d, we have 

d = V/,124. ^2^2 Places (»!-<?,). (1) 

Here (pi, ^j) is (a, 6), and (pj, $^) is (6, ^). Substituting these val- 
ues in (1), we obtain 

d= Va^ + 6^ — 2a6 cos (^ — «^). 

6. Determine the distance between the points (o, d) and (a, — ^). 

Here (pp Oj) is (a, ^), and (pj,, 6^) is (a, — 6). Substituting these 
values in (1) of No. 4, we obtain 



= 2a JI 



— cos 20 o . ^ 
=r 2 a sm 0. 



6. Determine the distance between the points (a, $) and (— a, — 0- 
Here (pp 0j) is (a, 6), and (p^, ^2) is (—a, —tf). Substituting these 
values in (1) of No. 4, we obtain 



— aFI 



cos 2 o ^ „^„ /, 
— = 2 a cos 0. 



7. Determine the distance between the points (2 a, 30°) and (a, 60°). 
Here (pj, ^j) is (2 a, 30°), and (pj,, d,) is (a, 60°). Substituting these 
values in (1) of No. 4, we obtain 

d = \/4 a2 + a* — 4 a^ cos (- 30°) ^ «V6-2\/§. 
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8. Show that the polar co-ordinates (p, 0), (— p, ir + tf), (— p, ^ — ») 
all represent the same point. 

Suppose AOPy Fig. 38, § 82, equals a, OP=p; then P is (p, 0), 
AOPi = IT + a, and P is (— p, ir + a) ; also the negative angle 
^OPi = e - IT, and P is (- p, d - ir). 

9. Transform the equation Sx^ + Sxy + ^y^-{-l2x-\'Sy ■{■1 = to 
the new origin (— }, — J). 

Here (A, fc) is (— J, — i). Substituting a: — J for a:, and y — J for y, 
in 8x2 + Sxy + 4y2 + I2x + 8y + 1 = 0, we obtain 

2a^* + 2a?y + y^=l 
as the required equation. 

10. Transform the equation 6a:2 + 3y2 — 24ar+ 6 = to the new 
origin (2, 0). 

Here (A, k) is (2, 0). Substituting a: + 2 for x, and y for y, in 
6a^ + 3y2 — 24a: + 6 = 0, we obtain 

2a:2 + y2 = e 

as the required equation. 

11. Transform the equation - + ^ = 1 by changing the origin to the 

a b 

point [ -, -V and turning the axes through an angle 0, such that 

h 

tan <b = • 

^ a 

To change the reference of a curve from one set of rectangular axes 
to another, the new origin being (A, ^), and the new axis of x making 
the angle with the old, we substitute h-\- x cos ^ — y sin ^ for a:, and 
Jt + a: sin a + y cos for y in the given equation. Here (A, k) is (J a, \ b), 

and tan = tan ^ = — - ; hence cos = — ""^ . and sin ^ = . 

« \/a2 + &2 Vaa + 62 

Substituting J a - " ^ + ^^ for x, and i 6 + ^ """^y for y, in - + '^ = 1 

Vo2+62 Va2+62 « 6 

we obtain 

1 X ^ by ^ 1 ^ ^ , ^.V ^x. 

2 Va2 + 62 o Va2 + 62 2 Va2 + 62 6 Va2T^ 
or y = 0, as the required equation. 
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12. Transform the equation 17 x^ ~ 16 xy + 17 ^^ = 226 to axes which 
bisect the axes of the old system. 

To effect this transformation, we substitute xcos (7 — ^ sin for x, and 
X sin tf + y cos B for y, being the angle between the old and the new 
axes of X. Here — 45^ ; hence sin d = cos 0=^ y/2. Substituting 
i>/2(x-y)forx,and J->/2(x + y) for y, in 17 x^- 16 xy+ 17^2 = 226, 
we obtain, as the required equation, 

or 9x2 + 25^2 = 225. 

Transform the following rectangular equations to polar equations, 
the polar axis in each case coinciding with, or being parallel to, the 
axis of X, and the pole being at the point whose coK)rdinates are given : 

18. x2 + y2=:8ax; the pole (0,0). 

To obtain the polar equation of a curve from its rectangular equation, 
the pole being (A, it), and the polar axis being parallel to the axis of 
X, we substitute 

A + p cos for X, and k-\- psinO for y, (1) 

in the rectangular equation. 

Here (h, k) is (0, 0). Substituting pcos $ for x, and psin 9 for y, in 
0^ + y^ = Sax, we obtain as the required equation 

p2 (cos2 + sin2 0) = Sap cos 0, or p = 8a cos 0, 

14. x2 + y2 ^ Sax; the pole (4a, 0). 

Here (A, k) is (4 a, 0). Substituting 4 a + p coe for x, and p sin 9 for 
y, in x2 + y2 __ SaXf we obtain 

p2=:rl6a2, or p=±4a, 
as the required equation. 

15. y^-Qy-bx-{-9 = 0; the pole (},8). 

Here (h,k) is (f, 3). Substituting | + pcos0 for x, and 3 + psin0 
for y, in y2 _ 6y — 5 X + 9 = 0, we obtain 

p2sin2 0-6pcosa=^;^. 

18. x2-y2_4a._6y_54^0; the pole (2, —3). 

Here (A, k) is (2, —3). Substituting 2 + pcos^ for x, and — 3 + p 
sin for y, in 

a:2-y2_4x- 6^-54 = 0, 
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we obtain 



p2= ^ = -i?- = 49 8ec2^, 

'^ cos^tf — 8in2^ co8 2e 



or p = i 7 Vsec 2 0. 

17. (x2 + y2)2 = ^.2(J;a _ y2) . the pole (0, 0). 

Here (h, k) is (0, 0). Substituting p cos for i-, and p sin $ for y, in 
(ar2 + ya)2 = ;t2(x2 — y2) ^ ^g obtain 

p2 = Jt2 cos 2 ^, or p = ± ky/co8 2e. 

Transform the following polar equations to rectangular equations, 
the origin being at the pole and the axis of x coinciding with the polar 
axis : 

18. p2sin2a = 2o2. 

To obtain the rectangular equation of a curve from its polar equa- 
tion, the pole being the origin and the polar axis the axis of x, we 

y 
substitute x^ + y^ for p2^ and - for tan 6. 

The equation p^ gin 2 ^ = 2 a^ may be written in the form 

p2(2sin^cos^) = 2a2. {l^ 

Since tan 9=-, cos = — ^ , and sin = ^ Substituting 

the values of p^, sin 0, and cos in (1), we obtain 

xy = a2 
as the required equation. 

19. p = ^sin2^. 

The equation p = A; sin 2 9 may be written in the form 

p = k(2%\Ti0co%e). (1) 

Substituting in (1) the values of p^, sin^, and cos^, as given in No. 
18, we obtain as the required equation 

{3^^y^)i = 2kxy. 

80. p(8in 3 ^ + cos 3 a) = 6 A; sin ^ cos 0. (1) 

Since sin 3 tf = 3 sin cos^ e — sin^ a, 

and cos 30= cos^ 0—3 sin^ cos 9, 
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equation (1) may be written in the form 

p (3 sin e cos^ e — sin* 9 + cos* — 3 sin^ e cos) = 6 it sin 9 cos 0. (2) 

Substituting in (2) the ralues of p, sin e, and cos 6 given in No. 18, 
we obtain as the required equation 

j:« — y» + (3x — 3y — 6it)i:y = 0. 

21. Through what angle must a set of rectangular axes be turned in 
order tliat the new axis of x may pass through the point (5, 7) ? 

The slope of the new axis through (0, 0) and (6, 7) is | ; hence the 
angle between the old and new axis of x is tan~^ J. 

22. The rectangular equation of a straight line is Ar + By + 0= 0. 
Through what angle must the axes be turned in order 

(i.) that the term containing x may disappear ? 
(ii.) that the term containing y may disappear ? 

The slope of the line -4x + By + C'= is — — • 

(i.) That the term in x may disappear, the new axis of x must be 
parallel to the given line; hence 0= tan"i[ — — V 

(ii.) That the term in y may disappear, the new axis of x must be 

perpendicular to the given line ; hence 9= tan~^ — 

A 

23. Deduce the following formulas for changing from one set of 
oblique axes to another, the origin remaining the same : 

_ jr' sin (« — a) y' sin (« — 3) /^ 

sm oi sm w 

x'sina . y'sin3 

y = + ^^—. • 

sin (o sin w 

Let OXj, Ol\ be the old axes, and OX^, 
O^i, the new. Let X^OX^ = ay X^OY^ = $, 
and Xi Fj = «. Let P be any point, its co- 
ordinates referred to the old axes being 0M= x, MP:^ y, its co-ordi- 
nates referred to the new axes being OM* = x' and M'P= y'; then we 
have 
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or 



or 



x=OM=OS+SM 

sin OM'S 



= OMf 



^j^ipsmM'PN 



sin OSM*  sin M'NI^ 

jc ^ ^/ sin (« - g) ^ ^, sinCft>-.ff) 
sin w sin w 

y = MP=SMf + NP 

sin OSMf sin M'iVP' 



y = 



« sin a , fSinjS 



sin» 



sni» 



ti) 



(2) 



24. From the formulas of No. 23 deduce those of § 88. 

In § 88 the old axes are rectangular; hence a = 90°, sin w = sin 90° 
= 1, sin (w — o) = cosa, and sin (« — /3) = cos/3. Substituting these 
values in (1) and (2) of No. 23, we obtain 

x=x' cos o + y' cos j8, 
and y = a/ sin o + y' sin /3. 



Ex. 28. Pafire 117. 

1. Show that the distance of any point of the parabola y^ = \px 
from the focus is equal iop-\- x. 

In Fig. 63 let P be any point 
(ar, y) in the parabola y^ = 4:px, 
whose focus is 2^, and whose direc- 
trix is EG; then 

FP= CP= DA^-AM=p-\-x, 

2. Find the equation of a parab- 
ola, taking as axes the axis of the 
curve and the directrix. 

Let P (ar, y) be any point in the 
parabola BAP referred to the axis 
DX and the directrix DC, Let F 
be the focus ; then in the right tri- 
angle FPM we have 

fP = FM' + mP. (1) 
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Fig. 63. 
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But FP= CP= DM= X, 

FM= DM-DF=z^2p, 

MP = y, 
Sabstituting these values in (1), we obtain 

a:2 = (x - 2/1)3 + y», 

or y^ = 4;»(x— /i), (2) 

as the equation required. 

3. Find the equation of a parabola, taking the axis of the curre as 
the axis of x and the focus as the origin. 

Let P(x, y) be any point in the parabola BAP referred to FX as 
the axis of x, and F as origin ; then we have 

fP^fm^ + mp". (1) 

FM^x, MP=y, 

FP= CP= DM= DF+ FM= 2p + x. 
Substituting these values in (1), we obtain 

(2/) + a:)« = xa + ya, 
or ya = 4;)(x + p). (2) 

4. The distance from the focus of a parabola to the directrix = 5. 
Write its equation, 

(i.) If the origin is taken at the vertex, 
(ii.) If the origin is taken at the focus, 
(iii.) If the axis and directrix are taken as axes. 

Here 2p = 5,0Tp= J. 
(i.) Substituting this value of p in [26], we obtain 

y2=10x. 
(ii.) Substituting this value of 2/7 in (2) of No. 3, we have 

y2=10x + 25. 
(iii.) Substituting this value of 2/7 in (2) of No. 2, we have 

y3=10x-26. 

6. The distance from the focus to the vertex of a parabola is i 
Write its equations for the three cases enumerated in No. 4. 

Here p = 4. 
(i.) Substituting this value of p in [26], we obtain 

y2=16a:. 
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(ii.) Substituting this value of p in (2) of No. 3, we obtain 

y«=16x+64. 
(iii.) Substituting this value of p in (2) of No. 2, we have 

ya=16a:-64. 

6. For what point of the parabola y^ = 18 x is the ordinate equal to 
three times the abscissa? 

If in ^2 = 18 X, we put y = 3x, we obtain 

9x2 = 18 X, whence x = 0, and 2. 
For X = in y^ = 18 jr, y = 0. 
For X = 2 in y^ = 18x, y = ± 6. 
Hence the points are (0, 0) and (2, 6). 
The point (2, — 6) is excluded since -> 6 is not three times 2. 

7. Find the latus rectum for the following parabolas : 

y2=6x, ya=15x, hy^=zax. 

Comparing each of these equations with y^ = 4/)x, in which 4/7 is the 
latus rectum, we find that in 

y«= 6x, 4/1= 6. 

y*= 16 X, 4/> = 16. 

Find the points common to the following parabolas and straight 
lines : 

8. y2=9x, 3x — 7y + 30 = 0. 

Regarding these equations as simultaneous and solving for x and y, 
wc find X = 4 and 26, y = 6 and 16 ; hence the common points of their 
loci are (4, 6) and (26, 16). 

9. y2=3x, X — 4y+12 = 0. 

Regarding these equations as simultaneous and solving for x and y, 
we find X = 12, y = 6; hence the common point of theit loci is (12, 6). 

10. y2 = 4x, x=:9, x = 0, x = — 2. 

Regarding y^ = 4 x and x = 9 as simultaneous, we find x = 9, y = ± 6 ; 
hence their loci intersect in the points (9, 6} and (9, — 6). 
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Regarding y' = 4x and x = as simultaneoas, we find x = 0, y = ; 
hence their loci have the origin as a common point 

Regarding y^ = 4x and x = — 2 as simultaneous, we find x =— 2, 
y = ± V— 8 ; hence their loci hare no common point. 

11. y« = 4x, y = 6, y = -8. 

Regarding y' = 4x and y = 6 as simultaneous, we find y = 6, x = 9; 
hence their loci have the point (9, 6) in common. 

Regarding y^ = 4 x and y = -* 8 as simultaneous, we find y = — 8, 
x= 16; hence their loci have the point (16, ~ 8) in common. 

12. What must be the value of p in order that the parabola y^ = ipx 
may pass through the point (9, — 12) % 

If in y* = 4/ix we put x = 9 and y =r — 12, we obtain 

144 = 36 p, or p = 4. 

Hence p must equal 4 in order that if^ = ^px may pass through the 
point (9,-12). 

18. For what point of the parabola y' = 32 x is the ordinate equal 
to 4 times the abscissa? 

If in y2 = 32x we put y = 4x, we obtain 16x2 = 32x, whence x = 
and 2. 

For x=0 in y2 = 32x, y=0. 

For X = 2 in y2 = 32x, y = + 8. 

Hence the points are (0, 0) and (2, 8). 

The point (2, — 8) is excluded, since — 8 is not 4 times 2. 

14. The equation of a parabola is y^ = 8 x. What is the equation 
of (i.) its axis, (ii.) its directrix, (iii.) its latus rectum, (iv.) a focal 
chord through the point whose abscissa = 8, (v.) a chord passing 
through the vertex and the negative end of the latus rectum ? 

Since the equation is of the form y^= 4px, the axes are the axis of 
the parabola and the tangent at ltd vertex. Hence, 

(i.) Its axis is y = 0. 
(ii.) Its directrix is x = — 2, since p = 2. 
(iii.) Its latus rectum is the line x = 2. 
(iv.) For X = 8 in y^ = 8 x, y = ± 8. The focus is (2, 0). 
The focal line to (8, 8) is the line through (2, 0) and (8, 8), or 

~^^ = - = -, or 3y = 4(x-2). 
x-2 6 3 ^ ^ ^ 
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The focal line to (8, — 8) is the line from (2, 0) to (8, - 8), or 

Hence the focal lines are 4a::b3^ — 8 = 0. 

(v.) The vertex is (0, 0), and the negative end of the latus rectum is 
(p, — 2/?) or (2, —4). The line through these two points is 

^ = — - = —2, or 2a: + y = 0. 
X 2 

15. The equation of a parahola is y^= 16 x. Find the equation of 
(i.).a chord through the points whose abscissas are 4 and 9, and ordi- 
nates positive ; (ii.) the circle passing through the vertex and the ends 
of the latus rectum. 

(i.) For x = ^ 'm y^=\Qx, y = ± 8, 

For x=9 in y^ = 16x, y = ± 12. 

Hence the chord passes through the points (4, 8) and (9, 12), and 
its equation is 

y^^l2^^4 or 4a:-5y + 24 = 0. 
a:-4 9-4 5 ^ 

(ii.) Here 4/) = 16, or /> = 4 ; hence the ends of the latus rectum are 
(4, 8) and (4, — 8). The vertex is (0, 0). 

Substituting in (1) of § 61, the co-ordinates of each of the points 
(0, 0), (4, 8), (4,-8), we obtain 

F=0. (1) 

16 + 64 + 82) + 16^ + -P= 0. (2) 

16 + 64 + 82) - 16^ + i?'= 0. (3) 

Solving these equations for 2), E, F, we obtain 
2) = -10, ^=0, F=0. 

Substituting these values in (1) of § 61, we obtain 
a:2 + y2_20ar = 
as the required equation. 

16. If the distance of a point from the focus of the parabola 
y^ = 4px is equal to the latus rectum, what is the abscissa of the point? 

By No. 1 the focal distance of any point (r, y) of the parabola 
y2 = 4px 18 x-{- pf and the latus rectum of y^ = 4px is 4/>. 
Hence, if a: + p = 4p, x = Sp, 
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17. In the parabola y> = 4px an equilateral triangle is inscribed so 
that one vertex is at the origin. What is the length of one of its 
sides ? 

Since y* = Apx is symmetrical with respect to the axis of x, and one 
yertex of the triangle is at the origin, the opposite side must be perpen- 
dicular to the axis of x; hence, if (ar„ yj be a second vertex (xj, — yO 
is the third, and the included 8ideis2y,. But another side is the 
distance from (0, 0) to (3?| , .vQ or Vx^^ + y|^. 

Hence we have 2 yj = y/x^^ + yj^, or Zy^^ = x^, (1) 

But since (xp y^) is on y*' = 4px, we have 

yi« = 4/)Ti. (2) 

Solving (1) and (2), we find yi = 4p VS ; hence one side, or 2yi, equals 
8/)\/3. 

18. A double ordinate of a parabola = Sp, Prove that straight lines 
drawn from its ends to the vertex are perpendicular to each other. 

Since the double ordinate = Sp, the ordinates of its extremities are 
± 4/). For y = ± 4p in y2 = 4px, x = 4p; hence the ends of the double 
ordinate are (4p, 4p) and (4p, — 4j[)). 

The slope of the line through (0, 0) and (4/?, 4/)) is + 1 ; the slope 
of the line through (0, 0) and (4/), — 4/>) is — 1 ; hence these two lines 
are perpendicular (§ 46, Cor. 2). 

19. Explain how to construct a parabola, having given the directrix 
and the vertex. 

Let A be the vertex and CE the 
directrix (Fig. 64). Through^ draw 
an indefinite line perpendicular to 
CE, meeting CE in JD. Lay off 
AF=AD; then ^is the focus, and 
the problem is reduced to that of 

93. 



20. Explain how to construct a 
parabola, having given the focus and 
the vertex. 

Let F be the focus and A the ver- 
tex (Fig. 64). Draw the indefinite 
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line DA, lay off AD = AF, and through D draw GE perpendicular to 
DF; then CE is the directrix and F the focus, and the parahola may 
be drawn according to § 93. 

81. Explain how to construct a parahola, having given the axis, 
vertex, and latus rectum. 

Let ^X(Fig. 64) be the axis, A the vertex, and MQ = the latus rec- 
tum. From A lay off AF= AD = J MQ. Through D draw CE per- 
pendicular to AX ; then CE is the directrix, and F is the focus, and 
the curve may be drawn as in § 93. 

28. Explain how to construct a parabola, having given the axis, ver- 
tex, and a point of the curve. ^ 

Let AX (Fig. 64) be the axis, A the vertex, and P any point of the 
curve. Draw FM perpendicular to AX. The third proportional to 
^3f and AfP will be the latus rectum (§ 97), and the problem is re- 
duced to No. 21. 

83. Explain how to construct a parabola, having given the axis, 
focus, and latus rectum. 

Let AX (Fig. 64) be the axis, F the focus, and MQ the latus rectum. 
Take FD = iMQ, and through D draw EC perpendicular to AX; then 
EC is the directrix, and the curve may be drawn as in § 93. 

84. Determine, as regards size and position, the relations of the fol- 
lowing parabolas : 

(i.) y^ = 4px, (ii.) f=-4px, (iii.) x^ = 4py, (iv.) a:2 = -4;jy. 

The latus rectum of each = 4p. The common vertex is at the origin. 
The axis of x is the axis of (i.) and (ii.) ; that of y is the axis of (iii.) 
and (iv.). Parabola (i.) lies wholly to the right of the origin, (ii.) 
wholly to the left, (iii.) wholly above, (iv.) wholly below. We may name 
them as follows : 

(i.) is a right-handed X-parabola. 
(ii.) is a left-handed X-parabola. 
(iii.) is an upward F-parabola. 
(iv.) is a downward F-parabola. 

Ex. 29. Pagre 121. 

1. The normal to a parabola at any point bisects the angle between 
the focal radius and the line drawn through the point parallel to the 
axis. 
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Let P be any point on the parabola AP whose focus is F, Let FT 
be a tangent at P, and draw PC parallel to AX. By Geometry, 
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Z FTP= Z TPCy and by § 102, Z FTP= Z TPF; hence Z TPC= Z TPF; 
that is, the tangent PT bisects the angle FPC. 

2. Explain how to draw a tangent and a normal to a given parabola 
at a given point. 

Let P (Fig. 65) be any point on the parabola AP whose focus is F 
and whose axis is AX. Draw PC parallel to AX and draw PF. 
Bisect FPC with Ihe line PT; then is PT a tangent at P by No. 1. 
Draw PiV perpendicular to PTat P; then PjVis the normal at P. 

8. Prove that FC (Fig. 66) is perpendicular to PT. 

Since FP = CP, triangle FPC is isosceles; hence PT, the bisector 
of the vertical angle FPC, is perpendicular to the base FC at its 
middle point. 



4. Prove that the tangent y 
at the point f A ?^Y 



P O A 

mx^ — touches the parabola i/^ = ^px 
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Considering the two equations as simultaneous and solving for x 
and y^ we find x = ^, y = — ^ ; hence the common point of their loci is 

IP ^P\ 
\m^ mj' 

Or, by trial we find that the co-ordinates of the point I B-^ - ^ ] 

\m'^ m I 

satisfy both equations ; hence it is their common point. 

5. Prove that the equation of a normal to the parabola y^=z4px 
in terms of its slope is y = nix — mp (2 + m*). 

The equation of the normal to y^ = 4px at (x^ y^) is 

y-yi=-g(*-*i)- [28] 

Denoting the slope of [28] by m, we have 
m = ^^, or y, = -2;)m. 

Hence 4p^m^ = y^^ = ^px^, or Xj = pm^. 

Substituting these values in [28], we obtain 
y + 2 pm = m (x —pm^), 
or y =z mx — mp (2 ■{■ m^), 

as the equation of the normal in terms of its slope. 

6. What are the equations of a tangent and a normal to the parabola 
y2 = 5x, passing through the point whose abscissa is 20 and ordinate 
positive ? 

The equations of the tangent and normal to the parabola y^ = ^px 
at the point (xj, y,) are, respectively, 

yiy = 2/>(x + xi), [27] 

and y-yi = -^(^-^i). [28] 

Here 4p = 5. 

For X = 20 in y^ = 5x, y = ± 10 ; hence the point of contact (x„ y,) 
is (20, 10). Substituting these values in [27] and [28], we obtain 

lOy = J (a: + 20), orx — 4y + 20 = 0; 
and y-10 = - — (x-20). or 4x + y-90 = 0, 



as the equation of the tangent and normal respectively. 
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7. What are the equations of the tangents and the normals to the 
parabola y^ = 12 x, drawn through the ends of the latus rectum ? Find 
the area of the figure which they enclose. 

Here 4;) =12, or j9=3, and the ends of the latus rectum (j>i.2p) 

and (p, — 2p) are (3, 6) and (3, —6); hence the point of contact 

(ar„ ^i) is (3, 6) or (3, — 6). Substituting these values in [27], we 

obtain 

6y = 6(x + 3), or a: — y + 3 = 0, 

and — 6y = 6(a: + 3), or x-{-y + S = 0. 

Substituting these values in [28], we obtain 

y«6 = -f (x-3), or x+y-9 = 0, 

and y + 6 = |(ar-3), or X — y — 9 = 0. 

Since their slopes are negative reciprocals of each other, the tangeDts 
are perpendicular to each other, and the figure is a rectangle. Reduc- 
ing these equations to the normal form, we see that the distance of each 
tangent from the origin is f V2, and the distance of each normal is 
f V2 ; hence the length of each side of this rectangle is f V^ -f | v^, 
or 6 v^ ; and the figure is a square whose area is (6 V2y, or 72. 

8. Given the parabola y^= 10 x. Through the point whose abscissa 
is 7 and ordinate positive a tangent and a normal are drawn. Find the 
lengths of the tangent, the normal, the subtangent, and the subnormal. 

Here 4kp = 10. Since the subtangent is bisected at the vertex (§ 101), 
and x^ = 7, subt = 14. Since subn = 2j5, subn = 5. 
For x=7 iny^= lOx, y=± VTO; hence y^ = VTO. 
From Ex. 22, No. 3, we have 

Tan = VyTTsubP = VToTloa = \^66; 

Nor= Vyi2 + 8ubna= V70 + 26 = V95. 

9. A tangent to the parabola y^ = 20x makes with the axis of x an 
angle of 45°. Determine the point of contact. 

The slope of the tangent to the parabola y^=4px is 2/) -r-yi. Here 

4p = 20, and the slope is tan 45°, or 1. Hence 10 -^yj = 1, or yi = 10. 

For yi = 10 in y^^ = 20^1, Xj = 6 ; hence the point of contact is (5, 10). 

10. Show that the focus F (Fig. 65) is equidistant from the points 
P, T, N. What easy way of drawing a tangent and a normal is sug- 
gested by this theorem ? 
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Since A FTP= Z FPT, FT=i FP. 

Since PN" and FC are both perpendicular to PT, they are parallel ; 
hence the parallels CP and FN included between these parallels are 
equal. But FP= CP; hence FP= FN, 

To draw a tangent and normal at P, draw FP, lay off 

FT= FN= FP, 
4nd draw P T and PN, which will be the tangent and normal at P. 

11. If i^ is the focus of a parabola, and Q, B denote the points in 
which a tangent cuts the directrix and the latus rectum produced, prove 
that FQ = FB. 

Since FB, AE, and DQ (Fig. 66) are parallel, and AF=AD, 
EB= FQ; hence FB= FQ, since they cut off equal distances from 
the foot of the perpendicular FE. 

13. FroYC that tangents drawn through the ends of the latus rectum 
are perpendicular to each other. 

The ends of the latus rectum of y^ == 4px are (p, 2p) and (p, — 2p), 
and the tangents at these points are 

2py = 2p(x + p), or y=x + p, (1) 

and — 2/>y = 2/)(a: + p), or y = — JT — ;). (2) 

Lines (1) and (2) are perpendicular to each other by § 45, Cor. 2. 

18. Find the distances of the vertex and the focus from the tangent 

^ P 
yz=zmx + -' 

The distance from (arp y,) to y = mx -\- (p -^ m) is, by [12], 

— mxi + yi — (pH-w) ^2j 

VI + m^ 
If (zj, yi) be the vertex (0, 0), the distance (1) becomes 

P 
mVl + m^ 
^^ ('i» yi) ^ *^e focus (/>, 0), the distance (1) becomes 



m Vl + m^ 



m 
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14. The points of contact of two tangents are (x^, i/i) and (x,, y,). 
Find their point of intersection. 

The equations of the two tangents are, by [27], 

y,y = 2p(x + arO, (1) 

y^ = 2p(x + a:,). (2) 

Regarding (1) and (2) as simultaneous, and solving. 



,nd y = 2£^i-2^^^,^^ 

hence the tangents intersect in the point (^^/x^x^^ \[y^ + y,]). 



16. A tangent to the parabola y^ = 4px cuts equal intercepts on the 
axes. What is its equation ? What is the point of contact ? What 
is the value of the intercept ? 

The equation of the tangent to y^ = ^px at (ar,, y^ is 

y,y = 2;)(a: + a:i). (1) 

2 par. 
For X = in (1), y = -- — = intercept on axis of y, 

yi 

For y = in (1), a: = — Xj = intercept on axis of x. 
Putting these intercepts equal to each other, we have 

-^=-a:i,oryi = -2;i. 

But y^ = 4/)a:i ; hence 4/)2 = 4j5a:i, or x^ = p. 

Hence the point of contact is (/>, — 2f)). 

Substituting these values of x^ and yj in (1), we obtain 

- 2py = 2/)(a: + p), or ar + y +/> = 0, 

as the equation of the tangent. 
Intercept = — ^i = — />. 

16. Through what point in the axis of x must tangents to the parabola 
y^ = ^px be drawn in order that they may form with the tangent, 
through the vertex, an equilateral triangle ? 
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In Fig. 65 of No. 1, let y^y = 2p(x-\- x{) be the equation of the tan- 
gent TP\ then AT=—x^, and AE=-^. 



,.^,^ + t^=TW. 



But the triangle formed by the two tangents from T and the tangent 
AE is to be equilateral ; hence we have 

Hence - x,^ + i^' = 1^'^', or y,^ = 12p2. 

.*. 12/)2 = yj2 _. 4px^f or Xi = Sp. 

But the intercept of the tangent on the axis of x = — ar, = — 3p; 
hence the tangents must be drawn from the point (— 3/?, 0). 
The points of contact are (3p, ± 2;^ V3), and the tangents are 

xi V3^ + 3/) = 0. 

17. For what point of the parabola y^ = ipx is the normal equal to 
twice the subtangent 1 



By § 101, subn = 2 p. .*. normal = Vy^^ + 4 /A 

By § 101, subt=2ri. 

If the normal equals twice the subtangent, we have 

Vy{^ + 4/>a = 4 r„ or yi2 + 4 p2 = i6 x^^ (1) 

Since (arp y^) is on y^ = 4px, we have 

.Vi^ = ^P^v (2) 

Solving (1) and (2), we find 

X, = i/. (1 ± VI?), y, = ±p^J^-±^; 
hence the points are 

The other two values of y are imaginary. 

18. For what point of the parabola y^ = 4px is the normal equal to 
the difference between the subtangent and the subnormal ? 
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Nor = Vy?TT^, Bubt = 2 rj, gubn = 2p. 
Hence, if nor = subt — subn, we hare 

Vyi2 + 4;>2 = 2xi-2/». (1) 

Since (xj, yj) is on the curre, we hare 

y,a = 4px^, (2] 

Solving (1) and (2), we obtain ari = 0, 3p, yj = 0, ±2/)\/3; hence 
the required points are (0, 0), (3/), 2/)V§), and (3/>, — 2/>\/3). 

19. Find the equation of a tangent to the parabola y3=^j- parallel 
to the straight line 3a: — 2y + 7 = 0. Also find the point of contact. 

By [27], the tangent to y^ = 5x at (xj, y{) is 

The slope of (1) is -^ , and the slope of3ar — 2y + 7 = 0i8i. Since 

2yi 

these lines are to be parallel, we have 

5 3 5 
= -, or y, = — 

2yi 2 ^* 3 
Since (xj, y{) is on y2 = 6r, we have 

Hence the point of contact (xj, y^) is (f, }). Substituting these 
values in (1), we obtain 

j y = f (x> 4), or 9r - 6y + 6 = 0. 

20. Find the equation of the straight line which touches the parab- 
ola y^ = 12 X and makes an angle of 45^ with the line y = 3 x — 4. 
Also find the point of contact. 

By [27], the tangent to y'-* = 12x at (xj, yj) is 

yiy±=6(x + Xi). (1) 

By § 47 the slope of lines making an angle of 45^ with the line 

3 ± 1 
w = 3 X — 4 is ; that is, the slope of the tangent must be — 2 or J. 

1 T 3 

6 
If — , or the slope of (1), equals — 2, yi = — 3. 

But 12 Xj = yi^ _ 9^ or x^ = }. 

Hence one point of contact is (|, — 3). 
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If the slope of (1) equals \, y^ = 12 ; hence 
122-1 = yi^ = 144, or x^ = 12, 
and the second point of contact is (12, 12). 
Substituting these values of x, and y, in (1), we obtain 
4x + 2y + 3=0, and x — 2y + 12 = 0, 
as the equations of the tangents. 

21. Find the equation of a straight line which touches the parabola 
y2= I6ar and passes through the point (—4, 8). 

By [27], the tangent to y^=lQx at (x^, y^) is 

yiy = 8(x+ri). (1) 
If (1) passes through (— 4, 8), we have 

8yi = 8(-4 + a:i). or yi = Xi-4. (2) 

But ' yi2=16j:i. (3) 

Solving (2) and (3), we obtain Xi = 12 ± 8\^, y, = 8 ± 8 V2. 

Substituting these values in (1), we obtain 
8 (1 ± V2) y = 8 (x + 12 ± 8\^), 
or y = (- 1 ± V2) X + 4 (1 ± V^), 

as the required tangent. 

22. If a normal to a parabola meet the curve again in the point Q, 
find the length of PQ. 

The normal to the parabola y* = 4/>x at (xj, yi), or P, is 

Regarding (1) and y^ = 4px as simultaneous, we find that the second 
common point of their loci, or Q, is 



r(2p + x0_2 Sp^ + y^n 
L X, ' yi J* 



Hence, by [1], we have 

(Chord pqy = |_xi J + (^yi + —J— j , 

^ C- (4;>2 + 4px,)y ^ (Spx, 4- 8^^)^ ^ 

_ iQp (xi + py 



.-. Chord PQ=— V/)(xi+jo)3. 



^1 
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88. Proye bj the secant method that the equation of a tangent to 
the parabola y* = 4/)x — 4tf^, at the point (*y yj, ia 

Let (X|, y J and (x^, y,) be any two points on the curre 

y2 = 4/>r-4/>2. (1) 

The equation of the secant through (X|, y^) and (r,, y^ is 



•t "■"* Xt Xm "^ *t| 



(2) 



Since (xj, yj) and (x,, y,) are on (1), we hare 

y,2 = 4/)Xi-4/|2, (3) 

y,2 = 4;>x,-4p2. (4) 

Subtracting (3) from (4), we obtain 
ya^-yi" =4p(a:,-Xi). 

. y«-yi ^ ^p . 

••x,-xi y, + yi 
Substituting in (2), the equation of the secant becomes 

^^^=-4^-. (5) 

^-^1 yj + yi 

If in (5) we put y^ = y^, we obtain as equation of the tangent 

X — Xj yi 

24. Find the equations of the tangents and normals to the parabola 
y2 — 8x — 6y — 63 = 0, drawn through the points whose common 
abscissa = — 1. 

Let (xp yi) and (x^, y^) be any two points on the curve 

y2_8x-6y-63 = 0. (1) 

Then yj2 - 6 yi = 8 xi + 63, (2) 

and y,2-6y2 = 8x, + 63. (3) 

.-. y,' - yi' - 6(y, - y,) = 8(x, - x^). W 

.-. h^lJli = ?— -. (5) 

xj-xj y2 + yi-6 

Hence the equation of the secant through (x^, y^ and (Xj, y,) is 

■V - Vi ^ ^ (6) 

^ — ^1 y« + yi ~ 6 
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Putting y^ = y^ we obtain as the equation of the tangent to (1) 

x — x^~ y^ — Z 

For jr= — 1 in (1), y = \\ and —5; hence the points of contact 
(xj, y^) are (— 1, 11) and (— 1, —5). Substituting these values of x^ 
and y^ in (6), we obtain 

and x + 2y + ll = 0, 

as the required tangents. 

25. What are the equations of tangents to the following parabolas : 
(i.) y2 = _ ^px 7 (ii.) x2 = 4tpy 1 (iii.) a:^ = - 4/)y 1 

(i.) y2 = — Apx differs from y^ = Apx only in the sign before p ; hence 
we may obtain the equation of the tangent to y^ = — ^px by substituting 
— /) for p in yiy = 2/)(x + a-j), and the required equation is 

yiy = -2K^ + :ri). ' (1) 

(ii.) x^ = 4py differs from y^ = Apx only in the exchange of places 
of X and y; hence we may obtain the equation of the tangent to 
r^ = 4py, by substituting y for x, yj for Xj, x for y, and x^ for yj, in 
ffiy = 2/)(x + Xj) ; and the required equation is 

x,x = 2p(y + y,). (2) 

(iii.) x^ = — ipy differs from x2 = 4py only in the sign of p; hence 
by substituting — /> for/) in (2), we obtain the equation of the tangent 
to x2 = — 4/)y, which is 

XiX = -2/)(y + yj). 

Ex. 30. Pagre 123. 

Note. If not otherwise specified, the axis of the parabola and the tangent at the 
vertex are to be assumed as axes of co-ordinates. 

1. What is the equation of a parabola if the axis and directrix are 
taken as axes, and the focus is the point (12, 0) ? 

Since the directrix is the axis of y, and the focus is (12, 0), 2p = 12. 
Substituting this value of 2p in y^ — ^p(^x — p) (Eq. (2), No. 2, 
Ex. 28), we obtain^ 

y2 = 24(x — 6), or y2 = 24x — 144, 

as the required equation. 
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S. Wh»t is the equation of a parabola if the axis and tangent at the 
yertez are the two axes, and (25, 20) is a point on the curve? 

Since (26, 20) is on the curve y* = 4px, we must have 20^ = 4 X 25;?, 
or /> = 4. Substituting this value of p ra y^ = 4/)x, we obtain as the 
required equation y* = 16 x. 

8. What is the equation of a parabola if the same axes are taken, 
and the focus is the point (— 4^, 0) ? 

Since the focus is (— 4^, 0), the curve lies to the left of the axis of y, 
its equation is of the form y^ = — 4/ij:, and p = 4|. Substituting this 
value of p in y^ = — 4/>x, we obtain as the required equation y^ = — 17 x. 

4. What is the equation of a parabola if the axis is parallel to the 
axis of X, the vertex is the point (5, — 3), and the latus rectum = 5J? 

The equation of the curve referred to its axis and a tangent at its 
vertex is of the form y* = ^px, or y* = — 4px. 

Since the latus rectum =5^, 4/> = 5| ; hence the equation of the 
curve referred to its vertex is y^ = ^-x, or y* = — -y-x. 

Since the vertex is (5, — 3), the origin referred to the axes through 
the vertex is (— 5, 3). 

Substituting x — 5 and y + 3 for x and y respectively in 

y2 = y^ X and y* = — -^ x, 
we obtain 2y2 — llx+ 12y + 73 = 0, 
and 2y2+llar + 12y-37 = 0. 

as the required equations. 

5. What is the equation of a parabola if the axis is the line y = — 1, 
the abscissa of the vertex = 3, and one point is (4, — 5) ? 

The vertex is evidently (3, — 7). Now, if (xj, y{) be the point 
(4^ _- 5) referred to the parallel axes through the vertex (3, — 7), we 
will have 4 = 3 + Xj and - 5 = - 7 + yp or (xj, y^) is (1, 2). Since 
(1, 2) lies to the right of the tangent at the vertex, the equation of the 
curve is of the form 

y2 = 4px. (1) 

Since (1, 2) is a point on (1), we have 

4 = 4/>, or /) = 1 ; hence y^ = 4cx (2) 
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is the equation of the curve referred to its vertex. Since the vertex is 
(3, —7), the origin referred to the axes through the vextex is (—3, 7). 
Substituting x — 3 for x, and y + 7 for y, in (2), we obtain 

(y + 7)2 = 4(x-8), 

as the required equation. 

6. What is the equation of a parabola If the curve passes through 
the points (0, 0), (3, 2), (3, - 2) ? 

Since the curve passes through the origin, and since the points (3, 2) 
and (3, — 2) are right symmetricals of each other with respect to the 
axis of X, and are to the right of the axis of y, the curve is a right- 
hand ^parabola, and Its equation is of the form 

y2 = 4px. (1) 

Since (3, 2) is on (1), we have 4 = 12p, or 4p = J. 
Hence y^ = ^x, or Sy^ = 4x, is the required equation. 

7. What Is the equation of a parabola, if the curve passes through 
the points (0, 0), (3, 2), (-3, 2)1 

Since the curve passes through the origin, and the points (3, 2) and 
(— 3, 2) are right symmetricals of each other with respect to the axis 
of y, and above the axis of x, the curve is an upward y-parabola, and 
its equation is of the form 

x» = 4py. (1) 

Since (3, 2) is on (1), we have 

= Sp, or 4p = f . 
Hence x^ = f y is the equation required. 

8. What is the latus rectum of the parabola 2^2 = 3^;? What is 
tRe equation of its directrix, and of the focal chords passing through 
the points whose abscissa = 6 ? 

Comparing 2y2 = 3x with y^ = ^px, we have latus rectum = 4/) = j. 
Hence /> = }, and the equation of the directrix isx = — |, or8x + 3 = 0. 

For X = 6 in 2 y2 = 3 ar, y = ± 3. Hence the focal chords required are 
the line through (6, 3) and (|, 0), and the line through (6, — 3) and 
(i, 0), or8x±15y-3 = 0. 

9. Describe the change of form which the parabola y^ = 4px under- 
goes as we suppose p to diminish without limit. 
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As p diminishes indefinitely, DF (Fig. 46, § 93) diminishes indefi- 
nitely, and the branches of the curve traced bj P approach nearer and 
nearer the axis DF, with which they coincide when /> = 0. As /> 
increases without limit, the branches approach nearer and nearer to 
the tangent at the vertex. 

10. Find the intercepts of the parabola y^ + 4 a? ^ 6 y — 16 = 0. (1) 

For ar = in (1), y = 8 and - 2. 

Fory = Oin (1), x=4. 

We can write (1) in the form 

(y-3)2 + 4(x-^^) = 0. (2) 

Passing to parallel axes with origin (\5^ 3)^ (2) becomes 

ya=-4ar. 

Plence the locus of (1) is a left-hand X-parabola whose vertex is 
(2j5, 3) and latus rectum 4. 

11. One vertex of an equilateral triangle coincides with the focus, 
and the others lie in the parabola y^ = ^px. Find the length of one 
side. 

The side opposite the focus is evidently perpendicular to the axis of 
x; hence, if a second vertex is (xyy yj), the third is (Ti, — yi), and the 
side opposite the focus is 2 y^. Another side is the distance from (/>, 0) 

to (arj, yi) or V(xi — p)2 -f- yj'-'. Since the triangle is equilateral, we 
have 

2y,= y/{x,-pY + y;K (1) 

Since {x^, y{) is on y^ = 4/3a:, we have 

yj2 = 4,pxy (2) 

Solving (1) and (2) as simultaneous, we find 
x^= 7;)±4/)>/3 

and yi = 2p(l± 4V3)* = 2/) V4 ± 2\/l2 + 3, 

or yi = 2;) (2 i V3) , and one side = 2 yi = 4/? (2 ± V3). 

12. The latus rectum of a parabola = 8 ; find 

(i.) Equation of a tangent through its positive end. 
(ii.) Distance from the focus to this tangent, 
(iii.) Equation of the normal at this point. 
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The equation is ^^ = 8x, since 4p = 8. 

(i.) The positive end of the latus rectum is (p, 2p) or (2, 4). Hence 
(xp y^) is (2, 4). Substitutiug these values in [27], we obtain 

4y = 4(a: + 2), or y = x+2. (1) 

(ii.) By [12], the distance from the focus (2, 0) to line (1) is 

:^^^or-2V2. 

V2 

(iii.) The equation of the perpendicular to (1) at (2, 4) is 
y-4 = -l(x-.2), or x + y-6 = 0, 
which is therefore the normal required. 

18. What is the equation of the chord passing through the two points 
of the parabola y^ = Sx for which x^ = 2, yj > 0, and a:, = 18, y^ < 1 

For x = 2m if^ = Sx, y = ±4t; hence (xj, yj) is (2, 4). 

For X = 18 in y2 = 8x, y = ± 12 ; hence (xj, y^) is (18, — 12). 

The line through (2, 4) and (18, — 12) is 

2^^ = :^ = -l, or x + y-6 = 0. 

x-2 +16 * ^ 

14. Find the equation of the chord of the parabola y^ = 4px which is 
bisected at a given point (xj, y^). 

Let (xj, y,) and (xj, y,) be the extremities of the chord ; then by (2) 

of § 100 its slope is ^-—, which is equal to -^ or — , since Wi is the 

y» + ys 2yi yi 

ordinate of the middle point of the chord. Now the equation of the 

2p 
line through (xj, y{) having the slope — is 

15. In what points does the line x + y =: 12 meet the parabola 

y24.2x_12y + 16 = 0? (1) 

Regarding these equations as simultaneous, and solving for x and y, 
we find X = 2, 8, and y = 10, 4 ; hence the points are (2, 10) and 
(8, 4). 
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Writing (1) in tlie form (y - 6)2 + 2(x - 10) = 0, (2) 

and passing to the parallel axes through (10, 6), (2) becomes 

ya = -2x. 

Hence the locus of (1) is a left-handed X-parabola whose vertex is 
(10, 6) and whose latus rectum is 2. 

16. In what points does the line 3y = 2 j? + 8 meet the parabola 

yS — 4x — 8y + 24 = 0? (1) 

Regarding these equations as simultaneous, and solving for x and ^, 
we find the points of intersection to be (2, 4) and (11, 10). 

Writing (1) in the form (y — 4)^ = 4 (x — 2), and passing to new 
parallel axes through (2, 4), we obtain y^ = 4x; hence the locus of (1) 
is a right-hand Xparabola whose latus rectum is 4. 

17. Find the equations of tangents from the origin to the parabola 

(y-6)2 = 4/>(:r-.a). (1) 

Since the tangents pass through the origin, their equations are of 
the form 

y = nix. (2) 

Regarding (1) and (2) as simultaneous, and solving for x, we obtain 
^ ^ mb + 2p i: V- m2(4pa -f 6^) -f (mb -^ 2p)g .^. 

TO* 

If (2) is a tangent, the two values of x in (3) must be equal ; hence 
(to6 + 2py = m%ipa -f ft*), 

2p 
or TO = ^ • 

Substituting this value of to in (2), we have as the required equations 

_ 2px __ b±Vb^-{'4ap 

^~ ±V4tpa-^b^'-b 2a 

If we pass to parallel axes whose origin is (a, 6), (1) becomes 

18. Describe the position of the parabola y2-f-2x-|-4 = with respect 
to the axes, and determine its latus rectum, vertex, focus and directrix. 
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The equation ^^ + 2 x + 4 = 0, or the given equation may be written 
in the form y^ = _ 2 (a: + 2). 

If we pass to new parallel axes, the new origin being (—2, 0), 
y* = — 2 (a: + 2) becomes 

y2 = -2T. 

Hence the locus of ^^ = — 2 (x + 2) is a left-handed ^parabola, 
whose latus rectum is 2, whose vertex is (—2, 0), whose focus is 
(— 2 J, 0), whose axis is y = 0, and whose directrix is x = — 1 J. 

19. What is the distance from the origin to a normal drawn through 
the end of the latus rectum of the parabola 

y2 = 4a(x-a)? (1) 

If we pass to new parallel axes, the new origin being (a, 0), (1) 
becomes 

y2 = 4ox. (2) 

The normal to (2) through the point (a, 2 a) referred to the new 
axes is 

y + x = 3a. (3) 

Now the distance from (— a, 0) (the old origin referred to the new 
axes) to (3) is 

3l5L^,or-2aV2. 
V2 

SO. Find the equation of a parabola if the equation of a tangent is 

4y = 3x— 12. 
The equation of a tangent to y^ = 4px is yiy = 2p{x-\- xj, 

or 3^ = -^(a^ + ^i)- (1) 

Writing 4y = 3x — 12 in the form of (1), we have 

y=J-(x-4). (2) 

Comparing (1) and (2), we have 



A 2p_3 



We have, also, 

!fi^ = 4;)x,. 
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Eliminating x, and y| between these three eqoations, we obtain 
4/1 = — ; hence the required equation is y> = — Ox. 

SI. Find the equation of a parabola if a focal radius = 10, and its 
equation is 3y = 4 x — 8. 

For y = 0in3y = 4x — 8, x = 2; hence the focus is (2, 0), or p =2, 
and the required equation is y* = 8x. 

82. Find the equation of a parabola if for a point of the carve the 
focal radius = r, the length of the tangent = t. 

Y 




Fig. 66. 
Let Pr be a tangent at P(xi, y^), FP = r, TP=t; 

then F? = Mp + Mp, 

or r2 = yi2 + (xi - pf ; 

or <2=,(2ari)2 + yi2. 

and y^ = ^pxy 

From (1) and (3), 

r2 = 4pxi + (xi -p)2 = (xj + p)\ or X, = r 
From (2), (3), and (4), 

^ = 4xi2 + 4pxi = 4 (r -;>)2 -f 4/) (r — p), 
4r2-<2 



-p. 



0) 

(2) 
(3) 

(4) 



or 



4p = 
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Hence the required equation is 

3r= X. 



28. Find the equation of a parabola if for a point of the curye the 
focal radius = r, the length of the normal = n. 

If inFig. 66, JVP=fi, FP=r, y i = MP, &nd x^ = AM, or 
FM=Xi—p; 
then we have 

»« = y,«+4/,». (1) 

'' = Si*+i'i-P)*. (2) 

and yi* = 4pxy (3) 

From (2) and (3), 

r2= (xi+;>)2, or Xi = r-p. (4) 

From (1), (3), and (4), we have 

n^ = 4p^+y^^ = 4jjfi + 4px^ = 4p^ + 4p(r^py 

.'. n2 = 4pr, or 4/) = n*~r, 
and the required equation is 

y« = --x. 

24. What is the equation of a parabola if for a point of the curye 
the length of the tangent = t, the length of the normal = n? 

From Fig. 66, we have 

fi=(2x,y + y,^ (1) 

n^=(2py + yi'. (2) 

Also, y^^=4pxj, (3) 

From (2), yi^ = n^-4p^. 

From (1) and (2), 

«2 — n2 = 4xi^ - 4p\ or 2xi = ± y/iTfJ^ZT^, 

Substituting these values of y^^ and 2 jr^ in (3), we have 

n2 — 4p2 = i 2pVt'^-\- 4p^-n\ or p = "^ 

2 Vi2 + n2 
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Since /> is a positive quautity, ouly the positive value of p is taken. 
Substituting in [26], we have as the required equation 

y — X. 

25. What is the equation of a parabola if for a point of the curve 
the focal radius = r, the subtangent = s ? 

Here subt = 2 oTi = «, or arj = Js. 

yi2=:4/?ari = 2/)». 
Also, in Fig. 66, 

1^ = FlP + mP, or r2= (jc, -p)2 + ^^2. 

/. r2=(is-p)2 + 2ps=(i« + p)2. 

.-. 4;> = 4r — 2s = 2(2r — s). 
Whence the required equation is 

y2=:2(2r — s)x. 

26. Two parabolas have the same vertex, and the same latus rectum 
4f>, but their axes are perpendicular to each other. What is the length 
of their common chord ? 

Let one of the parabolas be y^ = Apr ; then we may take as the 
other x^ = Apy. Regarding these equations as simultaneous, and 
solving, we find that their common points are (0, 0) and (4j9, 4/)), 
the distance between which is Vl6p2 + \Qp^^ or 4/)>/2. 

27. Through the three points of the parabola y^ = 12 x, whose ordi- 
nates are 2, 3, 6, tangents are drawn. Show that the circle circum- 
scribed about the triangle formed by the tangents passes through tlie 
focus. 

For y = 2, 3, 6 in ^2 _ 12 ar, x= J, J , 3 ; hence the points of contact 

are (], 2), (|, 3), (3, 6), and the tangents are 

2y = 6(x+J), or3/ = 3x+l; (1) 

3y = 6(x+ I), or y = 2ar+ J; (2) 

and 6^=r6(a:+3), ory = ar + 3. (3) 

Regarding (1) and (2) as simultaneous, we find one vertex to be 
(J, f ) ; regarding (2) and (3) as simultaneous, we find a second vertex 
to be (f , I) ; and regarding (3) and (1) as simultaneous, we find the 
third vertex to be (1,4). 
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Substituting the co-ordinates of each vertex in 

x^ + y^-\-2Dx-\-2Ey + F=0, (4) 

we obtain J+ 2^ + D+ 6^+ F = 0, (6) 

J + -V + 3/>+9^+F=0, (6) 

and 1 + 16 + 2Z)+8^-f JJ'=0. (7) 

Solving (5), (6), and (7) for D, E, and F, we obtain 

2> = -3, ^ = -i F=9. 

Substituting these values in (4), we obtain 

3^ + y^^6x — 6y + 9 = 0, (8) 

which is satisfied for a: = 3 and ^ = ; hence circle (8) passes through 
the focus (3, 0) of y^= 12 x. 

28. A tangent to the parabola y^ = 4ipx makes the angle 30° with 
the axis of x. At what point does it cut the axis ? 

The equation of a tangent to y^^^px is 

y = rnx-itL (1) 

Here m = tan 30° = J VS. For y = in (1), ar = — -^ = — 3;) ; hence 
the tangent cuts the axis of x, or axis of the curve at (— 3p, 0). 

29. For what point of the parabola y^ = 4tpx is the length of the 
tangent equal to 4 times the abscissa of the point of contact ? 

The formula for the lengtli of the tangent is 



Tan = Vsubt^T^ r^ vTr7+4^. 



Hence \/4 x^ + ^px^ = 4 Tj, or x^ = 0, \p. 

For ar, = \p in y^ = ^px^y ^i = ± f P v^^ ; hence the required points 
are (Jp, dbfpVS). 

80. The product of the tangent and normal is equal to twice tlie 
square of the ordinate of the point of contact. Find the point of 
contact and the inclination of the tangent to the axis of x. 

By No. 29, tan = y/^x^-\- ^pxy. 

And norm = Vsubn^ + y^ = VI^TTpxl 
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Hence by the conditions of the problem, we have 

V4j:i2 + 4/)Xi VfpM^Ijp^ = 2 yj2 = 2(4/>Xi), or x^ = p. 

For Xi=pin yi^ = 4;9Ti, 1/^ = ±2p; hence the points of contact are 
(/), ±2/)). At (/), 2;?) the slope is + 1, and at (p, —2/)) it is — 1; 
hence the inclinations of the tangents are 45^ and 136° respectively. 

81. Two tangents to a parabola are perpendicular to each other. 
Find the product of their subtangents. 

Let the points of contact be (xj, y^) and (xg, y^) ; then the slopes of 

2p 2p 

the tangents are — and — respectively, and, since the tangents are 

yi y% 

perpendicular to each other, we have 

2o 2» 

■^.^ = -1, oryjV=l«PS- 

hence (iipx{){^px^ = lQp^y or (2x^(2x^ —^p^^ 

in which 2 x^ and 2 x^ are the subtangents. 

82. Prove that the circle described on a focal radius as diameter 
touches the tangent drawn through the vertex. 

Let (oTj, y-^ be the point to which the focal radius r is drawn ; then 
r, or the distance from (p, 0) to (xj, ^j), is x^ + /), and ^ {x^ + />) is the 
abscissa of its middle point; hence the circle described on the focal 
radius as diameter touches the axis of y or the tangent at the vertex. 

88. Prove that the circle described on a focal chord as diameter 
touches the directrix. 

Let (xi, yi) and (xj, y^ be the extremities of any focal chord ; then 
the half of the length of this chord is the half-sum oi x^-\- p and x^ + p, 
or /) + J (a?! + a:^). But \ (.r^ + x.^ is the abscissa of the middle point 
of the focal chord; hence jo + J (xy^ + x^y or half the chord, is the dis- 
tance of this point from the directrix ; therefore the directrix is tangent 
to the circle whose diameter is a focal chord. 

84. Find the locus of the middle points of all the ordinates of a 
parabola. 
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^^ (^> y) ^ ^® middle point of the ordinate of the point (x„ 5,) 
on y2 = 4^px ; then r^ = x, and jTi = 2 ^. Substituting these values of x^ 
and yi in y^* = 4pxi, we obtain y* = px; hence the locus is a parabola 
whose latus rectum is p. 

35. Find the locus of the middle points of all the focal radii. 

Let (x, y) be the middle point of the focal radius to the point (xj, y,) 
on y^ = 4px; then a^=i(i' + *i)» *nd y=iyi; or Xj = 2x— />, and 
yj = 2 y . Substituting these values of x^ and y^ in yi* = 4px^, we have 
as the equation of required locus 

,« = 2Kx-i/.). (1) 

By changing the origin to (|p, 0), (1) becomes y^ = 2px; hence the 
locus is a parabola whose latus rectum is 2 p. 

36. Find the locus of the middle points of all the focal chords. 

If we take the focus as the origin, the equations of the i>arabola and 
the focal chords are 

ya = 4/>(x + p) (1) 

and y = mx. (2) 

Eliminating y between (1) and (2), and solving for x, we have 

=^^^y/T+l;^^ (3) 



x = 



m^ im2 



in which the two values of x are the abscissas of the extremities of 
the chord. Let (x^, y^) be its middle point; then from (3), [2], and 
(2), we obtain 

2p „ x* 

Since (xj, yj) is on (2), we have 

y, = mxj = ^ = 2p f, or yi« = 4/>2 -^ (5) 

Dividing (5) by (4), we obtain as the equation of the required locus 

yi« = 2/>Xi, or y^ = 2px, (6) 

Hence the locus is a parabola whose latus rectum is 2/>, and whose 
vertex is at the focus of the given parabola. When referred to 
parallel axes through the vertex of the given parabola, the equation 
of the curve (6) is evidently y* = 2/>(x — />). 
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S7. Find the locus of the middle points of all chords passing through 
the vertex. 

Let (x, y) be the middle point of the chord drawn from the Tertex 
(0, 0) to the point (xj, y,) on y^ = 4px; then Xj = 2x, yj = 2y. 

Substitating these values in y|^ = 4/7X|, we obtain as the equation of 
the required locus 

4y2=: 8px, or y* = 2/>x. 

88. Find the locus of the middle points of all chords that meet at 
the foot of the axis. 

If we take the foot of the axis as the origin, the equations of the 
parabola and the chords are 

y2=4;.(x-p). (1) 

and y = mx. (2) 

Eliminating y between (1) and (2), and solving for x, we have 

x=?£±?^vr-;;;5, (3) 

in which the two values of x are the abscissas of the extremities of the 
chord. Let (x^ y^ be its middle point; then from (3), [2], and (2), 
we obtain 

wr y^ 

Since (xj, y^ is on (2), we have 

y = TOXi = ^ = 2p -, or y,2 = 4p2 (5) 

* m y y 

Dividing (5) by (4) , we obtain as the equation of the required locus 

yi2 = 2/)Xi, or y2 = 2/)x. (6) 

Hence the locus is a parabola whose latus rectum is 2p, and whose 
vertex is at the foot of the axis of the given parabola. Its equation, 
when referred to parallel axes through the vertex of the given parabola, 
is evidently 

y2 = 2p(x + />). 

The arc without the given parabola does not properly belong to the 
]»ni«a iini>A ^'cqulred* 
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Two tangents to the parabola y^ = 4/)x make the angles 0^ tf with 
the axis of x ; find the locus of their intersection, 

39. If cottf+cottf' = ^. 

n 

If the tangent y = »nar + rr passes through (ar', y'), we have 

w' = wiar' + ^- (1) 

m 

Solving (1) for m, and denoting its two values by m, and m„ we have 

(2) 



»'+ Vy'* — 4pa:' 



"' = 2:c' 



y' — Vy'^ — 4px' 



"*« = 2F^ 



(3) 



Hence nii + m„ = ^,, (4) 

x' 

and miWij = ^' (5) 

Here cot e + cot e' = — + — = K or mi + m, = km^my (6) 

From (4), (6), and (6), we obtain 
yf=kp,OTy = hp, 
as the equation of the required locus, which is therefore a straight line 
parallel to the axis of x. 

40. If cottf — cote' = A;. 

Here cot <? — cot ^ = = k,OTm^ — m^ = kmytn^. (7) 

mi m^ 

From (7), and (2), (3), (5) of No. 39, we have 

,Vy2,4pir/ ^j^P^ 2^ 4par = k^, (8) 

as the equation of the required locus, which is therefore a parabola 
equal to the given parabola. Its vertex is the point f-_^, Oj, and 
its latus rectum is 4p. 

41. If tan e tan <?' = *:. 

Here tan ^ tan d' = WiWij = k. (9) 

From (9), and (5) of No. 39 we have as the equation of the required 
locus kx = p. 
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Here sin* tf8in«^=-i- \- = k^,0TC8C^ec8c^e' = ^. 

Hence, since tan 6 =mj and tan O' = m,, we have 

Substituting in (10) the values given in (2), (3), and (6) of No. 39, 
we obtain as the equation of the required locus 

which is therefore a circle whose centre is (p, 0) and whose radios is 

p-i-k. 

48. Find the locus of the centre of a circle which passes through a 
given point and touches a given straight line. 

Take the given line as the axis of y and a perpendicular through the 
given point as the axis of x, and let the distance from the point to the 
line = a; then this point is (a, 0). Let (x, y) be the centre of the cir- 
cle ; then the distance from (x, y) to (a, 0) is equal to x ; hence we 
have 

(x - a)2 + y2 = 3^3^ or y« = 2a(a: — Ja). 

Hence the locus is a parabola whose vertex is Qa, 0) and whose 
latus rectum is 2 a. 

Ex. 31. Pafire 134. 

1. Given a parabola, to draw its axis (§ 106). 

Draw any two parallel chords PQ and P'Q', bisect them in the points 
m and m'; then the line through m and m' will be a diameter. Draw 
any chord perpendicular to mm'; the line through its middle point par- 
allel to mm' will be the axis of the curve. 

2. Prove that the perpendicular dropped from any point of the direc- 
trix to the polar' of the point passes through the focus. 
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The abscissa of any point on the directrix is — p : denote its ordinate 
byyi. The polar of (-p,yi) '^^^^re^P^c* *»***« P*"^^ 3^ = *^'^ 
yiJf = 2i>(x-p). (1) 

The perpendicular to (1) from (— />, jfi) is 

The coK>rdinate8 of the focus (p, 0) satisfy (2) ; hence line (2) passes 

through the focus. 

Line (1) CTidently passes through (p, 0) ; hence the polar of any 
point on the directrix is a focal chord. 

8. To find by construction the pole of a focal chord. 

Through the focus draw a line perpendicular to the focal chord ; the 
intersection of this line with the directrix wUl, by No. 2, be the pole of 
the focal chord. 

4. ProTC that through any point three normals can be drawn to a 

parabola. 
Let the normal 

y = nix — wp (2 + !»*) 
pass through the point (a, 6) ; then we hare 
pin* + (2p — a) m + 6= 0, 

which, being a cubic, gires three different values for m. 
Hence three normals can be drawn from (a, 6) to y^ = 4pa:. 

6 Tangents are drawn through the ends of a chord. Prove that the 
part of the corresponding diameter contained between the chord and 
the intersection of the tangents is bisected by the curve. 

Let the curve be referred to the corresponding diameter and the 
tangent at its vertex, which will be paraUel to the chord, and denote 
one extremity of the chord by (r,, yO ; then the other wUl be (a?i, -yj, 
and by § 114, Cor., the tangents are 

For y = in (1), x^ — x^; hence these tangents intersect on this 
diameter, and the vertex of this diameter bisects the part of it between 
the chord and the intersection of the tangents. 
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6. Focal radii are drawn to two points of a parabola, and tangents 
are then drawn through these points. Prove that the angle between 
the tangents is equal to half the angle between the focal lines. 

Let FP and FQ be any two focal radii, 
and AP and TQ tangents at P and Q; 
then ZPFq=2 ZTRA. 

Since FAP and FTQ are isosceles tri- 
angles, 

/.XFP=2jLFAP, 

and Z XFQ = 2 z^ FTQ. 

.'. A XFP- ZXFQ=2(ZFAP- ZFTQ), 

or Z QFP= 2 Z AST, Fio. 67. 

7. Show that if the vertex is taken as pole, the polar equation of a 
parabola is 

_ 4pcostf 

The principal equation of the parabola is y' = Apx. (i) 

Substituting p cos 6 for x, and p sin $ for y, in (1), we obtain 




P = 



_ 4p cos 



sin^e 



as the polar equation of the parabola when the vertex is the pole. 

8. Explain how tangents to a parabola may be drawn from an 
exterior point (§ 102). 

Let H be the exterior point, B'B the directrix, 
and F the focus. With fl as a centre and HF as 
a radius describe a circle cutting the directrix in 
B and B' ; through these points draw BP and 
B'Pf parallel to FX; then will HP and HP be 
tangent to the curve at P and P. For the tri- 
angles HPB and HP^ being mutually equilateral 
are equal, and Z HPB = Z HPF; hence, by § 102, 
HP is a tangent. Fot like reason HP is a tan- 
gent. 




Fig. 68. 



0. Having given a parabola, how would you find its axis, directriX| 
focus, and latus rectum 1 
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Jjet BAP be the giyen parabola. 
Find the axis AX as in No. 1. Find 
the third proportional to AM and 
MP, By § 97, Cor., this third pro- 
portional will be the latus rectum. 
Take AF=AD=i latus rectum; 
then F is the focus, and DC, & per- 
pendicular to Z>X, is the directrix. 

10. From the point (— 2, 6) tan- 
gents are drawn to the parabola j; 
y^ = 6x. What is the equation of 
the chord of contact ? Fig. 09. 

The equation of the chord of contact of tangents drawn from 
(A, k) to y2 = 4px is 

ky = 2p(ix-{-h). (1) 

Here 2p = 3, and (A, k) is (—2, 5). Substituting these values in (1), 
we obtain 

6y = 3(a: - 2), or 3x — 6y - 6 = 0, 

as the required equation. 

11. The general equation of a system of parallel chords in the 
parabola 7y^ = 26xiB4x-^7y-{-k = 0. What is the equation of the 
corresponding diameter ? 

The equation of the diameter of y^ = 4px, the slope of whose chords 

2p 
iam/iBy=—' 

Here 2p= |f , and m = ^ ; hence the equation of the diameter is 
y = f}Xf = ¥»or8y-26 = 0. 



12. In the parabola y'^= 13 x, what is the equation of the chords of 
the diameter y + 11 = ? 

2p 
Here — = — 11, and 2p = ^; hence w, the slope of the chords, is 

— ^|, and their equation is 

13x + 22y + ifc = 0. 
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18. In tbe parabola yS = 6 x, what chord is bisected at the point (4, 3)? 
The chord is parallel to the tangent at the point whose ordinate 

is 3; hence its slope is -^, or 1. The chord through (4, 3) hariog 

the slope 1 is 

y — 3 = x — 4, orz — y — 1 = 0. 

14. Given the parabola y^^Apx; find the equation of the chord 
which passes through the vertex and is bisected by the diameter y = a. 
How can this chord be constructed 1 

The equation of the chord through the vertex, or origin, is 

y = mx, (1) 

and this chord is bisected by the diameter 

Here 2p -i- m = a ; hence m = 2p h- a. Substituting this value of m 
in (1), we obtain 

ay = 2px 

as the required equation. 

To construct this chord, draw a line through the vertex parallel to 
the tangent at the vertex of the diameter y = a, 

16. The latus rectum of a parabola = 16. What is the equation of 
the curve if a diameter at the distance 12 from the focus, and the tan- 
gent through its extremity, are taken as axes ? 

If the latus rectum is 16, the distance from the vertex to the focus 
is 4, and the principal equation of the parabola is y^ = 16 x. 

For y = 12 in y2 = 16x, X = 9; hence the new origin is (9, 12). The 
distance from the focus (4, 0) to (9, 12) is 13. 

The required equation is of the form y* = 4p'x, in which /?' = the dis- 
tance of the origin from the focus (§ 114) ; hence the equation is 

y2 = 62x. 

16. Show that the equation of that chord of the parabola y^ = ^px 
which is bisected at the point (h, k) is 
k(y — k) =2;>(r — A). 
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The slope of the chord is 8p h- L\ mod the fine throvgh (A, ib), hariDg 
the slope 2p -r- i(^ is 

17. ProTe that the penmeter of mnj diameter is equal to the focal 
chord of that diameter. 

Let y denote the angle between the axis of the corre and the focal 

chord bisected by any diameter; then by (2) of § 114 the panuneter 

of this diameter is 4p -r- 8iii*7. 

2p 
U in p = := — - we make $ = y and 180^ + 7, we obtain as the 

1— COS0 

length of the focal chord whose slope is tan 7, 

Chorf = ,-if_ + -^ = ^ 

1 — 0007 I + C0S7 siii='7 
which equals the parameter of the diameter bisecting this chord. 

18. Frove that the locus of y> — 6y — 8z + 25 = is a parabola 
whose axis is parallel to the axis of x ; and determine the latns rectom, 
the Tertex, the focus, the axis, and the directrix. 

The equation y* — 6y~8r + 25 = may be written in the form 

(,-3)* = 8(x-2). (1) 

If we change the reference of (1) to parallel axes whose origin 
is (2, 3), we obtain 

y* = 8x. (2) 

Hence the locus of (1) is a right-hand X-parabola whose latus 
rectum is 8, whose Tertex is (2, 3), whose focus is (4, 3), since it is ;», 
or 2, to the right of the yertex. The axis is y = S, or the new axis 
of X ; the directrix is x = 0, since it is 2 to the left of the vertex. 

19. Prove that in general the locus of y^ + Ax + By + C= is a 
parabola whose axis is parallel to the axis of x ; and determine its 
latns rectum, its vertex, and its axis. 

The equation y* + Ax + By-h C = may be written in the form 

(y + -)+^x~(^^) = 0. (1) 

If we change the reference of (1) to parallel axes, whose origin is 

( — — — » ^2")' we obtain y2 = — ^x. (2) 
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Hence the lociu of (1) is a parabola whose latns rectum is numcri- 

caUy A, and whose rertex is /-^-^C _B\ 

\ ^A ' 2) 
Its axis is ^ = — J jB, and the parabola is a right or left hand parabola 
according as ^ is negative or positive. 

80. Prove that in general the locns of x« + ^x + By + C = is a 
parabola whose axis is parallel to the axis of y ; and determine its 
latns rectom, its vertex, and its axis. 

The given equation may be written in the form 

If we change the reference of (1) to parallel axes whose origin is 

^-^, ^1- i^\ we obtain 
V 2' 4kB I 

x» = - By. (2) 
Hence the locus of (1) is a parabola whose latus rectum is numeri- 
cally B and whose vertex is f , — — V Its axis is ar = .and 

^ \ 2 \B I 2 

the parabola is an upward or downward I^parabola, according as £ is 
negative or positive. 

81. Find the locus of the centre of a circle which touches a given 
circle and also a given straight line. 

Take the given straight line as the axis of y,,and a perpendicular to 
it through the centre of tlie given circle as the axis of x. Let the 
radius of the circle = r, and the distance from the centre to the given 
line = a. 

Let (jr, y) be the centre of the circle ; then the distance of (a:, y) 
from the centre of the given circle (a, 0), diminished or increased by 
the radius r, equals the distance of (jc^ y) from the given line, or the 
axis of y ; that is, 



V(ar — a)2 + y2 q: r = T, 
or (x— o)2 + y« = x2 ± 2ra: + r^, 

or y2 = 2Ca±r)a: + r2-a2, 

is the required equation. 
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28. The area and base of a triangle being given, find the Iocub of 
the intersection of perpendiculars dropped from the ends of the base 
to the opposite sides. 

Let ABC be a triangle whose base AB = 2 a, 
and whose area = ah ; then MC= b. Take AJ[ 
as the axis of x, and O the middle point of the 
base as the origin; then A is (^a, 0), i? is 
(a, 0), and if we denote OMhy c, Cis (c, 6). 

The slope of AC, or the line through (— o, 0) 

and (c, 6), is ; hence the equation of the "^ 

c + a 

line perpendicular to AC through B (a, 0) is 

c -^ a 




O M 

Fio. 70. 



y = - 



(ar-a). 



(1) 



The slope of BC, or the line through (a, 0) and (c, b), is ; hence 

c — a 

the equation of the line perpendicular to BC through A (— a, 0) is 

c — a 



y = - 



(* + «). 



(2) 



Combining (1) and (2) so as to eliminate c, we obtain as the required 
equation 

x2 + % = a2, or x^=^b(if-^^\ (3) 

If we change the reference of (3) to parallel axes through [ 0, ~ V 

we obtain x^ = — by, whose locus is a downward l^parabola whose latus 
rectum is b. 



Ex. 82. Page 144. 
1. What are a, b, c, and e in the ellipse whose equation is 

/2 



26 16 



(1) 
Equation (1) is in the form of [30] ; hence a> = 26, 6^ = 16, 



c2 = a2 - 62 = 26 - 16 = 9. .-. a = 5, ft = 4, c = 8, and « = - = -. 

a 6 
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8. What are a, b, c, and e in the ellipse whose equation is 

a^ + 2y^ = 21 (1) 

Writing (1) in the form of [30], we hare 

2 1 

hence a« = 2, 62=1, €« = a2-62 = 2- 1 = 1; .-. a=V2, 6=1, c = l, 
and € = €-^-0 = J V^. 

8. What are a, 6, c, and e in the ellipse whose equation is 

33:24.4^2=121 (1) 

Writing (1) in the form of [30], we hare 

^ + ^' = 1; 

4 3' 
hence a^ = 4, 6^ = 3, c^ = a« — 6^ = 1 ; .-. a = 2, 6 = \/3, c = 1, e = J. 

4. What are a, 6, c, and e in the ellipse whose equation is 

Ara + J5y2=l? (1) 

Equation (1) maj be written in the form 

-^ + -^ = 1. (2) 

l-r-A l-r-B 



(i.) If ^ < A (2) is in the form of [30] ; hence a^ = 1 -^ ^, 6^ = 1 -r 5. 

c2 = (l-^)-(l~5); ...« = ^,6=^,c = ^'5^,e = ^ 



S-1 



AB  ^ -B 
(ii.) If ^ = -B, the locus of (2) is a circle whose radius is -y'— • 
(iii.) If ^ > i?, (2) is in the form of (10), § 119 ; hence a^ = l-r-B, 
62 = l-Ac2^(l-2^)-(l-^);/. «=V:|'^=Vi'^=V^' 



e 



6. Find the latus rectum of the ellipse 3 ar^ + 7 y^ _, is. 

By § 125, the latus rectum = 2 6^ ^ a. 

Here n = VO, and b^ =^ y- ; .-. latus rectum — §V§. 
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6. Find the eccentricity of an ellipse if its Utiis rectum is equal to 
one-half its minor axis. 

Here latns rectom = 26* -i-a = &, or 5=] a. 

But c* = a* — A»; .-. c« = a*— Jd»= }a*, or c=\aVZ; 

hence e = c-i-a=^ )a V3 -i- a = J V3. 

7. What is the equation of an ellipse if the axes are 12 and 81 
Here a = 6, and 6 = 4; hence, hj [30], the equation is 

— + J^*=1, or 4i*+9»«=li4. 
36 16 ^ 



8. What is the equation of an eUipse if major axis = 26, distance 
between foci = 24 1 

Here a = 13, c = 12; .•. 6* = a* — c*=26, or 6=5; hence the required 
equation is 

^ +i^ = l, or 2o:r«+ie95« = 4225. 



169 25 

9. What is the equation of an ellipse if sum of axes = 54, distance 
between foci = 18 1 

Here c= 9 and a + 6 = 27. (1) 

But a«-6» = c» = 81. (2) 

(2) -- (1) gives a - 6 = 3. (3) 

From (1) and (3) we obtain a = 15, 6 = 12 ; hence the required equa- 
tion is 

16x« + 25y« = 3600. 

10. What is the equation of an ellipse if latus rectum = -^^, eccen- 
tricity = f 1 

OKI 54 c 3 

Here latus rectum = — = —, and eccentricity = - = -. 

a b a o 

Hence b^ = f^a,c= fa. Substituting these values \n a^ = l^ •\- c^, we 

find a = 10 ; hence 6 = 8, and the required equation is 

16x2 + 25y«= 1600. 
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11. What is the equation of an ellipse if minor axis = 10, distance 
from focus to rertez = 1 ? 

Here 6 = 5, and c = a — 1. Substituting these values in a^ = b^-\-{^, 
we find a =r 13 ; hence the required equation is 

26xa+169y« = 4226. 

15. What is the equation of an ellipse if the curve passes through 
(1,4) and (-6,1)? 

Since the curve -^ + ^ = ^ passes through (1, 4) and (—6, 1), we have 

l + i?=land?? + l=l. (1) 

Solving equations (1) for a^ and 6^, we find a2 = if&, 62 = i}4. 
Substituting these values in [30], we obtain 

3x»+7y2=115. 

18. What is the equation of an ellipse if major axis = 20, minor 
axis = distance between foci ? 

Here a = 10, and 6 = c. Substituting these values in a^ = 6^ + c% 
we have 100 = 2 62, or 6^ = 60. Substituting the values of a^ and 62 
in [30], we obtain after reduction x^-\-2y^= 100. 

14. What is the equation of an ellipse if sum of the focal radii of a 
point in the curve = 3 times the distance between the foci ? 

Sum of focal radii = 2 a ; hence 2 a = 3 (2 c) , or a2 = 9 c'^. Substituting 
this value of a2 in a2 = 6^ + c2, we obtain 62 = 8 c^. Substituting these 
values of a^ and 62 in [30], we have 
8x2+9y2=:,72c2 = 8a2. 

16. Prove that the semi-minor axis is a mean proportional between 
the segments of the major axis made by one of the foci. . 

Since 62 = o2 — c2 = (a + c) (a — c^, we have 

a + c : 6 : : 6 : a — c. q.e.d. 

16. What is the ratio of the two axes if the centre and foci divide 
the major axis into four equal parts ? 
From the condition c = la; .*. 62 = a2 — Ja2 = Ja2, or 2 6 = aVS, 
Hence a : 6 : : 2 : VS. 
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17. For wliaftpoint of anellqneiathealMdnaeqiudtotlieordiiiate? 



X* ■* ah 

Ifx=vm — +*i=l,we have x = if = ± ---^— - ; hence the poiatB 



are 






There is a point in the second quadrant and one in the fourth whose 
co-ordinates are numerically eqnaL 

18T Findtheintersecti<Misof theloci3x> + 65<=ll and 5=rx+l. 

Begarding these equati<»s as simultaneous, and solring, we find 
X = }, — f , and jf = |, -- 1 ; hence the required points are (}, }) and 

19. Findtiieintersectionsof theloci2x* + 3^=14 and ^ = 4x. 

Begarding these equations as simultaneous, and solTing, we find 
X = 1, — 7, and y = ±2, ±2V— 7 ; hence the points of intersection are 
(1, 2) and (1, —2). The psirs of ralues (-7, 2V-7) and (-7, 
— 2 V — 7) do not gire points of intersection of the plane loci of these 
equations, since one of each is imaginary. 

90. Findtheintersectionsof the loci x*-f 7^=16 and xS + 5^ = 10. 

Regarding these equations as simultaneous, and sol Ting, we find 
x=3, — 3; y = ±l, ±1; hence the points of intersection are (3, 1), 
(3,-1), (-3,1), (-3,-1). 

21. The ordinates of the circle x^ + jr'=i^ are hisected; find the 
locus of the points of bisection. 

Let (X|, \f{) be any point on the required locus; then (X|, 2 jfi) will 
be the corresponding point on the circle. Substituting x, for x, and 2 jr, 
for y, in X* + y* = r*, we hare 

^i' + *yi* = '*» or x« + 4y«=»«, 
as the required locus. 

22. A straight line AB so moTes that the points A and B always 
touch two fixed perpendicular straight lines. Show that any point P 
in AB describes an ellipse, and find its equation. 
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Let OB and OA be the two fixed perpen- 
diculars, and AB the line of constant length, ^ 
in which P is any point. Take OB and OA 
as the axes ; let AP= a, PB = 6, and OB A = ^ ; 
then x=a cos ^, y = b sin 0. (1) 

Equations (1) being of the form of (1) in q 

§ 128, Cor., they are the equations of an B 

ellipse whose semi-axes are a and b. Or (1) ^^^* ^^* 

x^ v^ 
is readily reduced to the form -n + f, = !• 

a* 0* 

23. What is the locus of Ax^ -f- By^ = C when C is zero ? When is 
this locus imaginary ? 

When C= 0, the equation may be written in the form y = ± x'v/ — , 

' B 

of which the locus is two straight lines through the origin when A and 
B have unlike signs. When A and B have like signs, the locus is im- 
aginary except the point (0, 0). 

84. Prove that the abscissas of the ellipse b^x^ -{■ a^y^ = aVfl are to 
the corresponding abscissas of the minor auxiliary circle x^-\- y^ = U^, 
as a : 6. 

Let X and x^ represent the abscissas of points in the ellipse and the 
minor auxiliary circle respectively, corresponding to the same ordi- 
nate y ; then from the equations of the two curves we have 

x=±-Vb^-^y^, xf=± Vb-^ - y2. 
Whence x : x' : : a : 6. 



25. Construct an ellipse by the method of § 128. 

Construct any number of points as in § 128, and trace the curve 
through them. 

26. Construct an ellipse, having given c and 6. 

Construct a right triangle whose sides are c and b ; then the hypote 
nuse will be a, and we have the axes to construct the curve. 
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27. Construct the axes of an ellipse, having given the foci and one 
point of the cnire. 

Bisect in O the line joining the foci F and jF*. Draw the focal radii 
of the point P, and from O lay off } (W+ PP) in the direction of 
each focus. We thus obtain the vertices A and A'. Draw a perpen- 
dicular to AA^ at O, and with Pas a centre and OA as a radius, strike 
an arc cutting this perpendicular in B and &; then AA* and B& will 
be the major and minor axes respectively, and the curve is readily 
constructed. 

28. Construct the minor axis and foci, having given the major axis 
(in magnitude and position) and one point of the curve. 

Let AA' be the major axis and P the point 
Through the middle point of A* A draw the 
perpendicular PP*. From the equation of the 
ellipse we obtain 

V(a + x)(o — x):y ::a:6, (1) 

in which a + x=A'M, and a^x = 'MA. On 
A' A as diameter describe the semi-circumference 
ABA', produce MP to meet the semi-circumfer- 
ence as in P; then MB = V(o + x)(a— x). 

Lay off OB= OB' so that MB: MP: :OA:OB; then PP' is the 
minor axis. With P as a centre and OA as a radius strike an arc cut- 
ting AA' ; the points of intersection F and F* will be the foci required. 




A'F 



29. A square is inscribed in the ellipse 






Find the equations of the sides and the area of the square. 
If (x, y) be a vertex, then x = y. Whence we have 



X* X" ■« 

— + — = 1, orx=± 



ab 



62 



Area = 



; also, y = ± 



oft 



2ab 



2ab 4a^b^ 



Va2 + P 



Va2 + 62 Vai-H62 «*+6* 
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Ex. 33. Pasre 151. 

1. What are the equations of the tangent and the normal to the 
ellipse 2 a;3 + 3^3 = 35 at the points whose abscissa = 2 ? 

The equations of the tangent and normal to the ellipse -« + tq = ^ 
at (tj, yj) are respectively 

^' + f=l. [32] 

and y-yi = ^J(^-xO. [33] 

Here a^ = A^, 6« = Af , and, since for x = 2 in 2a:« + 3,ya = 35, y = ± 3, 
(X|, ^i) is (2, 3) and (2, —3). Substituting these yalues in [32] and 
[33], we obtain as the required equations, 

4jr±9y = 35, 

and 9jr t 4y = 6. 

2. What are the equations of the tangent -and the normal to the 
ellipse 4jr^ + 9y^ = 36 at the points whose abscissa = — | ? 

Here c^ = 9, 6^ = 4^ and, since for x = — f , y = ± VS, (xy, y,) is 
(— }, VS) and (— f, — V3). Substituting these values in [32] and 
[33], we obtain as the required equations, 

rlf + il^ = 1, or 2x T 3yV3 + 12 = 0, 
9 4 if ^ 

and yT\/3 = ^(^^) (jr + f), or 6\/3xT4y + 5\/3 = 0. 

4(-J) 

8. Find the equations of the tangent and the normal to the ellipse 
x^ + 4y3 = 20 at the point of contact (2. 2). Also find the subtangent 
and the subnormal. 

Reducing this equation to the form of [30], we have 

£i+^=i. 
20 5 

Hence a2_20, 62 = 5^ and {x^, y{) is (2, 2). Substituting these 
values in [32] and [33], we have 

?£ + 22^=l, or x + 4y=10, (1) 

20 5 -^ y ' V / 

and y — 2 = fJ(a:-2), or 4x — y — 6 = 0. (2) 
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For y = in (1), a; = 10 = intercept. 
.-. Subt [= xi — intercept] = 2 - 10 = — 8. 
For y = in (2), jr = f = intercept. 
.*. Subn = intercept — jri = f — 2 = — J. 

4. Show that the line y = x-\- \/| touchcB the ellipse 2x^-^Sy^=l. 

Regarding these equations as simultaneous, and solving for x and y, 
we find that their only common point is (— t\^ V30, ^^ VSO) ; hence 
the line y = x-\- V| is a tangent at that point. 

Or, substituting the values of a^ and b^ in [36], we obtain as the equa- 
tion of any tangent to 2 x^ 4. Sa:^ _ i^ 

Putting m = 1 in (1), we obtain 
y =r a: + Vl ; 
hence the given equation is a tangent. 

6. Required the condition which must be satisfied in order that the 

X V 3^ v^ 

straight line — H - = 1 may touch the ellipse -5 + lo = !• 

The tangent to ^' + ^ = 1 at (x, y,) is ^ + '^ = 1. (1) 



X y 
Writing — |- - = 1 in the form of (1), we have 



m n 



a^ b^ 



— , — J must be 



on 



X^ t/2 

the curve -- + ^ = 1 ; hence we have 

= 1, or — =1. 

X V / 

Or, writing — [- - = 1 in the form of y = wia: + y/a^m'^ + 6*^, we have 
m n 

y = X + n. (1) 
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Hence, if (1) is a tangent, 



in = -»., and VaWT^^ = ^lc^^^^\^ = n. 



• • 



+ 4« = „«,or 21 + ^=1, 



is the required condition. 

6. In an ellipse the subtangent for the point (3, ^) is — Y» the 
eccentricity = |. What is the equation of the ellipse? 

Here subt = ^L^l^' = ?^:=il? = - J^, oraa = 26. 

j?i 3 

- = -, or c2 = J|a2=16. 
a 5 

62 = oa-c2 = 26-16 = 9. 

Hence the equation of the ellipse is 

^ + ^=1, or9j:a + 25y» = 225. 

7. What is the equation of a tangent to the ellipse 0x2 + 64^2 — 576 
parallel to the line 2y = .r? 

Here a^ = M and b^ = 9; hence, by [86], the equation of any tan- 
gent to 9x2 + 04 y2 = 576 ia 

y = mx± V64 m^ + 9. (1) 

If (1) is parallel to 2y = x, m = l. Substituting this value of m in 
(1), we obtain as the required equations, 

y = J X ± 6, or 2 y = x ± 10. 

8. Find the equation of a tangent to the ellipse 3x2 + 6y2= 15 par- 
allel to the line 4x — 3y — 1 = 0. 

Here a^ = 6 and b^ = S; hence, by [36], the equation of any tan- 
gent to the given ellipse is 



y = mx±y/6m^-}-S. (1) 

If (1) is parallel to 4 x — 3 y — 1 = 0, w = J. Substituting this value 
of m in (1), we obtain as the required equations 

y = fx±i\/l07, or 3y = 4x± vl07. 
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2 2 

Or, the tangent to £. + ^ = 1 is 

6 3 

The slope of (1) is =-^; hence if (1) is parallel to 4ar — 3 w — 1 = 
we have 

=^ = i (2, 

Since (arp yj) is on the curve, we have 

Solving (2) and (3), we find the points of contact to be 
1=^, _L,\ and (^, ^\ 



107/ 



\^/wf Vl07/ WIO/ Vl07/ 

Substituting these values of x^ and y^ in (1), we obtain as the required 
equations 

4x-3ydb>/i07 = 0. 

9. In what points do the tangents which are equally inclined to the 
axes touch the ellipse h^x^ + a^y^ = a^bf^ 1 

If the tangents are equally inclined to the axis, their slopes must be 
± 1 ; hence we have 



«Vi 



^=±1. (1) 



Since (arj, y{) is on the ellipse, we have 

62xi2 + a2yj2 = a252. (2) 

Solving (1) and (2), we find that the point of contact is 

f /^ . ^^^ ) or ( -^' , -'' V 
\ Va2 + 62 y/a^-^b^J \Va2 + 62 Va^ + 62/ 

10. Through what point of the ellipse 62x2 -f a2^2 _ a%2 must a tan- 
gent and a normal be drawn in order that they may form, with the 
axis of X as base, an isosceles triangle ? 

Since the tangent and normal are perpendicular to each other, if 
they form an isosceles triangle with the axis of x, the slope of the 
tangent must be ± 1, and the solution and the answers are the same 
as that of No. 0. 
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11. Through a point of the ellipse h^i^ + a^y^ = a^l^, and the cor- 
responding point of the auxiliary circle ar2 + y* = o2, normals are 
drawn. What is the ratio of the subnormals ? 

In the circle subn = — x^. 

In the ellipse subn = x,. 

a* 

Hence subn in ellipse : subn in circle : : 6^ : a^. 

12. For what points of the ellipse 6^x2 -f o^ = ^2^ jg ^he subtangent 
equal numerically to the abscissa of the point of contact ? 

a: 2 - a2 _ 

Here we have subt = — = — Xj, or Xj = i Ja v2. Substituting 

Xj and ^1 for x and y in the given equation, and solving, we find 
y^=z±\hy/2\ hence the points are (Ja\/2, ± J6V2) and (— JaV2, 

±i6V2). 

18. Find the equations of tangents drawn from the point (3, 4) to 
the ellipse 16a^« + 25y2 = 400. 

Here a* = 25, and h'^=\Q\ hence by [36] the equation of any tangent 
to the given ellipse is 

y = mx-\- V25wi2-fl6. (1) 

If (1) passes through (3, 4), we have 

4-3m = V26"m2+16. (2) 

Solving (2) for m, we obtain m = and — f. Substituting these 
values of m in (1), we obtain as the required equations 

y = 4, and 3ar+ 2y = 17. 

14. What are the equations of the tangents drawn through the ex- 
tremities of the latera recta of the ellipse 4 j:^ + 9y2 = 36a2 ? 

The extremities of the latera recta are (c, ± \ latus rectum) and 

(— c, ± J latus rectum). Here a = Za^h — 2a; hence c = Va-*— 6^=0^6; 

also h latus rectum = — = — (§ 125). Hence the points of contact are 

a 3 

( a V6, ± — ) and ( — a Vs, ^~t\ Substitutitig these values of x^ and 

^1 in the equation of the tangent to 4ar2 + 9y2 = 36a2 at (ar^, yj); that 
is, in 4a:ia:H-9yiy = 36a3, 

we obtain as the required equations 

V6a:±3y = 9a, — V6^x±3y = 9a. 
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16. What is the distance from the centre of an ellipse to a tangent 
making the angle ^ with the major axis ? 

The distance from the origin to the tangent 
y = mx + Va^w^ + 6^ 



IS 







= a \\ = O Vl — 6* cos2 A, 

' m2+ 1 
since m = tan ^. 

16. What is the area of the triangle formed by the tangent in the 
last problem and the axes of co-ordinates ? 

We could find the equation of the tangent, ob- 
tain its intercepts, and take one-half their product. 
Or, let AB (Fig. 73) be the tangent, OD the per- 
pendicular on it from ; then 

0A=p-7- sin <f>, Fig. 73. 

OB ^p-T- cos <f> ; 

hence Area = } (0^ X OB) = J E? ^ ^a'(l -e'cosy) 

sin tp cos <l> sin p cos p 

= J (cfi CSC ^ sec ^ — c2 cot ^). 

17. From the point where the auxiliary circle cuts the minor axis 
produced tangents are drawn to the ellipse. Find the points of contact. 

If the tangent b^x^x + a^yji/ = a'^b^ passes through (0, a) or (0, — a), 
we have ± a^^i = a^b^, or yj = ± (6^ h- a) = semi-latus rectum. Hence 
the points of contact are the extremities of the latera recta. 

18. Prove that the tangents drawn through the ends of a chord 
through the centre are parallel. 

Let (xj, yi) be one end of the chord ; then from the symmetry of 
the curve we know that (— Tj, — y^) is the other end. The slope of 

the tangent at {x^, y,) is . ^ and at (— Xj, — y^) is ——f — J^, or 

«^yi «^(— yi) 

— 62*. 

1. As these slopes are equal, the tangents are parallel. 
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19. Find the locus of the foot of a perpendicular dropped from the 
focus to a tangent. 

The equation of the tangent at any point (X|, y^) is 

y = mx + y/a^m^ + m. (1) 

The line from the focus (ae, 0) perpendicular to (1) is 

y=--(x-a«). (2) 



From (1) , y - mx = y/cfim^ + 62. (3) 

From (2), my •\- x = ae. (4) 

Adding the squares of (3) and (4), and dividing by 1 + m^, we obtain 

xa + y2 = a2 

as the equation of the required locus; hence the locus is the circle 
whose diameter is the major axis. 

Bz. 34. Pagre 152. 

1. Given the ellipse 36x2+100^2 = 3600. Find the equations and 
the lengths of focal radii drawn to the point (8, ^-). 

If r and r' are the focal radii to the point (x, y) of the ellipse, then 
r = a — ex, and r' = a-\- ex. 

Here x = 8, a = 10, and 6 = 6; hence ae = Va^ — 6* = 8, or c = f . 
Substituting these values in (1), we obtain 

r = -V . r' = A?. (1) 

The line through (8, V) and the focus (8, 0) is evidently parallel to 
the axis of y and 8 to the right of it ; hence its equation is 

X = 8. (2) 

The line through (8, Y) and the focus (- 8, 0) is 



1 8 



.y _ -V 



If we had used [41 to obtain (2), we would have obtained „ = -J' 

^ -* X — o 

which is satisfied only when x — 8 = ; hence x = 8 is the required 
equation. 

2. Is the point (2, 1) within or without the ellipse 2x2 + 3y2 = 12? 

x2 v^ 
The point (h, k) is without, on, or within the ellipse -j + ^ = ^ 

according as -- + — — 1 >, =, or < 0. 
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Hence, since — - H 1 < 0, the point (2, 1) is within the ellipse 

4 

6 + 4 " • 



8. Find the eccentricity of an ellipse if the equation is 
2x2+3^2=^12. 

Herea = \/6, 6 = 2; hence a«= \/^23^= V2, or c = — = J\/3. 

V6 

4. Find the eccentricity of an ellipse if the angle FBP = W^ 
(see Fig. 74). 

If i?'^i^ = 90^, OBP = ^b'^=OFB\ hence OF'=OB or e = 6, 

and a = V62T^ = b \/2. Hence e = - = -^ = J V2. 

a 6^ 

5. Find the eccentricity of an ellipse if LFB is the latus rectum and 
LOB is an equilateral triangle (^ being the focus, O the centre). 

If A LOB is equilateral, Z LOB = 60°; hence 

ZLOF=S0^, 

262 



OF = ae, 0L=2FL= 

a 



Hence 



or 



But 



cos 


F0L = 


cos 30° = 


OF 
OL 


'262' 


e = 


v§4 

a2 








«2 = 


a2-62 









a" 




From (1) and (2) we have 

a4-62a2=36*,ora2 = ^^±i^^. 

2 

The minus sign before 62 VTS is excluded since a^ > 62. 

From (3) and (1) we have 

2V3 



(3) 



e = 



1+ \/T3 

6. Find the equations of tangents to an ellipse if they make equal 
intercepts on the axes. 
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If the intercepts are equal, the tangent must cross the first or the 
third quadrant ; and hence its slope must be — 1, and we have 

11^ = - 1, or 6%, = a^y^. (1) 

But (xj, yi) is on the curve ; hence 

^ + 1? = 1 , or 6 V + «*y 1* = fl'ft"- (2) 

Solving (1) and (2) for x^ and y^ we find the points of contact to be 
(-^—. - ^— ] and (-=^. -n^V 

Substituting these values of x^ and y^ in [32], we obtain 

x+y=± Va2 + 62 (3) 

as the required equations. 
Or substituting — 1 for m in 

y = mx± Vo^SiM^, • [36] 

we obtain (3) as the required equations. 

7. Find the equations of tangents to an ellipse if they are parallel 
to BF (Fig. 74). 

If the tangents are parallel to BF, their slope must be — (6 -r- c), and 
we have 

__— 1 = - -, or ixi = -^. (1) 

But (aTj, yi) is on the curve ; hence 

^ + ^ = 1, or. 62xj2 + a2yj2 = a262. (2) 

Solving (1) and (2) for x^ and y,, we find the points of contact to be 

( -' , ^^ ] and ( "«^ , "^^ Y 
\Va^-^c^ Va2+c2/ \V'a2 + c2 V'rt2 + c2/ 

Substituting these values of x^ and y^ in [32], we obtain 

bx-\-cy = ±b Va2 + c2 (3) 

as the required equations. 
Or substituting ^(b-r-c) for w in 

f/ = mx± V^rH^T^, [36] 

we obtain (3) as the required equations. 
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8. Find the equations of tangents to an ellipse which are parallel to 

the line - -f ^ = 1 (a and b being the semi-axes). 
a 

Here m = — (6 -^ a). Substituting this value of m in 

y = mx± \/ahn^ + 62, [36] 

and reducing, we obtain 

hx-\- ay=i±ab V2 

as the required equations. 

9. Find the equation of a tangent in terms of the eccentric angle ^ 
of the point of contact. 

From § 128, Cor., we have Xj = a cos <^, yi = h sin ^. Substituting 
these values of x^ and y^ in [32], we obtain 

ax cos , by sin _ -i xcos^ , y sin^ _ ^ 

d^V^~*ab~' 

10. Find the distance from the centre of an ellipse to a tangent 
through the point of contact (j:,, y^. 

Reducing "[32] to the normal form, we obtain 

a262 ah 

P 



a6 a6 



^/„«_...+^... ^^^^^ 



11. Find the distance from the centre of an ellipse to a tangent 
making the angle ^ with the axis of x. 

See No. 15, Ex. 33. 

12. In what ratio is the abscissa of a point divided by the normal at 
that point ? 

2 7>2 

In Fig. 76, 0N= — arj, NM= —x^ numerically ; hence 

a* a^ 

ON:NM::c^:l^. 



18. At the point (x^, y{) of an ellipse a normal is drawn. What is 
the product of the segments into which it divides the major axis ? 
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Let P be {x^, y{) ; then 

A^N= A^O + ON 
= a + e^x^. 

NA =OA^ON 
= a — e^x^. 

Hence 

A' NX NA 

= (a + e^Xj) (a — e^Xj) 
= a3 — e*Xi2. 




r^j 



Fig. 75. 



e2x2 



14. Find the length of PN (Fig. 76). 

\a^ y a* a^ 

= (a2-eV) (!-«?)• 
Whence PN= \/(l -c2)(a2-e2xi2). 

16. Determine the value of the eccentric angle at the end of the 
latus rectum. 

The end of the latus rectum in the first quadrant is [ ae, ~ j ; 



hence 
and 



ae=ia cos ^ or cos ^ = e, 
62 . . h 



62 



6 sm 4> = — , or sm ^ = - = A/— = v 1 — c* 
a a ^a2 



Whence tan ^ 



Vn=^ Va2 - a2c2 6 



ae 



16. Prove that the semi-minor axis 6 of an ellipse is a mean proper* 
tional between the distances from the foci to a tangent. 

By No. 19, Ex. 33, we have ^2/ 

OL = OV = a. 
Now 0F= OF, 

Z. rOV = Z FOV^, A\—J^. ^^ i,^-AA 

/LOFfU^Z-OFV*; 
hence OL" = OV = a, and LV is a chord of 
the auxiliary circle. p^^ ^g 

Whence FLxPiV = FLx FV* = FAx FA' 

= (a — ac)(a + ae) = a2 — a2e2=62. 
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17. Prove that the semi-minor axis b of an ellipse is a mean propor- 
tional between a normal and the distance from the centre to the cor- 
responding tangent. 

. By No. 14, normal = V(l '-e^){a^ ^e^x{^y 

ah 
By No. 10, distance to tangent =p = 



Va« — e%^ 



Hence /> (normal) = aby/l^e^= by/a^ — aV = 6*. 

18. Determine and describe the locus of the middle point of that 
portion of a tangent contained between the tangents drawn through the 
vertices. 

The minor axis produced is parallel to the tangents at the vertices 
and midway between them ; hence it bisects all lines included between 
these tangents. 

19. Determine and describe the locus of the middle point of a per- 
pendicular dropped from a point of the circle (x — a)^ -f ^2 _ ^2 ^q t^g 
axis of y. 

Let (x, y) be any point on the circle (x — a)^ -f ?y2 _ ^2^ ^u^j ^^./^ yt^ 
be the middle point of the perpendicular from (x, 1/) to the axis of y ; 
then x=2x' and y = y'. Substituting these values in (x — a)^ + y^ = r\ 
we obtain as the equation of the required locus 

(2 a:' — a)2 + y'2 = r2, or4(x-ia)2-f.y2 = ra. (1) 

Changing the reference of (1) to new parallel axes with (J a, 0) as 
the origin, we have 

4x2-|-y2 = r«,or^-f^=l. (2) 

The locus of (2) is an ellipse whose centre is the new origin (J a, 0), 
and whose semi-axes are r and ^r, the transverse axis lying on the 
axis of y. 

20. Determine and describe the locus of the middle point of a chord 
of the ellipse l^x^ ■\- a^y^ = a^ly^ drawn through the positive end of the 
minor axis. 

Let (x, y) be any point on the ellipse, and (a:', y') the middle point 
of the chord drawn from (0, 6) to (x, y) ; then 

a:' = J a:, or a: = 2 x\ 

and y' = i{jy + 6), or y = 2^^' - b. 
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Substituting these values of x and y in the equation of the ellipse, 
we have as the equation of the required locus, 

4 62jc/2 4- a\2 y' - 6)* = cflbf^, or 4 62^2 4. 4 ^2 (y «. j fc)2 = aV^, (1) 

Changing the origin to (0, } 6), (1) becomes 



462x3 + 4aV = «*^, or 



r__ 



= 1. 



(2) 



}a2 J62 

The locus of (2) is an ellipse whose semi-axes are \ a and \ b ; and 
whose centre is at the new origin (0, }6). 

81. Determine and describe the locus of the vertex of a triangle 
whose base 2 c and sum of the other sides 2 s are given. 

Let ABP be a triangle in which AB — 2c and 
AP + P5 = 2 «. Take AB as the axis of x, and 
its middle point as the origin. Denote P as 
(^» y) > tlien 0M= x, AM= c + X, JlfB = c — x, 

From the right triangles AMP and BMP, we 
have 




Hence V(c + x)2"4r^2 = 2 a - V(c - x)2 + yS. 
Squaring (3), 

8 y/(^c — x)2 -f y2 _ g2 „ ex, 
which is readily reduced to the form 



(1) 
(2) 

(3) 



X2 

— + 



y^ _ 



= 1. 



(4) 



«» S2-C2 

The locus of (4) is an ellipse whose centre is the origin, and whose 
semi major and minor axes are s and Vs* — c^ respectively. 

22. Determine and describe the locus of the vertex of a triangle, 
having given the base 2 c and the product k of the tangents of the angles 
at the base. 

Using the same notation and figure as in No. 21, we have 

tan MAP = -A—, tan MBP = ^ 



Whence k = 



y 



c + x' 

y _ y' 



C — X 



C •{■ X C — X 



?2 _ 3r.2 



or 






(1) 
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Here k and c^ are both positive. 

If A; = 1, the locus of (1) is a circle whose centre is the origin, and 
whose radius is c. In this case APB is a right angle ; hence the locus 
of the vertex of the right angle of a right triangle whose hypotenuse is 
AB is the circumference of a circle whose diameter is AB. 

For other values of k, the locus of (1) is an ellipse, whose semi-axes 
are c and c "y/k, of which c always lies on the axis of x. The transverse 
axis lies on the axis of a;, or that of y, according as ib < or > 1. 

23. Determine and describe the locus of the symmetrical point of the 
right-hand focus of an ellipse with respect to a tangent. 

In Fig. 61, § 140, let FH be a perpendicular from F to any tangent, 
as PQ at Q. Produce the focal radius F'Q and the perpendicular FH 
until they intersect. Their x>oint of intersection G is the symmetrical 
point of F with respect to the tangent TQ. For in the triangles FHQ 
and GHQ, QH is common, and Z HQG = A HQF, since each equals 
Z F'QK. Hence FH= HG. 

Since FQ= QG, F'G = F'Q^ QF=2a, and (? is in the circum- 
ference of a circle whose centre is F', and whose radius is 2 a. Its equa- 
tion is 

(a: -I- c)2 + ^2 = 4 a2. 

Ex. 35. Page 164. 

1. Find the area of the ellipse x^ -\- 4 y^ = 16. 

Area = wab. 
Here a = 4, and 6 = 2; hence area = 8ir. 

2. Find the distances of the directrices from the centre, in No. 1. 
The distance of each directrix from the centre is a-r-e. 

TT >! J. o ^ 2 «2-62 16-4 12 ^^^ ,^/o 
Here a = 4, 6 = 2, and e^ = . = = _, or c = ^ V3. 

a^ lo lo 

Hence a-f-c = 4H-}V3 = | VS. 

8. What is the equation of the polar of the point (5, 7) with respect 
to the ellipse 4 a:2 -f 9y2 = 36 ? 

The equation of the polar of the point (A, k) with respect to the 

ellipse ~+-^=rl is-^-f--^ = l; hence the equation of the polar of 
a2 ^2 a2 12 
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the point (A, k) with respect to the ellipse ^+^=1 is ^ + "/ = l» 

which, when (A, k) is (6, 7), becomes 

Ja: + Jy = 1, or 20x + 63y = 36. 

4. Prove that a focal chord is perpendicular to the line which joins 
its pole to the focus. In what line does the pole lie ? 

Here the polar passes through the focus (ae, 0), and from its equa- 
tion we obtain A = a -r- e ; hence the pole of any focal chord is in the 

directrix, and is | -, A; j. 
Hence the equation of any focal chord, or the polar of [ -, k \ is 

-+^ = 1, or y = - + -• (1) 

ae Ir aek k 

Id I Ojdc 

But the slope of the line from f -, k\ to (ae, 0) is -— - ; hence this 

line is perpendicular to (1). 

5. Find the pole of the line Ax-\- By •\' C=0 with respect to the 
ellipse 62x2 + a^y^ = a262. 

fix kv 
The pole of the polar -^ + ^ = 1 with respect to the ellipse 

x2 t/* 

^+1^=1 is (A, fc). 

Reducing Ax-\- By -^ C=0 to the form of -g + if = 1» we have 

--(A-r-C)a^x (g-?-C)62y ^.^ 
a2 62 

(— Aa^ — B^\ 
— r^~* — 7^1' 

6. Each of the two tangents wliich can be drawn to an ellipse from 
any point on its directrix subtends a right angle at the focus. 

The chord of contact, or polar, of any point on the directrix [ _, ^ j is 

^ + ^ = 1. (1) 

ae 62 

But (1) passes through (ae, 0), or is a focal chord; hence, by No. 4, 
each tangent subtends a right angle. 
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7. The two tangents which can be drawn to an ellipse from any ex- 
ternal point subtend equal angles at the focus. 




/ T 



Fio. 78. 

PQ and PR are tangents drawn from P to the ellipse. 

Triangles F'PG and F'PS are equal, since F'G= F'S, PG = PS, 
F'P=F'P; hence ZPF^Q^ZPFfR. Again, triangles PQG and 
PQF are equal, and hence ZPGQ=ZPFQ; also triangles PRF 
and PBS are equal, and hence Z PFR = Z PSB ; hence, as 

ZPGQ=ZPSE, ZPFR=ZPFQ. 

No. 6 is but a particular case of 7. 

8. Find the slope m^ of a diameter if the square of the diameter is 
(i.) an arithmetic, (ii.) a geometric, (iii.) an harmonic mean between 
the squares of the axes. 

The square of any diameter = 4(b^-\- e^x^^), (§ 146), in which Xj is the 
abscissa of its extremity. 

(i.) Here 4 (62 + eV) = 2 (a^ + b^), or ^i^ = i a^ (1) 

From (1) and a^y^^ + 62x^2 = a^i^ we obtain 

yi'=i6'. (2) 

The equation of any diameter of an ellipse is 

in which m is the slope of its chords. Since (jTi, y^) is on (3), from 
(1), (2), and (3) we obtain 

a2 
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Now w,' = = — . — = 

(ii.) Here 4 (&* + «^x «) = 4 ab, or x^^ = °^-^ . (4) 

From (4) and a*^,* + Mx,« = aV, 

,.. = ^£^. (5) 

But (jTp yj) is on (3) ; hence from (4), (5), and (3), we obtain 

But < = -^ = ^.?|=i 

(iii.) Here the three quantities are 4a«, 4 (6" + c^jTi^), and 4&2, of 
which 4 (/>^ 4- e^x^^) is the harmonic mean ; hence 

4a« - 4 (6a + «*Xi«) : 4 (fca + «V) - 46^ : : 4a2 : 462, 
or aV-«2xi«:«2xi«::a2:62, or Xi« = -^^^ (6) 

From ((5) and a^tf^^ + 62x,2 = aVy^, we obUin 

From (6), (7), and (3) we obtain 

m* = — ; /. fWj2 = 1. 
a* 



9. Given the length 2 / of a diameter, its inclination to the axis, 
and the eccentricity; find the major and minor axes. 

From § 145, P = 62 + e^x^^. 

Xj = /co8e; .-. 62 = /a - e2/2 COS* a. 



or 6 =/Vl-«2cos2a. 



\ l-e2 



-e2co82 5 
or 
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10. Tangents at the extremities of any chord of the ellipse intersect 
on the diameter which bisects that chord. 

Take as the axis of x the diameter which bisects the chord, and as 
the axis of y the diameter parallel to the chord ; then if (xp y^ is one 
extremity of the chord, (xj, — ^i) is the other. These diameters, or 
axes of reference, being conjugate diameters, the eq^uations of the 
tangents at (xp y^ and (arj, — ^i) are respectively 

and ^-M-l (2) 

Now the intercepts of (l).and (2) on the axis of x are equal; hence 
they intersect on this axis, or the diameter bisecting the chord. 

11. Tangents are drawn from (3, 2) to the ellipse ar^ + 4y2 _ 4. Fjnd 
the equation of the chord of contact, and of the line which joins (3, 2) 
to the middle point of the chord. 

The equation of the chord of contact of tangents from (A, Ic) to 

^%3L'=li8^ + ^ = l. (1) 

Hence the chord of contact of tangents from (3, 2) to 

^ + ^=1 is^+^ = l,or3:c + 85^ = 4. (2) 

4 1 4 1 

By No. 10 the line through (3, 2) and the middle point of the chord 

is a diameter through (3, 2) ; hence its equation is 

y = far, or2r — 3^ = 0. 

12. Find the area of the rectangle whose sides are the two segments 
into which a focal chord is divided by the focus. 

If, in [39], we put ^ = ^' and « = 180° + 6', the two values of p will 
be the segments of the focal chord whose inclination to the transverse 
axis is 9. Hence the sum of the two segments equals 



a(l-e2) ^ a(l^-^ 
1 — e cos ^' 1 + c cos e'* 



or 



2aCl-e2) . 
1 - c2 cos2 0' * 



and the product of the segments equals 

1 - e2 cos2 Qt ~ 2 l-e2cos2e' 2a l-c2co82^' 
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18. What is the equation of a chord in the ellipse 13 x-' + lly^= 143 
which passes through (1,2) and is bisected bj the diameter 3 x — 2 ^ = ? 

Reducing the equation of the ellipse to the symmetrical form, we 
have 

11 13 ^ ^ 

From (1) we see that the transyene axis lies on the axis of y ; hence 
the equation of the diameter which bisects chords whose slope is m is 

Here 0^= 13, 6^= 11. Substituting these values in (2), we hare 

y = - ,T^- (3) 

11m 

Comparing 3ir — 2y = and (3), we have 

-13 3 28 

11 m 2 

The chord through (1, 2), having the slope — J|, is 

y-2 = -f|(r-l), or 26x + 33y = 92. 

14. In the ellipse 9x3 + 36^^ = 324 find the equation of a chord 
passing through (4, 2) and bisected at this point. 

The equation of a diameter to 6M + a^y^ = a^b^ is 

Here a^ = S6,b^ = {^; substituting these values in (1), we have 

y = _^. (2) 

4m 

If (2) passes through (4, 2), we have 

2 = , or m = — i. 

m ^ 

Hence the slope of the chord that is bisected at (4, 2) is — h and it» 
equation is x + 2 y = 8. 

15. Write the equations of diameters conjugate to the following 
lines : 

X — y = 0, X 4- y = 0, ax = 6y, ay = hx. 



TKACHEKS' EDITIUX. 275 



The equation of condidon of Goajagate dtunetefs is 

in which m and m' are their slopes. 
If y = X is one diameter, ai-= 1 ; hence ■' = -, and the conjogate 

diameter is a^y + Wr = 0. 

If y = — X is one diameter, « = — 1 ; hence **= -^ **"d ^^ conjugate 
diameter is t^x — a*y = 0. 

If 6« = ax is one diameter, m = a^b; hence ■* = — — , and the con- 
jugate diameter is o*^ + l^x = 0. 

If at/ = hx is one diameter, m = h-ha\ hence «' = , and the con- 
jugate diameter is ay + 6x = 0. 

16. Show that the lines 2x — jr = 0, r + 35 = 0are conjugate diame- 
ters in the elUpse 2x« + 3y2 = 4. 

Here a^ = 2, 6> = | ; hence the equation of condition of conjugate 
diameters in2x2 + 3y* = 4i8 

wiii' = -i. (1) 

The lines 2x — y = and r + 3y =0 are both diameters, and their 
slopes satisfy (1); hence they are conjugate diameters. 

17. Find the equation of a diameter parallel to the normal at the 
point (jTi, yi), the semi-axes beug a and b. 

The slope of the normal at (xj, y{) is ^ ; hence the equation of the 

diameter parallel to this normal is 

y = ^x, or ft2x,y = a2y,x. 

18. The rectangle of the focal perpendiculars upon any tangent is 
constant, and equal to the square of the semi-minor axis. 

Let d and rf' denote the length of the perpendiculars. 
The equation of the tangent at (r,, y,) is 
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By [12] we liare 



d = 



b^x^ae — a^l^ _ — 6 (a — cjTj) 






= -^(«-«^i)- 



In like manner, we obtain 

rf' = - - (a + cari). 

Hence rfrf' = ^ (a^ - ^23. «) =, ^2. 



(§ 146) 



(§ 145) 




19. The diagonals of the parallelogram BKEH are conjugate diam- 
eters. 

For they are evidently parallel to 
the supplementary chords drawn ^ 
from D to the diameter SCS'. 

20. The angle between two semi- 
conjugate diameters is a maximum, 
when they are equal. 

Since a« + 6'2 = a^ + h^, that is, 
is constant for all values for a' and 
/)', the product a^b^, or a'i', is great- 
est when a'2 = 6'*, or a'= 6' ; that is, when the semi-diameters are equal. 
But when a'6' is greatest, sin ^ or a6 -7- a'&' is least, and the obtuse angle 
6 is greatest. 

21. The eccentric angles corresponding to equal semi-conjugate 
diameters are 46^ and 136^. 

By § 143, Cor. 2, the equal conjugate diameters 
lie on the diagonals of the rectangle on the axes 
of the ellipse ; so that if OP and OR were equal 
semi-conjugate diameters,* OP and OR, as also 
OQ and OS, would make equal angles with OB ; 
hence QOB= 80B=^b^ (§ 146). .-. ^0^ = 450, and AOS= 136°. 




22. The polar of a point in a diameter is parallel to the conjugate 
diameter. 



?77 



The polar of the poirt (A, 1^} vidi nsyccs to tlie dJ^ee 



5+£=ii.^n^=^ CD 



If the point (A, ^) be on the axs of x, J' 

whose locus is puallel to the axis of w- 
If (A, <;) is^n the axis of j, (I) braoBMS ^5 = ^. 



88. Find the eqnatioiis of eqoal oonjagate dtametm. 

Since the equal conjugate djametere lie on the diagonsl^ of the 
rectangle on the axes, th^ eqnatioos are 

6 

M. The length of a semi-diameter is /; find the equation of the con- 
jugate diameter. 

By § 145 we hare 



P = fi» + ««x,«,orxj = ^:^L^L-^ (1) 

From (1) and the equation of the ellipse we obtain 

b 



y, = ^V^3^. ^ (2) 

In (1) and (2), (x^, y|) denotes the upper extremity of the diameter. 
From (4) in § 144, and (1) and (2), we have 

u^=-x, = ±-VP^^. (4) 

^^ a ^ ae 

Hence the equation of the conjugate diameter is 



y = ^i = + X, 



bxVt^-l)^ ± auVa^-l^ = 0. 



or bx\/i^ — o*±aif 



85. The angle between two equal conjugate diameters = 120°; find 
the eccentricity of the ellipse. 
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The equal conjugate diameters lie on the diagonals of the rectangle 
on the axes ; hence, if their included angle is 120^, the angle between 
one of them and the transyerse axes is 30^, and we have 

- = tan 30O = J V3, or6 = iVSa. 



a 



Hence 



^ = ^l:^=.-±zl^.ore = iyr^. 



aa aa 



26. Given a diameter, to construct the conjugate diameter. 

Draw a chord parallel to the given diameter, and a diameter through 
one extremity of the chord. Draw the supplemental chord ; the diam- 
eter parallel to it will be the conjugate to the given diameter. 

87. To draw a tangent to a given ellipse parallel to a given straigiit 
line. 

Through one end of the transverse axis draw a chord parallel to the 
given line, draw the supplementary chord and a diameter parallel to it ; 
the tangents at the extremities of this diameter will be parallel to the 
given line by § 143. 

28. Given an ellipse ; to find by construction the centre, foci, and 
axes. 

Given the ellipse A'BAB^; draw any two 
parallel chords, and through their middle points 
draw KOR. The middle point of KB, which 
is a diameter, is the centre. With as a cen- 
tre, and OK as a radius, draw an arc, and let 
K and S be two of its intersections with the 
ellipse. Draw the chord KS, which will be a 
chord of one of the axes, since its «nds are equally distant from the 
centre 0. The two diameters, one perpendicular to KS, and the other 
parallel to it, will be the axes required, the longer, AA', being the major 
axis. With J? as a centre, and OA as a radius, strike an arc cutting 
the transverse axis : the points of intersection F* and F will be the foci. 

29. Find the rectangular equation of the ellipse, taking the origin 
at the left-hand vertex. 
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Referred to the centre, the new origin will be (— a,0). Substituting 
:r — a for ar in [30], we obtain 

as the equation required. 

80. Find the polar equation of an ellipse, taking as pole the right- 
hand focus. 

From § 119 we have 
p =■ a — eXf 
in which x = ae-\- pcos 0. 

Hence P = «-««'" P« ^«« <^' «^ ^ = 1^77^^^' 

31. Find the polar equation of the ellipse, taking the centre as pole. 
Substituting pcos B for x, and p sin for y in [30], we obtain 
pgcos^e .Vjin^_i 

2 72 

Substituting 1 - cos2a for sin2 0^ and remembering that " "^ = 



-62 



we obtain p^ = 



1 — e2cos2^ 



82. If the centre of an ellipse is the point (4, 7), and the major and 
minor axes are 14 and 8, find its equation, the axes being supposed 
parallel to the axes of co-ordinates. 

The equation of the ellipse referred to its one centre is 



,.2 ,i2 



£l-|.£=l. (1) 

49 16 
Since the centre is (4, 7), the origin referred to the axes of the 
ellipse is (-4, - 7). Substituting in (1) ar - 4 for x, and ^ - 7 for y, 

we obtain l£^+^^=l, 

49 Id 

or l6ar2 + 49^2«i28z-6863/-h 1873 = 0, 

as the equation required. 
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88. The equation of an ellipse, the origm being at the left-hand yer- 
tex, is 25x2 + 81y2 = 45O2:; find the axes. 

Writing this equation in the form of (1), No. 29, we obtain 

81 26 9 
Whence a = 9 and 6=5. 

84. If tlie minor axis = 12, and the latus rectum = 5, what is the 

equation of the ellipse, the origin being taken at the left-hand vertex ? 

26^ 
Here 6 = 6, and — = 5, or a = V. 

a 

Substituting these values in (1) of No. 29, we obtain after reduction 

25x2 



144 



+ v2 = 5x. 



85. Find the eccentric angle <f> corresponding to the upper end of the 
diameter whose length is 2 c. 

From § 145 we have 

cS = 62 + c V , or Xi2 = ^^' (1) 

By § 128 and (1) we have 

« x2 c2-62 c2-62 

C0S2 = -L- = = , 

^ a^ a2c2 a2-62' 
or cos fp 



\a2-62 



86. At the intersection of the ellipse 62x2 + a^y^ = a^b^ and the circle 
r^-{'y^ = ab tangents are drawn to both curves. Find the angle 
between them. 

From the symmetry of the curves it is sufficient to consider the 
intersection in the first quadrant. Regarding the equations as simulta- 
neous, we find for the intersection in the first quadrant, 

X = - Vab — 62, V = — '^<^^ — o.h. 
e ae 

The slope of the circle at this point is 



- y/ah - 62 
X __ e 

V 6 . 

^ — Va2 - ab 

ae 
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The slope of the ellipse at the same point is 
Whence, by [10], we have 

--A/-+7V- 

tan ^ = ± T = —- 

1 + r ± y/ab 

a 



87. How would you draw a normal to an ellipse from any point in 
the minor axis ? 

Putting or = in the equation of the normal, we have 

Intercept on axis of y = y^. 

b^ 

Hence if on the axis of i/ we take OB so that 

c^ib^:: — Intercept : OB, 

and through B draw a^ line parallel to the axis of x, its intersections 
with the curve will be the points to which normals can be drawn from 
the given point in the minor axis. 

38. Find the equation of a chord bisected at a point (A, k). 

The diameter bisecting this chord passes through (k, k). Substi- 
tuting these values for x and y in the equation of a diameter, we obtain 

^ = -— -, or m = -— . (1) 

The line through (A, k), having the slope rr* is 

a^k 

y-.k = -'^ (x-'h), or b%x -{- a^ki/ = bVfi -{■ a^li^. 

39. Prove that the length of a line drawn from the centre to a tan- 
gent, and parallel to either focal radius of the point of contact, is equal 
to the semi-major axis. 

OB and 0J7 being respectively parallel to FPand FT, 

A OHB = Z. F*PB, and Z ORH= Z FPH. 

Hence Z OBH= Z OHB, and OB = OH. 
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Fig. 82. 

From the similar triangles ORT a.nd FPTyre have 
FT: OT:: FP: OH. 



But 



and 
Hence 



OT^"^, 



FT= OT-- 0F= ae = 



FP=a — exy. 



a(a--ezj) 



: — : : a — €T, : 07?, or OB — a, 

Xt Xt * ' 



(1) 



40. A circle described on a focal radius will touch the auxiliary 
circle. 

The circle described on FP (Fig. 82) will touch the auxiliary circle. 
Through draw OH parallel to PQ. It will bisect FP and FG in 
K and H, respectively, and hence pass through the centre of the 
circle on FP. 0H= \ F^G = a. Angle KHP= F^PR = KPH) hence 
KP = KH, and 

0K= OH- KH= a - KP, 

Hence the circles are tangent, as the distance between their centres 
equals the difference of their radii. 

41. Find the locus of the intersection of tangents drawn through the 
ends of conjugate diameters of an ellipse. 

Let (xj, yi) be the end of one diameter ; then, by § 144, the end of 
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the other is I -7-^1* -^i J. Hence the equations of the tangents are 

and Zllf + M^l. (2) 

ab ab ^ 

Squaring both members of (1) and (2), adding, and remembering 
that % + '^=l,we obtain 

— t- ^ = 2, or — + -^^— = 1, 
a* 6^ ' 2a2 262 » 

as the equation of the required locus, which is therefore an ellipse. 

48. Find the locus of the middle point of the chord joining the ends 
of two conjugate diameters. 

Let (xj, yi) be the end of one diameter; then l^^yi, -^A will be 

\ b a J 

the end of the other. If (x, y) be the point mid way between them, 

by [2] we have 

2b ' ^ 2a 

Whence Xj = 5£±£y, y, = ^J^^. (2) 

b a 

Substituting these value of X| and y| in 

IL 4. Ill — 1 

and simplifying, we obtain 

a2^62 2' ia^ ib^ 
as the equation of the required locus, which is therefore an ellipse. 

48. Find the locus of the vertex of a triangle whose base is the line 
joining the foci, and whose other sides are parallel to two conjugate 
diameters. 

Let m and m' denote the slopes of the two sides; then their equa< 

tions are 

y = w(x — oe), (1) 

and y = m\x + ae). (2^ 
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But, by § 142, 



-.ft« , -.62 
mm'= , or m'= • 

Substituting this value of m' in (2), we have 

y = =£(^+«0. (3) 

Equating the values of m obtained from (1) and (3), we obtain 

a2y2 + 62^.2 = 62a?ga = 62c2. 

Hence the required locus is an ellipse whose semi-axes are c and bc-i-cu 

44. Show that 4x^ + if^ -\-Sx — 2y + 1 = represents an ellipse. 
Find its centre and axes. 

The equation may be written in the form 

4(x+l)2+(y-l)2 = 4. (1) 

If we pass to parallel axes through (— 1, 1), the equation of the locus 
becomes 

4x2 + y2 = 4, or y + ^=l, (2) 

of which the locus is an ellipse whose transverse axis is 4, and lies 
upon the new axis of y, and whose conjugate axis is 2. The centre is 
(—1, 1), referred to the old axes. 

45. If A and B have like signs, show that the locus of 

Ax^ + ^y2 + 2>x + % + i?'= 

is in general an ellipse whose axes are parallel to the co-ordinate axes; 
and determine its semi-axes. 

Since A and B have like signs, we may regard them as positive. The 
given equation may be written in the form 

A[ x^-\ — x-\ i-f- B[ y^-\ — vH ) = —F-\ , 

V A 4kA^I V B^ 4&J 4A AB 

, 1, and denoting 

A jA. £t IS / 

the second member of (1) by k, we have 

Ax'^ -f By'^ = k, (2) 

in which A and B are positive. 



teachers' edition. 285 



If i; is poBitive, the locus of (2) is an ellipse whose semi^axes are 

VT Ik 

-- and '%/— . &nd whose major axis lies on the axis of x, or the axis 

of y, according as ^ < or > ^ ; hence the locus of (1) is an ellipse 
whose axes are parallel to the axes of reference. 
li k = 0, the locus of (2) is the point (0, 0), or the locus of (1) is 

the point ( "^ — , ^ — V 
^ \2A 2BJ 

If k is negative, (2) and hence (1) represents no real locus. 

46. Find the locus of the centre of a circle which passes through the 
point (0, 3) and touches internally the circle x^-\- y^ = 25. 

Let (jr, y) he the centre whose locus is required ; then the radius of 
the circle is the distance between (0, 3) and (x, y), or Vx*+(y — 3)2 ; 
and the distance between the centres of the two circles is Vx^ + y^. 
But if the circles are tangent internally, the distance between their 
centres must be equal to the difference of their radii ; hence we have 



Vx^ + y^ = 5 - Vx=» + (y - 3)4. 

Squaring and simplifying, and then squaring again, we obtain as the 
equation of the required locus 

26x«+16y«-48y = 64. (1) 

By No. 45 the locus of (1) is an ellipse. 

Bx. 36. Pagre 174. 

1. What is the equation of an hyperbola, if transverse axis = 16, 
conjugate axis = 14 ? 

Here a = S,b=7; substituting these values in [40], we obtain 

04 49 

8. What is the equation of an hyperbola, if conjugate axis = 12, 
distance between foci = 13 ? 

Here 6 = 6, c = Y- Since a^ = c^^ l^, we have a^ = \*. 
Substituting these values of b and a in [40], we obtain 

25 36~ ' 
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5. What is . the equation of an hyperbola, if distance between foci 
= twice the transverse axis ? 

Here 2c = 4a, or c = 2a; hence a* + 6* = c* = 4a*; .•. 6*= 3a*. 
Substituting these values in [40], we have 

4. What is the equation of an hjperbola, if transverse axis = 8, one 
point is (10, 25) ? 

Here a = 4 ; hence the equation of the curve is 

X^ I/* 

Since (10, 26) is on (1), we have 

100 626 1 ^, ^ 2600 
= 1, or 0* = . 

16 62 21 

Substituting this value of b^ in (1), we have 

i?-.2Ls2=l or 625a:a_84y2 = 10,000, 
16 2600 y y > 

as the required equation. 

6. What is the equation of an hyperbola, if distance between foci 
= 2 c, eccentricity = v^ ? 

Here - = V2, or d^=^c^, }^ = c^^a^-c^'^\c^. Substituting 
a 

these values in [40], we have 
2x2-2y2 = c«. 

6. Prove that the latus rectum of an hyperbola is equal to — 

a 

Also 2 a : 2 6 : : 2 6 : latus rectum. 
Putting x= c in the equation of the hyperbola [40], we have 
V2=:^(c2-a2), or y = ±-- 

Hence the latus rectum = — or — ; whence 2 a : 2 6 : : 26 : latus 

a 2a 

rectum. 
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7. The equation of an hyperbola is Oi^ — 16y^ = 144 ; find the axes, 
distance between the foci, eccentricity, and latus rectum. 

Putting the equation in the form of [40], we have 

16 9 
Hence o = 4 and 6 = 3. Hence c2 = a2 + fc2 = 25, or 2c= 10, 6= }, 

and — , or latus rectum, is {. 
a 



8. Write the equation of the hyperbola conjugate to the hyperbola 
9ar^— 16y^ = 144, and find its axes, distance between its foci, and its 
latus rectum. 

Writing the equation in the form of [40], we have 

£?-iL^=l. (1) 

16 9 ^ ^ 

Hence by (1) of § 158 we hare as the equation of the conjugate 
hyperbola 

^-^ = -1, (2) 

16 9 ^ ^ 

of which the transverse axis is 6 and the conjugate 8. The distance 

2 V 43 

between the foci is 2\/9+ 16, or 10, and the latus rectum is — ^ — , 

o 

orJ^. 

252 
In the formula, latus rectum = — ; it must be noted that 6 stands 

a 

for the semi-conjugate diameter. 

9. If the vertex of an hyperbola bisects the distance from the centre 
to the focus, find the ratio of its axes. 

Here a = lc; hence 6^, or c^ — a\ = \c\ or 6 = Jc V3. 
Therefore aihii^ciic y/Z : : 1 : VS. 

10. Prove that the point (x, y) is without, on, or within the hyperbola, 

A 

according as ^^ ^ 1 is negative, zero, or positive. 

If "2 — 12 ■" ^ = ^» *^® P®^°* (*' y) ™^®* ^ °" ^^*® hyperbola, by [40]. 
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Through (x, y) draw a line parallel to the axis of x, cntting the curve 
m(xi,y). Then ^-^-1 = 0. 

Now, if - — ^ — 1 <0, x2<xi«, and the point (x, y) lies between 

X^ 9/2 

the curve and the azisof y ; if-^ — ^— 1>0, xa<xj«, and the point 

X' 1/3 

(x, y) lies within the curve ; if -^ — ^-' 1 = 0, x« = Xi«, and the point 
(x, y) lies on the curve. 

11. Find the eccentricity of an equilateral hyperbola. 

Here b = a; .*. c^ = 2 a^, or c = a V2 ; hence -, or «, = \/2, 

a 

12. Determine the points common to the hyperbola 26 r^ — 9 ^2 _ 226, 
and the straight line 25 x + 12 y — 45 = 0. 

Regarding these equations as simultaneous, and solving for x and y, 
we find their common point to be (5, — 6)). The straight line there- 
fore is a tangent. 

18. The asymptotes of an hyperbola are the diagonals of the rec- 
tangle on its axes. 

The equations of these diagonals are y = ±'-;x, which are also the 
equations of the asymptotes. 

14. Find the foci and the asymptotes of the hyperbola 
16x2 -9y2 = 144. 

Reducing the equation to the form of [40], we find a = 8, 6 = 4; 
hence Va^ + 6^, or c, is 5, and the foci are (± 5, 0). The equations of 
the asymptotes are 

y = ±|ar. 

16. The asymptotes of an equilateral hyperbola are perpendicular to 
each other. Hence the equilateral hyperbola is also called the rectan- 
gular hyperbola. 

If a = 6, the equations of the asymptotes are 

y = ± T, (1) 

which are perpendicular, by § 45, Cor. 2. 
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16. An hyperbola and its conjugate hare the same asymptotes. 

By § 159 the Imes y = ±-x meet the conjugate hyperbola in two 
points at infinity, and hence by § 160 are asymptotes to it. 

17. Find the length of a perpendicular dropped from the focus to 
an asymptote. 

The distance from the focus (c, 0} to the asymptote ay-'bx = 0, is 

by [12], 

:, or o. 



Va3 + 62 



18. Prove that the squares of any two ordinates of the hjrperbola 
are to each other as the products of the segments into which they 
diyide the transverse axis externally. 

Let (xi, yi) and (x„ y^) be any two points on the hyperbola 

x^ v^ 

-5 — "^ = 1 ; then we have 

a* cr 

Dividing and factoring, we have 

which proves the proposition. 

ESx. 37. Pagro 176. 

1. Find the equations of tangent and normal to the hyperbola 
I6x^ — 9y* = 112 at the point of contact (4, 4). Also find the lengths 
of the subtangent and the subnormal. 

Here a« = 7, l^ = H^> ^i = 4» ^i = *• Substituting these values in 
£43], [44], and the formulas of § 163, we obtain 

if-§^ = l, or 16z-9y = 28. (1) 

7 112 

«-4 = ??— (r-4), or9x+16y = 100. (2] 

^ tXll2^ "^ ^' 

4 4 

Subn=H*Xf = V- 
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2. Show that in an equilateral hyperbola the sabnormal is equal to 
the absciBsa of the point of contact. 

If 6 = a, (6* -i- o*)xj, or subnormal, = Xj. 

3. The equations of the tangent and the normal at a point of an 
equilateral hyperbola are 5x — 4y = 9, 4jr + 5y = 40. What is the 
equation of the hyperbola, and what are the co-ordinates of the point 
of contact ? 

Regarding these equations as simultaneous we find that the common 
point of their loci is (5, 4), which is therefore the point of contact. 
The equation of any equilateral hyperbola is 

arS _ ya = a\ (1) 

Since (6, 4) is on (1), we have 25 — 16 = 9 = a*. Hence the required 

equation is 

xa-y2 = 9. 

4. For what points of an hyperbola is the subtangent equal to the 
subnormal ? 



X 



From (1) and the equation of the hyperbola, we obtain 

Hence there is one point in each quadrant, of which the co-ordinates 
are given in (1) and (2). 

6. To draw a tangent and a normal to an hyperbola at a given point 
of the curve. 

Draw the focal radii of the given point ; the bisector of the included 
angle will be the required tangent by § 166. The line perpendicular 
to the tangent at the point of contact will be the normal. 

6. If an ellipse and an hyperbola have the same foci, prove that the 
tangents to the two curves drawn at their points of intersection are 
perpendicular to each other. 

The tangent to the hyperbola at a point of intersection will bisect 
the angle between the focal radii of the point (§ 116), and the tangent 
to the ellipse will bisect the supplement of this angle (§ 133). Hence 
the two tangents are perpendicular to each other. 
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7. Prove that the asymptotes of an hyperbola are the limiting posi- 
tions of the tangents to the infinite branches. 



aS 



The intercept of the tangent on the axis of x is — , whose limit is 
zero, as Xj increases without limit. The slope of the tangent is 



I, or ± 






whose limit is ± -, as x, increases without limit. 

a 

Hence the asymptotes y = ±-x are the limiting positions of the tan- 
gents to the infinite branches, as the point of contact moves outward 
along a branch. 

8. Prove that the length of a normal in an equilateral hyperbola is 
equal to the distance of the point of contact from the centre. 

Norm = Vsuta^ + y^ = \-^^i^ + Vi^- 

In an equilateral hyperbola a = b; hence, 

Norm = V^?Ty?, 
or the distance of (x^, y^) from the centre (0, 0). 

9. Find the distance from the origin to the tengent through the end 
of the latus rectum of the equilateral hyperbola x^ — y^ = a^. 

One end of one hitus rectum of x^ - y^ = a^ is (a^, o), or (a V§, o) 

since e = V2. The tangent at (ay/2, a) is 

X V2 -^y^a, 

whose distance from the origin is — or |aV§ 

V 3 

10. What condition must be satisfied m order that the straight line 

x^ y* 
£ + ^ = 1 may touch the hyperbola ———=11 
m n a tr 

The equation of the tangent to the hyperbola in terms of its slope 
y = TOjX ± VaW-^' ^^^ 
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Reducing the given equation to the fonn of (1), we have 

y = -£x + «. (2) 

If (2) is a tangent we must have 

ini = -.-, n = ± Va^mi^ - 6^. (3) 

m 

Substituting for m^ its value, and squaring (3) becomes 

which is therefore the condition required. 

11. When is the director circle of an hyperbola imaginary ? 

When a^ — 6^ is negative ; that is, when the semi-transverse axis is 
greater than the semi-conjugate. 

18. Find the locus of the foot of a perpendicular dropped from the 
focus of an hyperbola to a tangent. 

The equation of the tangent is 

y = mar + y/a^m^ - b^. (1) 

The equation of the perpendicular from the focus (ae, 0) to (1), is 

y = --(x-a«). (2) 



From (1) y - mx = Vahn^ - 62. v (3) 

From (2) my + x = a«. (4) 

Squaring (3) and (4), adding, and dividing by 1 + m^, we obtain 

xa + y« = a2, 

as the equation of the locus, which is a circle whose centre is (0, 0) 
and whose radius is a. 

 

Bz. 38. Pagre 177. 

1. The ordinate through the focus of an hyperbola, produced, cuts 
the asymptotes in P and Q. Find PQ and the distances of P and Q 
from the centre. 

The equation of PQ is x = ae. Combining this with the equation 

of the asymptotes y = ± - x, we find y=±he; hence PQ = 2 6c. 

The distance of (ae, he) from the origin is ce, or ae^. 



teachers' edition. 293 



8. In the hyperbola Qx^ — 16^^ = 144 what are the focal radii of the 
points whose common abscissa is 8 ? What other points have equal 
focal radii ? 

Since the point is on the right-hand branch 

r=rex-^a, r' = ex-\- a. (1) 

Here a = 4, 6 = 3 ; hence c = 5, and e = }. Sabstitnting these yalues 
in (1), we obtain 

r=J(8)-.4 = 6, r'=}(8) + 4=14. 

The points whose common abscissa is — 8 hare equal focal radii. 

8. What relation exists between the sum of the focal radii of a point 
of an hyperbola and the abscissa of the point ? 

r + r' = ex^a + ez + a = 2ex. 

4. Froye that in the .equilateral hyperbola every ordinate is a mean 
proportional between the distances of its foot from the vertices of the 
curye. Hence find a method of constructing an equilateral hyperbola 
when the axes are given. 

From the equation of the equilateral hyperbola, we have 

y2=a:8-a3=(x-a)(j:4-a), 
or jr — a:y::y:x-|-a, 

which proves the proposition. 

Hence to construct an equilateral hyperbola: at any point on the 
transverse axis produced erect a perpendicular, on this lay off a mean 
proportional between the distances of its foot from the vertices. The 
point thus determined will be a point on the hyperbola. 

5. In the equilateral hyperbola the distance of a point from the 
centre is a mean proportional between its focal radii. 

In the equilateral hyperbola e = V2 ; hence 

rXr'= (V2x — a)(V2a:4-a) = 2x2 — a3. 



The distance from (x, y) to t he centre is vx^ -f y^, which, since 
(x, y) is on T^ — y^ = a^, equals Vx^ + x^ — a^, or V2x2 — a^. Hence 
this distance equals the square root of the product of the focal radii, 
and is therefore a mean proportional between them. 
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6. In the equilateral hyperbola the bisectors of the angles formed 
by lines drawn from the vertices to any point of the cnrre are parallel 
to the asymptotes. 

Let P (x, y) be any point on the equilateral 
hyperbola 



Then 



17P = A'M^ + MP* 



(1) 



= (x+a)a + X' 



a-a* 



(2) 



and AT^ = AM^ + JfP* 

= (x — a)» + a:a_a2. 

Or, A'P = V2xa4-2ax, 1 

AP = V2x«-2ox. j 

Since PR bisects -4'P^, we have 

AfP^A*B^ a^h 
AP BA a-A 

if we denote OB by h. From (2) and (3), we have 

o + A _ V2xa + 2ax __ Vx + g 
o — * V2xa — 2ax Vx — a 
Taking (4) by division and composition, we have 

A _ Vx + o — Vx — o _ X — Vx^ -- pa 




Fio. 83. 



(3) 



(4) 



or 



" Vx + a+ Vx — a 
A = x— Vx3 — a2. 



(6) 



But 



^if X — A 



= 1. 



Vxa~a2 

Hence Pi? is parallel to the asymptote, since the slope of each is 
unity. 



7. If 0, e' are the eccentricities of two conjugate hyperbolas, 
-^ + -=:=1« 



Let 

Hence 



«' 



tn 



.2 = £? = ?!+^;thene« = ^ = «i±^. 



a' 






./2 
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8. Through the positive vertex of an hyperbola a tangent is drawn. 
In what points does it cut the conjugate hyperbola 1 

The tangent through the vertex (a, 0) is x = a. Substituting this 
value of X in the equation of the conjugate hyperbola, we find 
y=:±bV^ Hence the points of intersection are (a, bV2) and 
(a,-6V^). 

9. The sum of the reciprocals of two focal chords perpendicular to 
each other is constant. 

From § 165 we have 

r = ex-^a, (1) 

Let denote the inclination of r to the axis of x ; 

then x=r cos + ae. 

Substituting this value of ar in (1), we have 

r = ercosg+ ae^ — a, or r= ^^ ^ « (2) 

l^ecos^ 

Hence the length of the chord whose inclination is is 

1-ecos^ 1 — ccos(d+180O)' 1— e^cos^^' 
and the length of the perpendicular chord is 

a(eg -- 1) a(e2 , 1) 

1 - e cos (e + 90°) 1-6 cos (0 + 270<=^)' 

l-c2sin2d ^ ^ 

Adding the reciprocals of (3) and (4), we have 

1— ggcos^g 1 — eg8in26 _ 2 — e« 
2a(«2_l) 2a(e2^1) ~2a(e2-l)' 

which proves the proposition. 

10. Through the foot of the ordinate of a point in an equilateral 
hyperbola a tangent is drawn to the circle described upon the trans- 
verse axis as diameter. What relation exists between the lengths of 
this tangent and the ordinate of the point ? 

Let (x, y) be the point ; t hen, sin ce the radius of the circle is a, the 
length of the tangent is Vx^ — a!^. But the ordinate of the point 
= Vx^ — a2 ; hence the ordinate and tangent arc equal. 



(3) 
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11. In an equilateral hyperbola find the equations of tangents drawn 
from the positive end of the conjugate axis. 

The equation of any tangent to an equilateral h7i>erbola is 

y = mx±ay/m^-' 1. (1) 

Since (1) passes through (0, a), we have 

a = ± aVm^— 1, or m = ± V2. i., 

Substituting this value of m in (1), we obtain 

y = ±\^jr + a. (2) 

We use only the upper sign before a, since here the intercept is to 
be positive. 

12. From what point in the conjugate axis of an hyperbola must 
tangents be drawn in order that they may be perpendicular to each 
other ? 

The equation of any tangent is 

y = mx db Vagina — b^, (1) 

Let (1) pass through (0, yj), any point on the conjugate axis ; then 
we have from (1) 

yi = ± Va^nfi - 63, (2) 

or nfi = ILlL±J^. (3) 

That the two values of m in (3) may be negative reciprocals of each 
we must have m^ = 1. 

Substituting this value of m^ in (3), and solving, we obtain 

hence the points are 

(0, ± VSsTTp). 

18. What condition must be satisfied that a square may be constructed 
whose sides shall be parallel to the axes of an hyperbola and whose 
vertices shall lie in the curve ? 

The co-ordinates of the vertices of the square must evidently be 
equal ; that is, if (x, y) be a vertex, x^ = y^. Hence, from the equar 
tion of the curve, we have 

= 1, or X = — • 

Now that the value of x may be real, we must have 
12 _ u'i > 0, or 6'^ > a^. 
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14. Find the equation of the chord of the hyperbola 16 x^ — 9^^ = 144 
which is bisected at the point (12, 3). 

Let m denote the slope of the chord, and (ar^ yj) and (x^, y,) its ez> 
tremities ; then, from § 130, we hare 

But a2 = 9, 62 = 16, arj + ar, = 24, and yi + y, = 6. Substituting these 
values in (1), we obtain 

The line through (12, 3), having slope -Y> ^^ 

y-3 = -V(^-12), or 64x-.9y - 741 = 0. 

15. Find the equation of a tangent to the hyperbola 16x2— 9 y2= 144 
parallel to the line y = 4 x — 3. 

The equation of a tangent is 

y = mx± Val^m^ — t^. (1) 

Here m = 4, a^=9, l^ = 16. Substituting these values in (1), we 
obtain 

y = 4x±8 V2. 

16. Find the product of the two perpendiculars let fall from any 
point of an hyperbola upon the asymptotes. 

Let (xi, yi) be any point on the hyperbola ; then its distances from 
the asymptotes 6x — ay = and fix + ay = aje 

ftj^i - flj^i and 5fl±^, 
Va2 + 62 va2+62' 

whose product is 

62x^g-aV or-^!!^ 
a2 + fe2 * a^^ i/i' 

17. A chord of an hyperbola which touches the conjugate hyperbola 
is bisected at the point of contact. 

If the X hyperbola is 

T^ 1/2 



the conjugate is 
r2 



x2 1/2 

^-^=-1. (2) 
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A tangent to (2) at (x^ y{) is 

Eliminating y between (1) and (3), we obtain 

or y«-.2yiy = -62 + a:i262^a2, (4) 

Eliminating x between (1) and (3), we obtain 

a:3-2xiX=a2 4.yi2o«H-62. (6) 

Now the sum of the two values of y in (4) is 2yi, and the sum of 
the two values of x in (5) is 2x^1 hence (x^, y^) is the point midway 
between the intersections of (1) and (3). That is, the part of the tan- 
gent to the conjugate hyperbola included between the branches of the 
X hyperbola is bisected at the point of contact. 

Bx. 30. Pafire 188. 

1. What is the polar of the point (—9, 7) with respect to the 
hyperbola 7 x^ - 12 j^a = 112 ? 

The polar of the point. (— 9, 7) with respect to *— = 1 is 

7 "12 

:zl£~l2L = l^ or 9x+12y+10 = 0. 

2. Find the equations of the directrices of an hyperbola. 
By § 183 the equations are x = ± — 

8. Find the angle formed by a focal chord and the line which joins 
its pole to the focus. 

Since tangents at the extremities of a focal chord intersect in the 

directrix, the pole of every focal chord is some point [ -, k\ in the 

directrix. The polar of f -, A: j is ^ 

ax hy ^ 62 52 .,^ 

— *• = 1, or y = X . (V) 
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The line through [ -i ^ j and the focus (ae, 0} is 



^ / \ aek . . ,-^ 

(t — ae), or y = —-5 (ar — ae). (2) 



ac 

Since the slopes of lines (1) and (2; are negative reciprocals of each 
other, they are perpendicular to each other. 

4. Find the pole of the line Ax + By + C = with respect to an 
hyperbola. 

Writing the given equation in the form of the polar of (A, k) 

we have zJA-lC}^^iS^C}^=i, (2) 

Comparing (1) and (2) we see that the pole (A, k) is in this case 
/-^a2 Bb^\ 

6. Find the polar of the right-hand vertex of an hyperbola with re- 
spect to the conjugate hyperbola. 

The equation of the polar of the pole (A, k) with respect to the con- 
jugate hyperbola is 

a2 62 ^- ^/^ 

If (A, k) is the right-hand vertex («, 0), (1) becomes 

X + a = 0. X 

6. Find the distance from the centre of an hyperbola to the point 
where the directrix cuts the asymptote. 

The directrix a: = -, and the asymptote y = -x, intersect in the point 



( ?, - I whose distance from the origin is 
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7. If (oTi, i/i) and (x-,, y,) are the ends of two conjugate diameters, 
then 

From the first of equations (2) in § 176, we have 

8. The equation of a diameter in the hyperbola 26 3^ ^ 16 y* = 4O0 
18 S If = X, Find the equation of the conjugate diameter. 

The equation of condition of conjugate diameters is 
mm' = — 

Here m = J, a^ = 16, b^ = 25 ; hence w' = Jf , and the required equa- 
tion is 

y = |fa:, or 76j: — 16y = 0. 

9. In the hyperbola 49x^ — 4i/^= 196, find the equation of that chord 
which is bisected at the point (5, 3). 

The equation of the diameter which bisects all chords whose slope 
is m, is 

a^m 

Here a^ = 4, h^ = 49, and one point on the diameter is (5, 3). Sub- 
stituting these values in (1), we obtain m = \^. 
The line through (5, 3), having slope ^|^, is 

y-3 = ^(x-5), or 246x-12y- 1189 = 0. 

10. Find the length of the semi-diameter conjugate to the diameter 
y = 3a: in the hyperbola 9x^-4 f = 36. 

The equation of condition of conjugate diameters is 

mm' = -. (1) 

a* 

Here a^=4, 6^ = 9, and m — 3. Substituting these values in (1), 
we obtain m' = | ; hence the equation of the conjugate diameter is 

y = far. (2) 
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Regarding (2) and 9 j:^ — 4/^ = 36 as simultaneous, we find x^ = ^^ 
and ^^ = 3 ; hence Vaf* + y^, or the distance of (x, y) from the centre 
is V^r+3, or } VS. 

11. Two tangents to a hyperbola at right angles intersect on the 
circle a:^ + y* = a* — 62, 

This may be proved, as in the case of the ellipse § 136, or obtained 
by the principle of § 165. 

18. Tangents at the extremities of any chord of an hyperbola inter- 
sect on the diameter which bisects that chord. 

Take as the axis of x the diameter which bisects the chord, and as 
the axis of y the diameter parallel to the chord ; then, if (j:|, y^) be 
one extremity of the chord, (x^, — yj) will be the other extremity, and 
the tangents will be 

The intercept of each of these tangents on the axis of x is — ; hence 
they intersect on this axis, which is the diameter that bisects the chord. 

18. Prove that PQ (Fig. 83) is parallel to one asymptote and bi- 
sected by the other. 

The equation of PQ referred to the axes OP and OQ is 

By § 177, the equation of the asymptote C'S' ia 

i + f, = 0. (2) 

Now (1) and (2) are evidently parallel. 

Since OPBQ is a parallelogram, PQ is bisected by OR, 

14. An asymptote is its own conjugate diameter. 

JO 1 Ji 

Since mm' = -5, as m approaches -, m' approaches - also, and when 
a^ a a 

h . b . . - 

m = -, m' = -; hence, when one of two conjugate diameters coincides 

with an asymptote, the other coincides with the same asymptote. 
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15. The conjugate diameters of an equilateral hyperbola are equaL 

From § 179, Cor. 3, we have 

a« - 6'2 = a2 «. ft2. 

Hence, if a = b, a' = b'. 

16. Having given two conjugate diameters in length and position, 
to find hy construction the asymptotes and the axes. 




Fig. 84. 

Let POP' and QOQ^ be the two given conjugate diameters. Con- 
struct the parallelogram HS'B'S on these diameters; then the sides 
will be tangents, and the diagonals BB' and SS' will be the asymptotes 
by § 178. The axes will lie on the bisectors of the angles between the 
asymptotes. 

On OR lay off OK so that OB: OK:: OK: OS (§ 182, Cor. 3). 
From K draw perpendiculars to OX and T. Denote their feet by 
A and B respectively ; then OA and OB are the serai-axes required. 
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17. To draw a tangent to an hyperbola from a giren point. 

liGt P be the given point. 

With ^ as a centre and 2 a as a 
radius, draw the arc GB\ with P as a 
centre and FF as a radius, draw circle 
GFR intersecting the first arc in G 
and R. Draw F'G and F'B intersect- 
ing the curve in Q and D respectively. 
Join P with Q and D; then will PQ 
and PD be the tangents required. 

For, since FG = 2a, QG= QF. 
Also PG = PF; hence the angles 
FQP and GQP are equal, and PQ is a Fio. 86. 

tangent at Q. For like reason PD is a tangent at D. 




18. Find the equation of a tangent at any point (x^ y^) of the hyper- 
bola 4 xy = a* + 6^. 

Let (tj, yi) and (x,, y,) be any two points on the curve. The equa- 
tion of the secant through these points is 



y 



-y, = fcl4-i(x-xO. 



X,-Xi 



Since (xj, y,) and (x,, y,) are on the curve, wo have 



4xiyi = a^ + 62 = 4x^„ or y. 



^1^1 



which in (1) gives 



^1 



which is the equation of the secant to the curve. 
When (xj, y^) coincides with (xj, y{), (2) becomes 

*-i'« = -||(^-'>)'°'?; + |, = 2. 

which is the equation of the required tangent. 



(1) 



(2) 



(3) 



19. Find the equation of an hyperbola, taking as the axis of y 

(i.) the tangent through the left-hand vertex ; 
(ii.) the tangent through the right-hand vertex. 
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(i.) To change the reference of the curve to parallel axes through 
(—a, 0), we substitute x — a for x, and y for y in [40]. We thus ob- 
tain as the required equation 






(ii.) Substituting x -\- a for x, and y for y in [40], we obtain as the 
required equation 

x2 y2.2x_ 

90. Find the polar equation of an hyperbola, taking the right-hand 
focus as pole. 

Here p = ex — a, § 156 

and x — ae-\-p cos 0. 

Whence p = ae^ + pe cos 6 — a or p = — ^ ^ • 

^ '^ '^ i-€cose 

21. Find the polar equation of an hyperbola, taking the centre as 
pole. 

Substituting pcos d for x and psinO for y in [40], we obtain 

pgcos^g p^sin2g _.^ 
a2 62 



,3 — 



or p'* = 



a262 62 



62 cos2 ^ - a2 (1 — cos2 e) e2 cos2 ^ — 1 



22. To find the centre of a given hyperbola. 

Draw any two parallel chords : the line through their middle points 
is a diameter, the middle point of which is the centre of the given 
hyperbola. 

23. The distance from a fixed point to a fixed straight line is 10. 
Find the locus of a point which moves so that its distance from the 
fixed point is always twice its distance from the fixed line. 

I. Solution. From § 183, the locus is an hyperbola in which e = 2. 
To find its equation, take the fixed line OB, and a perpendicular to it 
through the fixed point F as the axes of y and x respectively. Let 
P (x, y) be any position of the moving point ; then 

fP = FM^ + mP, (1) 
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(3) 


P 




/ 1 


(4) 


/ 


X ^ \X 


^ If 


(3^ 


Fig. 86. 



But FP = 2BP= 2 X 0M= 2x. 

MP=y, FM = x-,OF=X'' 10. 
Substituting these values in (1), we obtain 

(2x)2=(a:-10)2 + y2, ^ 
or 3 1-2 — y2 ^ 20 a: - 100 = 0. 

Equation (4) may be written in the form 

Passing to parallel axes through (— ^^, 0), (5) becomes 

9a^- 3^2 -400, (6) 

which is the equation of the curve referred to its axes. 

II. Solution. Here c = 2, a« — - = 10 ; hence a* = ^JA. 

From 62 = ^2^2 _ ^2^ ^g obtain 62 = ^ii^. 
Substituting these values in [40], we obtain 
9r2-3y2 = 400. 

24. Show that the locus of x2 — 4j^2_2a: — 16y — 19 = is an hy- 
perbola. Find its centre and axes. 

The equation may be written in the form 

(:r-l)2_4(^ + 2)2 = 4. 

Passing to parallel axes whose origin is (1, 
locus becomes 



(1) 

2), the equation of the 



x2-4y2 = 4, or ^-•^=1, 

4 1 



the locus of which is an hyperbola in which a = 2 and 6=1. 

26. If A and B have unlike signs, prove that the locus of 

Ax^ + Bjf^ + Dx-{-Ei/-{- F=0 

is in general an hyperbola whose axes are parallel to the co-ordinate 
axes ; and determine its semi-axes. 

Since A and B have unlike signs, we may regard A as positive and 
B negative. The given equation may be written in the form 

£^ R^ 
^A 4~B^ 



or 






= -F + 



2>2 E^ 
4A 4B 



(1) 
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f D E \ 
Passing to parallel axes whose origin is ( , j and denoting 

the second member of (1) by k, we hare 

^lxa + B/ = l-. (2) 

in which A is positive and B negative. If k is positive, the locus of (2) 

IF [k 

is an hyperbola whose semi-axes are '\/~ ^^^ Al'* ^^^ transverse axis 

lying on the axis of x. If k is negative, the transverse axis lies upon the 
axis of ^. If ^ = 0, the locus is two intersecting straight lines through 
the origin. 

86. Through the point (— 4, 7) a straight line is drawn to meet the 
axes of co-ordinates, and then revolved about this point. Find the 
locus of the point midway between the axes. 

The equation of the line through (— 4, 7) is 

y-7 = w(x + 4). (1) 

Forx = Oin(l), y = 7-}-4m. (2) 

Fory = Oin(l), x = -l-4. (3) 

Let (x'f I/') denote the point on (1) midway between the axes; then 
we have, from (1), (2), and (.3), 

/-7 = m(:r' + 4), (4) 

y'=5 + 2»n, (5) 

.' = -^-2. (6) 

Finding the value of m in (5) or (6), substituting it in (4), and 
omitting the primes, we obtain as the equation of the locus 

2xy-7x-\-4y = 0. (1) 

To reduce (1) to a known form, we pass to parallel axes whose origin 
is {k, k), and obtain 

2xy + (2^' - 7) j: + (2A + 4) y + 2AA: - 7 A + 4k = 0. (2) 

If we choose h and k, so that 2 A + 4 := and 2^ — 7 = 0, that is, if 
we take A = — 2, k= i, the terms in x and i/ vanish, and the equation 
becomes xy = — 1. From § 182, Cor. 1, we see that the locus of 
xfi = — 7 is an equilateral hyperbola, referred to its asymptotes, whose 
branches lie in the second and fourth quadrants. 
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27. A straight line has its ends in two fixed perpendicular lines, and 
forms with them a triangle of constant area a^. Find the locus of the 
middle point of the line. 

Let (x, ^) be the middle point of the line ; then 2 xy will be the area 
of the triangle in any position of the line ; hence the required equa- 
tion is 

the locus of which is an equilateral hyperbola. 

28. The base a of a triangle is fixed in length and position, and the 
vertex so moves that one of the base angles is always double the other. 
Find the locus of the vertex. 

Let OA be the fixed base a, AOB the smaller 
angle. Take OA as the axis of x, and the ori- 
gin. Let B be (x, y), and denote AOB by 0, 
and OAB by 2 0. Then 

y y 

tan6=-» and tan20= • 

X a — X 




But 



tan2^ = 



2tang 
1 — tan^o' 



/. -y ^^y : (i 'A- ^"^y 

a — x X ' \ x^j'x^-^y^ 



or 



^(3r2 — y2_2ax) =0. 

Hence the locus consists of y = 0, or the axis of or, and the hyper- 
bola 3x2 — ^2-2<Lr = 0. 



Ex. 40. Paere 206. 

1. Determine the nature of the locus 3 x^ + 2 y^ _ 2 ar 4- y — 1 = 0, 
transform its equation, and construct it. 

Here ^=3, 5 = 2, C=0, 2> = -2, JS:=1, F=-l. 

Whence 2 = 24, A = 35. 

Hence the equation represents an ellipse or no real locus. 

i?=A--2=-|f, A = J, h = -\. 

Therefore the equation of the locus referred to new parallel axes 
■through the centre (J, — J) is (§ 188), 

3x2 + 2y2 = j5. (1) 
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From its form we see that (1) is the equation of an ellipse referred 
to its own axes. 

Clearing (1) of fractions, we obtain 

72x2 + 48 y2 = 36, or 3^% f'=l. 

Whence a = Vjf, b = V^, and a lies on 
the axis of y. 

To construct the equation, draw the axes 
OjXi, Oj Fi ; locate the centre (}, — J), and 
through this point draw the second set of 
axes 0,X„ 0, F,. Laj off 

O^A = O^Af = V|| = 0.8, 

and O^B = O^B' = Vff = 0.7. 

The ellipse having AA^ and BB^ as axes is 
the required locus. 

2. Determine the nature of the locus 

^ 3 a^» + 2 a:y + 3 j^2 _ le y + 23 = 0, 

transform its equation, and construct it. 

Here A = S, B = S, C=2> /> = 0, ^ = -16, F=23. 

Whence 2 = 32, A = 32. 

Hence the equation represents an ellipse or no real locus. 

i?=A-4-2 = l, A = -l, A; = + 3. 

Therefore the equation of the locus referred to new parallel axes 
through the centre (— 1, 3) is 

3j:2 + 2xy + 3y2=l. 

To cause the term in xif to disappear, we have 




tan20 = 



C _2_^ 

= - = «. 

A-'B 



Whence 



2$ = 90^, or ^ = 46°. 



§=i[^ + -B-V(^-.B)2 4-C=2] = 2. 

We use the upper signs in the values of P and Q, since C is 
positive. (§ 189, Cor. 3.) 

Hence the equation of the ellipse referred to its own axes is 

4ar2 + 2y2 = l, or ^ + ^'=1. 
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Whence a = V^, 6 = VJ, and a lies on the 
iizis of y. To constmct the equation, draw the 
axes 0|Xi, OiY^. Locate the centre (— 1, 3). 

Through the centre 0, draw the second set of 
axes O^X^y O^Ty 

Through O, draw the third set of axes 0|J^ 
OjFs making X,OjXj equal to 45°. 

Lay off 0, A = O^A' = V} = 0.7, 

and 0,J5 = O^' = VJ = 0.5. 

The ellipse having AA' and BB' as axes is 
the required locus. 




FlQ. 89. 



(1) 



3. Determine the nature of the locus 

jra-10xy + y* + * + y + l = 0, 
transform its equation, and construct it. 

Here A=h B=l, (7= -10, D=h E=\, F=l. 

Whence 2 = - 96, A = + 108. 

Hence the equation represents an hyperbola. 

Therefore the equation of the locus referred to new parallel axes 
through the centre (J, J) is (§ 188), 

xa-10xy + y2 = -f. 

To cause the term in xy to disappear we have 

C -10 



(2) 



tan2^ = 



= 00. 



Whence 



A-B 
2^=90°, or e=45°. 



(3) 

q=\\_A+B-\-V{A^^WVC^']=^' W 

We use the lower signs in the yalues of P and Q, since C is negatiye. 

Hence by § 189 the equation of the hyperbola referred to its own 

axes is 

-4x«+6y3 = -f, or 32xa-48y2=9, 

from which we see that a = Vj^, b = V^\ and a, or the transverse 
axis, lies on the axis of x. 
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To construct the equation, draw 
the axes O^Xj, 0^ Yi, locate the cen- 
tre (^» })) and through it draw the 
second set of axes O^X^, O^Y^. 
Through 0^ draw the third set of 
axes O^X,, 0, F„ making 

X,0,X, = 46O; 
then lay off 

O^A = O^A' = V^ = 0.6, 

and OjB = O^W = V^ = 0.4. 

The hyperbola having AA^ and 
BB' as its transverse and conjugate 
axes respectively is the locus required. 
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4. Determine the nature of the locus x^ ■\- xy ■\- y^ -\- x •{■ y — b = Q, 
transform its equation, and construct it. 

Here A = 16, 2 = 3. 

Therefore the locus is an ellipse, or there is no real locus. 

Hence the first transformed equation is 

x^-\-xy-\-y^ = Y- 
In the second transformation, 

^ = 45° P=J, Q=J. 

Hence the equation of the curve referred to its own axes is 
9a:2 + 35^2 = 32; 

from which we see that a = V^, 
6= V^, and a, or the transverse 
axis, lies on the axis of y. 

To construct the equation, draw 
the axes OjXi, Oj Y^ ; locate the cen- 
tre (-J,- i). 

Through this centre Oj, draw the 
second set of axes, OjXj, O.^Y.^. 
Through Oj draw the third set of 
axes, 0.^X3, O-^Fg, making the angle 
X2O2X3 equal to 46°. _ 

Lay off O^A = 0^A[= VA^ = 3.2, 
and 0.^3= O^B* = V^^= 1.9. The ellipse having AA' and BB' as 
axes will be the required locus. 




-Xi 



Pro. 91. 
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6. Determine the nature of the locus y^ -- 1^ — y = (}, trausf orm its 
equation, and construct it. 

Here 2 = — 4, A = ~l; hence the locus is an hyperbola. 

Hence the first transformed equation is 

from which we see that a = J, ft = i, and 
the transverse axis lies on the axis of y. 

To construct the equation, draw the axes 
OiXi, OiFp locate the centre (0, }), and 
through it draw the second set of axes 

OX O Y ' 

Lay off ' O^A = 0^' = J, and O^B = 0.,B' = h. 

The hyperbola whose transverse axis is AA^^ and whose conjugate 
is BB', is the locus required. 

6. Determine the nature of the locus 1 + 2^ + 3^2 = 0, transform 
its equation, and construct it. 

Here 5 = 0, and A is not zero; hence the ^ Yt Y^ 
locus is a parabola. 

The given equation may be written in the 

^«™ ' y^ = ^%x^\ = ^Kx^i), (1) 

Passing to parallel axes whose origin is 
(— }, 0), (1) becomes 

y2 = -fa:, (2) 

of which the locus is a left-hand X-parabola ^^^ ^ 

whose latus rectum is f . 

To construct the equation, draw the axes OiXj, O^Y^^ locate the 
new origin (— i, 0); tlien the second set of axes is O^Xp O^Y^' to 
which (2) refers the locus, which is now easily drawn. 

7. Determine the nature .of the locus y^ — 2a:y + x2 — 8.r + 16 = 0, 
transform its equation and construct it. 

Here 5 = 0, A is not zero. 

Therefore the locus is a parabola. 

^=45°, P=0, §=2, f7=-4V2, F=4V2; 




O, 



■X, 
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hence by rerolying the axes through an angle of 45^, the equation 
becomes 

y«-2v^x + 2\^y + 8 = 0, (1) 

or (y+\/2)« = 2V§(x-fV2). (2) 

Passing to parallel axes whose origin is (|V^, — V^), (2) becomes 

y2 = 2V2x, (3) 

of which the locus is a parabola, whose latus rectum is 2 V2. 

To construct the equation draw the orig- 
inal axes OjXj, O^Yi'f then draw the sec- 
ond set of axes 0|X,, 0^ Y^, making 

XiOi-X, = 45°. 

Locate the new origin (fv^, — v^), or 
(2.1, — 1.4), and through it draw the third 
set of axes 0,X,, 0, Y^ to which (8) refers 
the locus, which is now easily drawn. pie. 94. 

8. Determine the nature of the locus 

a:a-2xy-fy2 — 6a: — 6y + 9 = 0, 
transform its equation, and construct it. 
Here 2 = 0, and A is not zero. 
Therefore the locus is a parabola, 

^ = 46°, P = 0, Q = 2, U=-QV2, r=0. 
Hence by revolTing the axes through an angle of 45^, the equation 
becomes 2y2 — Qy/^x -f 9 = 0. 

.-. ya = 3\^ar-| = 3V2(a:-iV2). . (1) 

Passing to parallel axes whose origin is (|\^» 0), equation (1) 
becomes y^ = 3irV2, the locus of which is a right-hand X-paraboU 
whose latus rectum is 3'\/2. 

To construct the equation, draw the 
original axes O^X^^ OiYj, then draw the 
second set of axes O^X^ ^i^2> m&king 
XiOiX, = 45°. 

Locate the new origin Ojd v^, 0), or 
(1.06, 0), and draw the thifd axis of Y 
parallel to 0^ Yy Then O^X^, 0^ F, are 
the axes to which y^ = ^x\/2 refers the 
locus, which is now easily drawn. 
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9. Determine the nature of the locos y' — 2 x — 8^+ 10 = 0, trans- 
form its equation, and construct it. 

Here 2 = 0, A is not zero. 
Therefore the locus is a parabola. 
From the given equation we obtain 



y2-8y = 2x-10; 

hence y^ — Si/-\-16 = 2x-^e, or (y — 4)a = 2(x + 8). 

Passing to parallel axes whose origin is 
(—3,4), (2) becomes 

y^ = 2x, (3) 

the locus of which is a right-hand X-parabola, 
whose latus rectum, or parameter, is 2. 

To construct the equation, draw the original 
axes OjX/, OjFi; locate the new origin 0, 
(— 3, 4,) and through it draw the second set of 
axes O^JT^y O^Y^, to which (3) refers the locus, 
which is now easily drawn. 



(1) 

(2) 





p- 


T, 


0. 


V 




tt' 


\ 




^1 




0, 



X, 



X, 



Fig. 96>. 



10. Determine the nature of the locus 43:^^9^2^83.^30^4.4 = 0, 
transform its equation, and construct it. 

Here 2 = 144, and A = 5184 ; hence the locus is an ellipse, or there 
is no real locus. 

i2=A-=-2=36, A = -l, ifc = -2. 

Hence the first transformed equation is 

4xa + 9y2=36, 

from which we see that a = 3, and 6 = 2, 
and the transverse axis lies on the axis of x. 
To construct the equation, draw the axes 
OiJTi, OiTi, locate the centre (—1, —2), 
and draw through it the second set of axes 

Lay off O^A = O^A' = 3, and O^B = O^B' = 2, and draw the ellipse 
having AA' and BB* as its axes. 

11. Determine the nature of the locus f>2x^-\-12xy -^-IZy^^O, 
transform its equation, and construct it. 

Here 2 is positive, and A = ; hence the locus is a point. This point 
is evidently the origin (0, 0). 



K 


Oi 


F, 


r- 




^ 


B' 




> 
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12. Determine the nature of the locus 

9^2 — 4x2 — 8x+ 18y + 41 = 0, (Ij 

transform its equation, and construct it. 

Here 2 is negative, and A is not zero ; hence the locus is an hyper- 
bola. 
The given equation may be written in the form 

9(3^2 4.2y + l)-4(x2 + 2a:+l)=-36, 

or 4(a:+ 1)2-90^ + 1)2 = 36. (2) 

Passing to parallel axes through (— 1,-1), (2) becomes 

41:2.93^2 = 36, or|-^=l. (3) 

The locus of (3) is an hyperbola whose semi-axes are 3 and 2 respec- 
tively, the transverse axis lying on the axis of x. 

To construct the equation draw the 
axes OjXp 0^ Yj ; locate the new ori- 
gin Oj, (—1, —1), through which 
draw the new parallel axes. 

Lay off 0^ = O^A' = 3, 
and 0,B=0,B' = 2; 

and draw the hyperbola whose trans- 
verse axis is AA' and whose conjugate 
is BB'. 







K 



K 



O. A 



Ti 
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18. Determine the nature of the locus 

y2-x^-5a:-f 6y = 0, (1) 

transform its equation, and construct it. 

Here 2 is negative, and A = ; hence the locus is two intersecting 
right lines. 

Writing (1) in the form 

we see that its locus consists of the two right lines y — x = and 
y + 6 = 0. 



Ex. 41. Pagre 218. 

1. Prove that the cissoid is the locus of the intersection of a tangent 
to the parabola y^ = -^Srx with the perpendicular to it from the origin. 
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By § 112, the equation of the tangent t^ y^ = — 8rar is 

2r 
y = mx — 



m 



and the perpendicular to it from (0, 0) is 

1 X 

y = x; therefore, m = . 

»i y 

Eliminating m hetween (1) and (2), we ohtain 

a* 



y^ = 



2r — a: 
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(1) 



(2) 



8. At the centre of any circle C (Fig. 99), erect GH perpendicular 
to the diameter OX; and on XO produced lay of OA=OC=r, 
Let LQB he a rectangular ruler of which the leg QB equals 2r. If 




Fie. 99. 



the ruler he moyed so that the leg LQ slides along Ay while the end R 
slides along OH, prove that the locus of P, the middle point of QB, 
is a cissoid. 
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Let OX be the axis of x^O the origin, and A^B any position of 
the ruler; then 0M= x, MP= y, 

Eq=MN=CM=X'-r, AN=20M=2x. 

^ = PQ* -;BQ'= r2- (x-r)2 = 2rar-a:2. 

y = MP=NQ+EP, 

NQ : ANi : EQ : EP, 

NQ : 2 a: : : j: — r : V2 rx — x^. 



(1) 

(2) 



or 



(3) 



From (1), (2), an^ (3), we obtain 



y 



V2rx-a;^ " 2r-a: 

This method of describing the cissoid by continuous motion was 
invented by Sir Isaac Newton. 

8. In Fig. 100 prove that NS and ON are two mean proportionals 
between OM and NI; that is, prove 

II Iff 




Fie. 100. 
OM.NS: ON'.m. 

NS^ = i\rX X ON=OMX ON. 
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The right line 07 will pass through K; hence 

Z OIN= A TOI= \ arc 0K= J arc 8X 

therefore NS : ON: : ON: NI, 

Hence OMiNS: ON: NI, 

4. If in the lemniscate (Fig. 101), 0^^= 0F=iaV2, prove that 
FP X F'P is constant, P heing any point on the curve ; and hence 
that the lemniscate may be defined as the locus of a point, the product 
of whose distances from two fixed points is constant. 




Fig. 101. 



Draw PJf parallel to OF; then 



.-. FP = V(iaV2-2:)« + y2. 

F'P= V(§aV2 + a:)a + ya. 
Multiplying (1) and (2), we have 



(1) 
(2) 



FP X FP = V(J a V2 - x)2 + y2 X V(Ja\^ + ar)2+ yS 

= V(a:2 + y2)2 _ a2 (ar2 - y2) + Ja*= Ja^, by [60]. 
That is, FPx FP= the constant Ja^. 
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6. Ccmstmci the logariUmiic cunre jf = a«, or x=\og^y. ProYe 
that ereiy logarithmic cmre panes through the 
point (p, V), and haa the axis of x aa an asymp- 
tote. 3 

Asswne a = 10 ; then y = 10*. 



When x = 0,02, 0.4, 0.6, 0.8, 1, 
y = 1, 1.68, 2.51, 3.98, 6.31, IC 

When x=— 0.1,— 0.2,— 0.4,— 0.7,— 1,-2, 



X = -0.1, -0.2, -0.4, -0.7, -1, -2, 1 .2^ 
y = 0.8, 0.6, 0.4, 0.2, 0.1, 0.01./^ ^ 

Locating the points giren in (1) and (2), and 
tracing the continuous cure BS through them, 
we hare the locus that is called the logarithmic 
curre. 

For x = in y=€^, y = a® = l; hence what- 
ever he the ralue of a, the locus of y = a* passes 
through the point (0, 1). 

As y approaches zero in x = log. y, x approaches 
negative infinity; hence the infinite hranch in 
the second quadrant has the axis of x as an ^ 
asymptote whatever he the value of a. 




! i 



!li 



O 
Fig. 102. 



6. The trochoid is the curve traced hy any point in the radius of a 
circle rolling on a right line. If r denote the radius of the circle, 6 the 
distance of the generating point from its centre, and $ denote the same 
angle as in § 202, show that the equations of the trochoid are 

x = r$^b 8in$) ^-^ 

y = r — 6 cos 6 J 

When 5 < r, the trochoid is called the prolate cycloid ; and when 
6 > r, the curtate cycloid. When 6 = r, the curve is the cycloid. 




Fio. 103. 

Let r denote the radius of the circle CBK which rolls on the line 
OX, and P be the point in the radius CK that traces the trochoid. Let 
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6 denote the angle BGP, and 6= OP. Take the point 0, in which K 
touched the line OX, as the origin and OX and Y as axes ; then 

x= 0M= OB-PN= arc KB- CP sin d, 

OP j: = r ^ — 6 sin d, 

and y = MP=: BG— NG= r — 6 cos 6. 

When 6 > r, there is a loop in the curve which extends in part below 
the line. When 6 = r, the loop disappears in a cusp. When 6 < r the 
cusp disappears. 

Ex. 42. Pagre 220. 

1. In what octants may (a:, y, z) be, when x is positive 1 when x is 
negative ? when y is positive ? when y is negative ? when 2 is positive ? 
when 2; is negative ? 

Ist, 4th, 6th, 8th ; 2d, 3d, 6th, 7th ; 1st, 2d, 5th, 6th ; 3d, 4th, 7th, 
8th; 1st, 2d, 3d, 4th; 5th, 6th, 7th, 8th. 

2. In what octant is (- 2, 4, 6) 1 (2, 4, - 3) 1 (- 2, 4, - 1) ? (- 2, 
- 3, - 1) 1 (- 2, - 3, 3) ? (2, - 3, 1) 1 (2, - 1, - 3) ? Construct each 
point. 

2d; 6th; 6th; 7th; 3d; 4th; 8th; 

3. In what line is (a, 0, 0) ? (0, 0, c) ? (0, 6, 0) ? 
Axis of x\ axis of z\ axis of y. 

4. In what plane is (o, 6, 0) ? (a, 0, c) ? (0, 6, c) ? 
Plane jry ; plane xz ; plane ya;. 

5. Find the length of the radius vector of (3, 4, 6), (2, — 3, — 1), 
(7, —3,-5). Find the direction cosines of the radius vector of each 
point. 

If p is the radius vector of (ar, y, 2), we have 

f^=3^-\.y^-\-z^. [63] 

If (x, y, z) is (3, 4, 6), 

p= V9+16 + 26 = 6V^. 

If {X, y, «) is (2, - 3, -> 1) , 

p= V4 + 9+l=\/i4. 
If (ar, y, 2) is (7, - 3, - 6), 

^= V49 + 9 + 26= V83. 
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By [64], COB o = X -T- p, cos ia= y -r- p, coa 7 = « -r- p. 
M (:c, y, «) is (3, 4, 6), p=6v^; hence cos a = 3 ^ 6v^ = 0.3v^, 
C08i3 = 4 + 6v^=0.4v^, co8 7=5-r-6v^ = 0.5v^. 

If (*, y. «) is (2, -3,-1), p= Vl4; hence cos o = 2 -r- >/i4 = |Vl4, 
C08i8=— 3-f- Vl4 = — ^Vli, cos7 = — l-T-\/H = — T^jVii. 

If (ar, y,«)"(7,-3,-5), p=\/83; hence co8o=7-t- \/83=/yV83, 

cosi3 = -3-r- v^ = -Av^» co87=-5-=- V83=-VVv^. 

6. The direction cosines of a line are proportional to 1, 2, 3 ; find 
their yalues. What is the direction of the line ? 



Dividing each of the three real quantities 1, 2, 3 by Vl + 4 + 9, 
or Vl4, we obtain as the direction cosines of the line •^'\/l4, ^\/l4, 
•ffVl^. The line is the radius vector of the point (1, 2, 3), or it is 
a line parallel to this radius vector. 

7. What is the direction of the line whose direction cosines are 
proportional to A,B, Ci What are the values of its direction cosines ? 

The line has the direction of the radius vector of the point {A, B, C), 
By § 213, Cor., the direction cosines of the line are 

ABC 



VaFT^T^ V^a+B2+aa >/^3+^+(7a 

8. Two direction angles of a line are 60^ and 46^, what is the third ? 
If two are 60° and 30°, what is the third? If two are 136° and 60°, 
what is the third ? 

If a, 3, 7 are the direction cosines of a line, we have 

cos2 a + C08«i8 + cos^ 7=1. [66] 

If a = 60° and fi = 46°, cos a = i, and cos fi = iV2. Substituting these 
values in [66], we obtain 

t + } + cos* 7 = 1, or cos 7 = ± }; 
hence 7 = 60°, or 120°. 

If 0=60° and i3 = 30° 

cos a = i and cos $= i VS ; 
hence t + i + cos* 7=1, or cos 7 = 0; 

hence 7 = 90° 

and the line lies in the plane xy. 
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If a=1360 and = 60°, 

cos a = — JV2 and coBfi=i; 
hence i + J + cos^ 7=1, or cos 7 = ± ^, 

and 7 = 60° or 120°. 

Ex. 43. Pafire 236. 

1. Find the distance between the points (1, 2, 3), (2, 3, 4) ; (2, 3, 4), 
(3, 4, 6) ; (1, 2, 3), (3, 4, 5). 

If D denote the distance between (x^, yi, z^) and (x„ y„ ?,), then 

I> = V(x, - Tja + (y, _ y^)2 + (^^ . ^^)2. [58] 

If (^i» yp «i) J8 (1. 2, 3), and (x„ y^, ^2) is (2, 3, 4), 

D= \/12+ia+12= V3. 
If (*i» yi» «i) 18 (2, 3, 4), and (x^ y^ «,) is (3, 4, 6), 

2)= Vs. 
If (J^i» .Vi* «i) is (1, 2, 3), and (ar„ y„ z,) is (3, 4, 6). 

D= V2a + 2a + 22 = 2V3. 

2. Prove that the triangle formed by joining the three points (1, 2, 3), 
(2, 3, 1), (3, 1, 2) is equilateral. 

First, let (x^, y^, z^) be (1, 2, 3), and (ar,, y^, «,) be (2, 3, 1) ; then 

D= VI2 + 12 + (_ 2)2 = v^. 
Second, let (xp yj, «i) be (2, 3, 1), and (ar,, y^, z^) be (3, 1, 2) ; then 

D = V12 + (- 2)2 + 12 = V6. 
Third, let (xj, yj, «j) be (3, 1, 2), and (x^ y„ Zj) be (1, 2, 3) ; then 

D= V(- 2)2 + 12 + 12 = V6. 
Hence each side of the triangle is V6, and it is therefore equilateral. 

3. The lengths of the projections of a line on the three co-ordinate 
axes are 3, 4, 5, respectiyely ; find the length of the line. 

Let PP' be the line ; then, by § 218, Cor. 1, we have 

PP"^ = 32 + 42 + 5« = 50, or PP' = 6%/^. 
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4. Find the direction cosines of the radius vector of the point (— 3, 
- 4, 6). 

Here, p= V(-3)2+ (-4)2 + 52= V60 = 5 V^; 

hence, by § 213, Cor., we have 

COB o = — t'^j V2, cos i8 = — f V^, cos 7 = } \/2. 

5. What lines have direction cosines proportional to 3, —2, —6? 
Find the values of these direction cosines. 

By § 213, Cor., we see that the direction cosines of the radius vector 
of the point (3, —2,-5) are proportional to 3, — 2, — 5. Hence all 
lines parallel to this radius vector have direction cosines proportional 

to 3, — 2, — 6. By the same Cor. the values of these direction cosines 

3 -2 . , -5 
are , and 



\/38 V38 V38 

6. Find the angle between two straight lines whose direction cosines 
are proportional to 1, 2, 3, and 2, 3, 6 respectively. 

It a, fi,y denote the direction angles of the first line, a^ iS', 7' the 

direction angles ol the second, and $ the angle between the lines; 

then we ha^e 

cos 6 = cos o cos a' + cos $ cos fi' + cos 7 cos 7'. [57] 

12 3 

Here cos a = ; cos /3 = ; cos 7 



Vli \/l4 Vli 

cos a' = J ; cos iB' = f ; cos y = f . 
Substituting these values in [57], we obtain 

Hence B = cos-i J J Vl4. 

7. Find the angle between two straight lines whose direction cosines 
are proportional to 1, 2, 3, and 5, — 4, 1, respectively. 

Let the direction angles of the lines be denoted as in No. 6 ; also the 

angle included between the lines. 

12^ 
Here cos a = ; cos jS = ; cos 7 = 



vli Vli y/H 

cos o' = ; cos fi' = -^ — ; cos 7' = 



V42 Vi2 Vi2 

Substituting in [67] of No. 6, we have 

cos ^ = 0. 
Hence 6 = 90®. 
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8. Find the polar co-ordinates of the point (VS, 1, 2'\/3). 
By § 219, Cor., we have 

p = Vx^ + ya + «2=V3 +1 + 12 = 4; 



and 



tane=:^^^i±^' = 2^+l=jV3,ora = 30O; 
« 2V3 

tanA = ^ = — =}V3, or 4» = 30o. 
^ V3 



9. Find the rectangular co-ordinates of the point (4, ^w, }ir). 
By § 219, Cor., we have 

x = psmB cos ^ = 4 sin 30° cos 60° = 1, 
y = psm9sin^ = 4 sin 30° sin 60° = V3, 
z = pcos« = 4cos30° = 2 V3. 

10. If (x, y, «) bisect the line joining (x^, t/v Zi) and (x^ y„ ^j), 
prove that ar=}(*i + ^«)» y = i(jfi + yt)f «=}(«! + *>)• 




Fio. 104. 



Let Pi and P, be the points (xj, yj, «i) and (t„ y^ «,), and P the 
point (a:, y, z) bisecting the line PiP,. Through P^ and P, pass planes 
parallel to the co-ordinate planes thus forming the rectangular parallel- 
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opiped P^P^MKL, Through P pass planes parallel to the co-ordinate 
planes cutting P^L, PiM, P|JVin S, N, S, respectively; then 

PiJ» = BL, Pil^= NM, P^S = SK 

But PijB=a: — Xp BL =3?, — x, PiiV=y — y^ 

2m = yi^y, Pi8=z — z^, SN =z^-^z. 

Hence, by substitution, 

a: — Xj = X, — X, or x=i(^Xi-\' x,) ; 

z — «i = «j — 2, or 2 = J («j + Z,)' 

11. If (x, y, 2) divide the line joining (x^ y^, z^) and (x,, y,, 2,), in 
the ratio m| : m,, prove that 

m^i + miX, m^i + niiy, m^ + WA 



X = : , y — 



Z = 



Using the same notation and construction as in No. 10, suppose 
P(x, y, z) divides the line PiP^ into segments in the ratio ntj : m,; then 

ffijXi -\- nijXj 
x-Xi:x2-x::mi:m„ or x= ^ ^^ — ; 

y-yi:ya-y:-'»i-"»t. or y = — ^^^fn^; 

2 — 2, : 2- — z : : m, : «-, or 2 = ^ . ^ — • 

12. Find the co-ordinates of the point that divides the line joining 
(3, - 2, 4) and (1, 3, — 2) in the ratio 1 : 3. 

Here (x^ y^ z{) is (3, — 2, 4), (x„ y,, 2,) is (1, 3, — 2) and nii : m, is 
1 : 3. Substituting these values in the formulas in No. 11, we obtain 

a?=l» y = -J»«=f 

13. Find the point that divides the line joining (— 2, ~ 3, — 1) and 
(« 6, - 2, 4) in the ratio 5 : 2. 

Here (xp y^, z{) is (- 2, - 3, - 1), (x„ y,, 2,) is (- 6, - 2, 4), and 
m^ : 1R2 is 5 : 2. Substituting these values in the formulas in No. ll, 
we obtain 

'=-¥» y = -¥, «=¥• 
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Bz. 44. Pagre 240. 

1. To which co-ordinate plane is 3y — 4^=2 perpendicular 1 
X — 8« — 7 = 01 a: — 2y = 21 a:=mz + jo? y = nar + 5'1 What is the 
locusof « = 51 y = — 71 y = 41 «= — 21 ar = 01 y = 01 « = 01 

By § 222, Cor. 3, the plane yz ; the plane zx ; the plane xy ; the plane 
zx ; the plane xy ; a plane perpendicular to the axis of z, 6 above the 
origin ; a plane perpendicular to the axis of y, 7 back from the origin ; 
a plane perpendicular to the axis of y, 4 in front of the origin ; a plane 
perpendicular to the axis of z, 2 below the origin ; the plane yz ; the 
plane zx\ the plane xy, 

2. Reduce to the normal form 

Sar — 2y + 2 = 2; 6a: — 4y + 2 = 4. 

What is the distance of each of these planes from the origin 1 What 
are the direction cosines of the perpendiculars to eachi Which of 
the eight octants does each truncate 1 

By § 222, Cor. 2, to reduce 3 a: — _2y + « = 2 to the normal form we 
divide by ^3^+ (-2)2+12 or Vli, and obtain 

-|=:r--?=:y + -i=^=-|==AVl4. (1) 

Vli vli Vli Vli 

To reduce 6j: — 4y + « = 4to the normal form we divide by 
V62 + (- 4)2 + 12 or Vi2, 
and obtain 



-7=^ 7=y + -^^=-|=:==i?rV^. (2) 

Vi2 Vi2 Vi2 Vi2 

The distance of (1) from the origin is i^Vli, while the distance of 

(2) from the origin is ^Vi2 (§ 222, Cor. 1). The direction cosines of 

3—2 1 
perpendiculars to (1) are » » and respectively ; those 

Vli Vli Vli 

6 —4 1 

of perpendiculars to (2) are — ^^ , and — =— (§ 222, Cor. 1). 

Vi2 Vi2 V^ 

Since the point (3, — 2, 1) is in the fourth octant (1) truncates the 
fourth octant (§ 222, Cor. 1). Since (5, — 4, 1) is in the fourth octant 
(2) truncates the fourth octant. 
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8. Find the intercepts on the axes of3x — 2y + 4z— 12 = 0; of 
6x-4y — 3z + 24 = 0; of 5a;+ 7y + 6z + 36 = 0. Which of the 
eight octants does each troncate ? 

Reduce each equation to the symmetrical form. 

Reducing each of these equations to the symmetrical form, we obtain 

-^ + -^ + -^ = 1. (3) 

-7-6-7 ^^ 

The intercepts on the axes of (1) are 4, —6, and 3, and (1) truncates 
the fourth octant. 

The intercept on the axes of (2) are — 4, 6, and 8, and (2) truncates 
the second octant. 

The intercepts of (3) are — 7, — 6, and — 7, and (3) truncates the 
seventh octant. 



4. What is the equation of the plane at the distance 7 from the 
origin, and perpendicular to a line whose direction cosines are propor- 
tional to 2, — 3, and VS ? 

If the direction cosines of the perpendiculars to the plane are pro- 
portional to 2, — 3) and VS, the direction cosines themselves are J, — |, 
and } V§ (§ 222, Cor. 1) ; hence the required equation by [69] is 

}a:-|^ + iVS«=7, or 2x-3y+ V3« = 28. 

6. What is the equation of the plane whose intercepts on the axes 
are respectively 4, - 3, - 7 1 -1,-2,-61 J,— |,J1 

By § 223, we have as the required equations 

?-i(-£=l, £ + ^ + £ = -1, 
4 3 7 12 6 

and 2a:-}y + 6«=l. 

6. Find the equation of the plane passing through the points 
(1, 2, 3), (0, 4, - 1), and (1, - 1, 0). 
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a b c 


= 1, 






b c 








a b 








Subtracting (3) from 


(1). 


we 


hare 


1 + 1 = 0. 
c 









If the plane - + ^ + - = 1 passes through each of the given points, 
a b c 

we hare 

1 9. -Q 

G) 

(2) 
(3) 

(4) 

(4) + (2) giTes 5=1, or 5 = 6. 

b 

.*. a = }, c = — 5. Substituting these values in [60], we obtain 

f + f + -^ = 1, or 6a: + if-2: = 5. 
J 6 -6 

7. Find the angle between the two planes 

2ar + «-y = 3, 
« + * + 2y = 5. 
If $ denotes the angle between the two planes 

Ax + Bi/+Cz= D, A'x + B'y + C'z = IX; 

then cos 6 = —  v^v^ — r^^ j 

Here ^4 = 2, J?=-l, C = l, ^'=1, B'= 2, C=l. Substituting 
these values in [61], we have 

cosg= — 2- 2 + 1 _ ^1 ore = cos-»i. 

V4 + 1 + 1 VI + 1 + 4 « ^ 

8. Find the angle between the planes 

32+5ar — 7y = — 1, Zz — 2x — y-0. 
Here ^ = -6, JB = 7, C=-3, ^' = 2, B'=l, C' = -3. Substi- 
tuting these values in [61], we have 

-10 + 7 + 9 6 



cos^ = 



V9 + 26 + 49 V9 + 4 + 1 VllBi 
/. log cos tf = log 6 — i log 1162 = 9.24565 — 10. 
A «r=790 52'. 
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9. Find the angle which the plane Ax + By + Cz= D makes with 
each of the co-ordinate planes. 

From § 221, Cor. 3, and § 222, we have 

a = co8"i — = the angle which Ax + By + Cz = D 

V^ia + ^a+Ca 

makes with the plane yz, 

flr=cos'^ =the angle which the plane makes with 

V^a+B2+ca 

the plane zx, 

Q 

«y=cos'^ =the angle which the plane makes with 

V^a + Jja+C* 
the plane xy. 

Or we could, by [61], find the angle between the giren plane and 

the planes z = 0, y = 0, and « = 0, respectivelj. 

10. Find the distance from the point (2, — 3, 0) to the plane 

VS« + 2x — 3y = 4. 

If (f = the distance of (xp y^, z^ from Ax'\-By-\- Gz= D, then 

Here (arj, y^ z{) is (2, — 3, 0), and -4x + By + Cz = 2> is 
2x — 3y+ V32 = 4; 

hence d = ^-^^"^ = 2.26. 

V4 + 9 + 3 

11. Show that the two points (1, ^ 1, 3) and (3, 3, 3) are on oppo* 
site sides of, and equidistant from, the plane 6jr + 2y — 7z + = 0. 

If (ari, yp z^) is (1, - 1, 3) and ^x + By + Cz = 2) is 

— 6a: — 2y + 7z = 9, 

^ ,-64.2 + 21-9 ^ 9 
V26 + 4 + 49 VTS 
If (a?!, yi, z) is (3, 3, 3), we have 

j^ -16-6 + 21-9 ^ -9 

V26 + 4 + 49 V78 

Hence the points are on opposite sides of, and equally distant from, 
the plane. 
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12. If, in Fig. 105, OM =a,OIi= 6, OS = c, find the equation of the 
plane through the points M, P, B. Find the length of the perpendicular 
from S upon this plane. 

The point Mis (a, 0, 0), B is (0, 6, 0), P is (a, 6, c). U the plane 
Ax + ^y + Cz— D passes through each of these points, we have 
Aa = Dt or A=D-i-a, 

Bb=D, or B = D^b, 

Aa+Bb-k- Cc = D; .-. C=-(2>-f-c). 




Fie. 105. 
Substituting these values in Ax+ By -\- Cz— D, we have 

X V z 

- + T = 1» or bcx + acy — abz = aftc. 

a c 

Now the distance from 8^ (0, 0, c) to (1) is, by § 226, Cor., 

— 2a6c 



(1) 



18. Prove that the plane 

^(:r-xO + -B(y-yi)+C(^-^,) = 0, (1) 

passes through the point (xj, y^, 2;^) and is parallel to the plane 

Ax-^By-\- Cz=D. (2) 

Plane (1) passes through the point (x^ y^, z^ since its co-ordinates 
satisfy equation (1). 

Plane (1) is parallel to plane (2), since the perpendiculars from the 
origin upon them have the same direction cosines and therefore 
coincide. 
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14. Find the equation of a plane passing through the point (3, 4, — !)« 
and parallel to the plane 2x + 4y — 2 = 2. 

Here (xp yi, «i) is (3,4,-1), -4 = 2, B = 4, C= — 1. 
Snbstitating these ralnes in (1) of No. 13, we have 

2(x— 3) + 4(y — 4) — (2+l)=0, or 2x + 4y — « = 23. 

15. What three equations must be satisfied in order that the plane 
Ax + By + Cz= D may pass through the two points (x^, y^, z{), 
(x,, y„ 2,), and be perpendicular to the plane 

Afx+Bfy+az=D"i (1) 

If Ax-\-By+ Cz = D passes through (x^, y^, z{) and (x„ y,, 2,), we 
must have 

^1 + ^yi + C«i = Z), and -4xj + By^ + C*, = Z>. 
If ^ + ^y + C2 = 2> is perpendicular to (1), by § 224, Cor. 2, we hare 

A4' + JBB' + CC = 0. 

16. Find the equation of the plane passing through the points 
(1, 1, 1), (2, 0,-1), and perpendicular to the plane x + y — z = 3. 

UAx + By+Cz = D passes through (1, 1, 1) and (2, 0, — 1), we 
must have 

^ + J5+C7=A (1) 

2^-C=i>. (2) 

If Ax + By+Cz=Dia perpendicular to x + y — « = 3, we have 

w4 + JB-O=0. (3) 

Solving (1), (2), and (3) for A, B, C, we obtam 

A = iD, 5 = -JA C=iD, 
Substituting in Ax + By + Cz= D, we have 

}Z>x — JDy + JZ>2 = i), or 3x — y + 22 = 4, 
as the required equation. 

17. What three equations must be satisfied, in order that the plans 
iix + 3y + Cz = D may pass through the three points (x^, yj, z^) 

(^2. y». ««)» ('«» yv *8) ? 
The three equations are evidently 

^i + By I + Czi = 2), 
.4x,+ Byj+ Cz^ = D, 
AZi + Byi+Cz^ = D. 
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18. Find the equation of the plane if?hich passes through the points 
(1, 2, 8), (3, 2, 1), (2, 3, 1), and find the distance of this plane from 
the origin. 

If the plane - + ^ -f- - = 1 passes through these points, we have 
a b c 

!+!+§ = 1. (1) 

a c 

§ + |+Ul. ^ (2) 

- + 1 + 1=1. (8) 

a c 

Subtracting (1) from (2), we obtain 

2 2^ 

= 0, or a = c. 

a c ' 

Subtracting (3) from (2), we obtain 

1 — 1 = 0, or a=zb. 
a b 

These yalues in (1) give 

l + ? + 5 = l, or 6 = a = b=zc. 

a a a * 

Hence the required equation is 

6 r- 

The distance of (1) from the origin is — , or 2 v3. 

V3 

19. Find the equation of the plane through (2, 3, — 1) parallel to 
the plane 3a: — 4y4-7« = 0. 

Here (arj, y^ z^ is (2, 3,-1), ^ = 3, B = - 4, C= 7. Substituting 
these values in (1) of No. 13, we have 

8Car-2)-4(y-3) + 7(e + l) = 0. 

or 3a: — 4y + 7«+13 = 0. 



20. Find the equation of a plane which passes through the point 
(ly 2, 3), and is perpendicular to each of the planes 

ar + 22r=l, y + 6«=l. 
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U Ax + By+ Czz=D puses through (1, 2, 3), we hare 

A-\-2B+SC=D. (1) 

If Ax -\- Bjf + Cz = D IB perpendicular to x + 2z = 1, we hsTe, § 224, 

Cor. 2, 

-4 + 2C=0. (2) 

If Ax + Bif+Cz = D is perpendicular to y + 5z == 1, we have 

S+ 6(7=0. (3) 

Subtracting (2) from (1), we obtain 

2B+C=D. (4) 

From (3) and (4), 

Hence, from (2) and (3), 

A=iD, B=iD. 
Substituting in ^x + By + Cz = D, we hare 

2x+6y — 2 = 9. 

Bz. 45. Pacre 247. 

1. Determine the position, direction cosines, and direction angles 
of the intersection of the planes 

ar + y — «+l = 0, and 4x + y — 2z + 2 = 0. 

Eliminating successively y and z between the equations, we obtain 



3x — «+l = 0and2x — y = 0; or- = ^ = 



«-l 



12 3 

From the last form we know that the line passes through the point 
(0, 0, 1), and is parallel to the radius vector of the point (1, 2, 3). The 
direction cosines are found by dividing the denominators 1, 2, 3, by 
\/l4 ; and the direction angles are 

cos"* , cos"* , and cos"* 



VU Vl4 Vl4 

2. Determine the position and direction cosines of the intersection 
of X — 2y = 5, and 3x + y — 7« = 0. 

From X — 2y = 5 we have ^"" = ^. (1) 

Eliminating x between x — 2y = 5 and 3x + y — 7^ = 0, we have 

f = ^- (2) 



teachers' edition. 333 



From (1) and (2) we have 

of which the locus is the line through the point (5, 0, ^) parallel to 
the radius rector of (2, 1, 1). 

2 1 1 

The direction cosines are — » — » and — • 

Ve Ve Vg 

8. Determine the position of the line 
6ar — 4y = l, 3y — 52 = 2. 

From 5x — 4y = 1, we obtain ^LuA = ?. (1) 

4 6 

From 3y - 5« = 2, we obtain ^ = iili. (2) 

5 3 

Hence the equations of the line are 

4 "6" 3 ' 

the locus of which passes through (^, 0, — f ) and is parallel to the 
radius vector of the point (4, 6, 3). 

4. What is the position of the line :r = 3, y = 4 ? Of the line y = 4, 
« = — 61 Of theUnear = -2, 2=3? 

The line x = 3, y = 4 is perpendicular to the plane xy at the point 
(3, 4, 0). The line y = 4, 2 = — 6 is perpendicular to the plane yz at 
the point (0, 4, — 5). The line a: = — 2, z = B is perpendicular to the 
plane xz at the point (— 2, 0, 3). 

5, Find the equations of the right line passing through the points 
(1, 2, 3), (3, 4, 1). 

The equations of the line through (x^, y^, z{) and (x^, y^, ^2) ^' 

[64] 



x—x^ _ y — yi _ ^— ^1 



*i-^i y%-yi «a-"«i 

Here (arj, y„ ^i) is (1, 2, 3) and (ar,, y,, «,) is (3, 4, 1) ; hence the 
required equations are 



g — 1 _ y — 2 _ 2 — 3 ^^ g — l _ y — 2 __ g — 3 
3-1 4-2 l-tf 2 2 ~ -2' 



(1) 
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6. Find the pointo in which the line of No. 5 pierces the co-ordi- 
nate planet. 

For 2 = in (1) of No. 6, x = 4, and y = 5 ; hence the line pierces 
the plane xy in the point (4, 5, 0). 

For X = 0, y = 1, and 2 = 4; hence the line pierces the plane yz in 
the point (0, 1, 4). 

For y = 0, x = ~ 1, and z = b\ hence the line pierces the plane n 
in the point (— 1, 0, 5). 

7. Two of the projecting planes of a line are 

x+y = 4 and 2x — 5« = — 2; 
find the third. 

Eliminating x between x + y = 4 and 2x — 5z = — 2, we hare as 
the equation of the third projecting plane 

2y + 6z=10. 

8. A line passes through (2, 1, — 1) and (* 3, — 1, 1) ; find the 
equations of its projections on the co-ordinate planes. 

The equations of the line through (X], yj, z^ and (jc^ y^ z^) is 

ar — X, y —Vx z — z, 

' = - — ^ = -^. [64] 

*j-^i y»-yi «2-«i '■  

Here (xj, y^, z^ is (2, 1, — 1) and (x„ y^ «,) is (— 3, — 1, 1) ; hence 
the equations of the line are 

X — 2 _ y — 1 _ g-f 1 
-3-2~-l-l 1 + 1' 

or ^Lzl = l:zl = l±l. (1) 

-5-2 2 ^' 

From the first and second members of (1), we have 

2x-6y+l = 0. (2) 

From the first and third members, we hare 

2x4-62+1 = 0. » (8) 

From the second and third members, we hare 

y + 2 = 0. (4) 

(2), (3), and (4) are the equations of the projections of (1) on the 
co-ordinate planes, xy, xz, and yz, respectively. 
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9. Show that the lines - = ^ = -, and ^ = JL = E are at right 

12 1' 1-11 * 

angles. 

The lines 

x — x^ _ y — yi _ z^zi 
L M N ' 

x — x^ _ y-y^ _ z-^z^ 
V M ~ N* ' 

are at right angles if 

LV + MM'+NN' = 0. (1) 

Here L=l, itf=2, J\r= 1, L'=l, M' = ^l, Nf=l. 

Substituting these values in (1) we find that the condition of perpen- 
dicularity is satisfied hy the two given lines. 

10. Show that the line 4ar = 3y = — 2 is perpendicular to the line 
Sx = — y = — 42. 

Writing these equations in the form of (1)» § 228, we have 



f_^__£_ £ = JL = 



z 



Here X=}, M=l JV=-1, Z,'=J, Jf' = - 1, iV = - J. 

Hence LU + MM' + NN* =^-J + J = 0, 
and the lines are perpendicular to each other, by § 229, Cor. 2. 

11. Find the angle between the lines 

^ = 2^ = ?, and^=-^=^. 
110 3-4 5 

If denote the angle between the lines 
L ~ M " N * 



and ^ii3^yziK2 = iZl-2 



z„ 
L' ~ M' ~ W 



then cos $ = ' —  [06] 

VZ2 -^M^ + N^ \/X'2 + if' 2 + JV« 

Here L=l, Jf= 1, JV=0, i' = 3, 3f =-4, JV' = 6. 
Substituting these values in [65], we obtain 

q A 

cos * = = — 0.1 ; hence = coe"i (— O.IV 

V2V50 
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IS. Find the aa^ between the ri|^t linei 

tad 3r = 2x, « = x + l. 

WritiDg these equations in the fonn of (1), § 228, we hsTe 

jr__jr--3__£--6 
1 6 "" 3 * 

and £ = ^ = ird. 

12 1 

Here L=l, If =6, JV^=3, Z/=l, ir = 2, iV=l. 
Sabftitating these values in [65] in No. 11, we have 

cos^=-=4^1^±l= = -y-; 

^1 + 25 + 9 VI + 4 + 1 V^IO 
hence = 14° 57' 45". 

18. Find the angle between the lines 

y=:2j: + 2, « = 2x+l, 

and y = 4x+l, z= t+5. 

Writing these equations in the form of (1), § 228, we have 

ar__ y — 2 _ z — 1 j:_ y — l _ z — 5 
1~ 2 ~ 2 ' l"" 4 ~ 1 

HereX=l, 3f=2, iV=2, Z,'=l, Jf' = 4, iV=l. 
Substituting these values in [65] in No. 11, we have 

eo,^^ 1 + 8 + 2 _ = JL = |^V2: 

VI + 4 + 4 Vl + 16 + 1 9 V2 

hence ^ = cos ' ^ {1 V2. 

14. Show that the lines 

8ar+2y + « — 6 = 0, jr + y — 22 — 3 = 0, 
and 8a: — 4y — 4z = 0, 7j:+ lOy — 8« = 0, 

are at right angles. 

Eliminating successively x and y between each pair of these equa- 
tions, we obtain 

y-7« = 4, :r + 52=-l, or £±i = 2iJ=i=*, 



-6 



and 3y = «, 8ar = 2*, or ^ = ^ = |. 

2 13 
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Here X = -5, -M = 7, N=l, Z' = 2, A/'=l, N* = Z. 

Hence LV + if ilf + Ny = -10 + 7 + 3 = 0, 

and the two lines are at right angleB, by § 229, Cor. 2. 

16. Find the equations of the line through (— 2, 3, — 1) parallel to 
the line y = — 2ar+l, 2! = 3x — 4. 

Putting these equations in the form of (1), § 228, we have 

3?^ .y-l ^g + 4 x,x 

1-2 3 ^ ^ 

Hence the required equations are 

1-2 3 ^ ^ 

For (2) is parallel to (1), since it has the same direction cosines; 
and it passes through (— 2, 3, — 1), as the co-ordinates of this point 
satisfy (2). 

16. Find the equations of the right line through (3, —7, — 6), its 
direction cosines being proportional to — 3, 5, — 6. 

The equations of the line through (xp y^, z{), and having direction 
cosines proportional to L, M, and iVare 

Here (x^, y^, Zj) is (3, —7,-6) and L, 3/, iV^ are — 3, 6, — 6 respec- 
tiyelj ; hence the required equations are 

ar — 3 _ y + 7 _ ar+6 
-3 6 -6* 

17. Find the equations of the line through (2, — 4, ^ 6) perpendicu- 
lar to the plane 3a: — 6y + 22 = 4. 

By § 230, Cor. 2, the line 

L ~ M ~ N ^ ^ 

is perpendicular to the plane Ax-\- By -^^ Cz = D if 

:^ = ^=^. (2) 

ABC ^ ^ 

Here (ar^yi, z^) is (2,-4, -6), ^ = 3, B= -6, (7=2. 
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Substituting these values of A, B, C in (2), we obtain 

Jf=-2L, N=iL. 

Substituting these values of M and N, and those of x^, y^, 2^ in (1), 
we obtain as the required equations 

3 -6 2 * 

18. Find the inclination of the line 

j: — 4 _ y4-2 _ z — 5 
3 ~ -2 ~ -4 

to the plane 2x — 4y + 32 = 1. 
If t; denote the inclination of the line 

L '' M " N 

to the plane Ax + By •{• Cz= D; 

then sin v = AL^B M -^CN ^^^ 

VA^ + &+C^\/j? + M^-{-N^ 
Here L=3, Jtf=r-2, iVr=-4, ^4 = 2, JB = -4, 0=3. 
Substituting these values in [66], we obtain 

6 + 8-12 2 

wn t; = — — _ = — , 

V4 + 16 + 9V9 + 4 + 16 29 
or t; = sin"i ^. 

19. Reduce the equations x = mz + p, y = nz + q, to the symmetrical 
form, and thus find the direction cosines in terms of m and n. 

Reducing these equations to the form of (1), § 228, we have 
m n 1 



Dividing each denominator by y/nfi + 11^+1, we obtain the symmet- 
rical form 

in n 1 ' 



Vfn2 + n2 + 1 Vto2 + n2 + 1 Vm2 + n^ + 1 
in which the denominators equal cos a, cos $, cos 7, respectively. 
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20. Show that the formula for the angle included between the lines 

x = mz +/), y=znz +5^, 

and X = m^z + p', y = n'z + 9', 

- iiM»' + nn* + 1 
18 cos 9 = — • 

\/to2 4. n2 + 1 Vm'a + n'a + 1 
By No. 19, the direction cosines of the first line are 

m n 1 . 



y/nfi + n2 + 1 Vma + n^ + 1 Vina + n2 + 1 
and those of the second are 



m' n' 



Vm'a + n'a+l Vm'a + n'a + 1 Vni'^ + n^+l 
Substituting these values in the formula 

cos = cos a cos a' + cos jS cos jS' + cos 7 cos 7', 

we have cos =  • (1) 

v'ma + n2 + 1 Vm'a + n« + 1 

21. Prove that the lines in No. 20 are perpendicular if 

mm' + nn' + 1 = 0, 
and conversely. Prove that they are parallel if m = m' and n = n', and 
conversely. 

If, in (1) of No. 20, mm' + nn' + 1 = 0, cos tf = 0, and =90°; that is, 
the lines are at right angles. 
Conversely, if the lines are at right angles, 

cos (> = ; .•. mm' + »n' + 1 = 0. 

If m = m' and n = n', cos 0=1, and 9 = 0^; that is, the lines are 
parallel. 

Conversely, if the lines are parallel, their projecting planes on either 
co-ordinate plane are parallel, and hence their projections on either 
one of these planes are parallel ; therefore the slopes of these projec- 
tions are equal ; that is, m = m' and n = n'. 

22. Prove that two lines are parallel if their projections are parallel, 
and conversely. 

If the projections of two lines on the co-ordinate planes are parallel, 
the slopes of these projections are equal ; that is, m = m' and n = n'. 

Hence the lines are parallel by No. 21. The converse is proved in 
No. 21. 
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Bz. 46. Paflre 26a 
1. What if lociu in space of 

The equation je* + 3x^^6x — 8 = may be written in the fonn 

(x + 4)(x+l)(x-2) = 0, 

of which the lociu in space is the planes x = — 4, x = — 1, and 
X = 2 [§ 236 (i.)]. 
The equation ^'^2^^ — 6y + 6=0 may be written in the form 

(y + 2)(y-l)(y-8) = 0, 

of which the locus in space is the planes y = — 2, y = 1, and y = 3. 
The equation z*+mz = may be written in the form 

of which the locus is the planes 2 = and z = — m, 

8. What is the locus in space of 

ya = 8x1 4x3 + 9ya=36l 
9r2-16y2 = 144? «« + xa = r«l 
(2a-z)(ya-62) = 01 

The locus in space of y3 = 8x is the parabolic cylinder whose 
elements are parallel to the axis of z, and whose trace on the plane xy 
is the parabola y^ = 8x [§ 236 (ii.)]. 

The locus of 4x3 + 9y3 = 36 is the elliptical cylinder whose elements 
are parallel to the axis of z, and whose trace on the plane xy is the 
ellipse4xa + 9ya = 36. 

The locus of 92^ — 16y3=144 is the hyperbolic cylinder whose 
elements are parallel to the axis of x and whose trace on the plane yz 
is the hyperbola 922 - 16ya = 144. 

The locus of z^-{- x'^ = r^ is the circular cylinder whose elements are 
parallel to the axis of y ; and whose trace on the plane zx is the circle 

«a + xa = r2. 

The equation (2 a — 2) (y* — 6^) may be written in the form 

(2a-.z)(y + 6)(y-6) = 0, 
of which the locus is the planes 2 = 2 a, y = — 6, and y = 6. 
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8. Find the equations of the projecting cylinders of the cnnre 

a:a + 3ya-2«a = 8, a:a + 2^2 + 3«2= 16. 

Eliminating z between the given equations of the curve, we obtain 

6x3 + 13y« = 66 

as the equation of the projecting cylinder of the curve upon the plane xy. 
Eliminating x between these equations we obtain 

62a-y2 = 8 

as the equation of the projecting cylinder of the curve upon the plane yz. 
Eliminating y we find the equation of the third projecting cylinder 
to be xa+13z2 = 32. 

4. Find the equations of the projections of the curves 

:ca + y2+222=16, 9(a^ + y2) + 4z2 = 36. 

Eliminating z between the equations of the curves we find that the 
equation of their projecting cylinder on the plane ory is x^ + y^ = f > which 
is also the equation of their projections on the plane xy. 

Eliminating x or y we find that 2 = j: f >/i2 are the projecting planes 
of the curves on the plane yz or zx. Hence the planes of the curves are 
parallel to the plane xy, and therefore the curves are equal to their 
projections on this plane ; that is, they are two circles in the planes 
2 = ± f V^, whose centres are in the axis of z and whose radii are 
V^ each. 

5. Find the semi-axes and eccentricity of the ellipse 

4a^ 4.9^2^.4^2 =,37^ ^=j. 

Eliminating z between the equations we find that the equation of the 
projection of the curve on the plane xy is 

4xa + 9y2 = 36. (1) 

But, since the curve is in the plane z—\^ its plane is parallel to the 
plane xy, and therefore the curve itself is equal to its projection (1). 

Hence a = 3, 6 = 2, and e = | V5. 

6. Find the nature of the curves 

a:« + y2 + 42« = 25, 7(x» + y^) -4«»= 79. 

Eliminating x or y between the two equations we find that the curves 
lie in the planes 2 = :t 3, and are therefore parallel to the plane xy, and 
equal to their projections on this plane. 
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EliminatiDg z between the equations of the curyes, we obtain 

a:3 + y2 = 13 

as the equation of the projections of the cunres on the plane xy ; hience 
the curves are two circles whose centres are in the axis of z and whose 
radii are VlS. 

7. Find the traces of the surface 2x^ + 6y^'^7z^ = 9; of the 
surface x^ + ^y^ = Sz, 

Putting z = 0in2x^-\-6y^'-7z^ = d,vre obtain 2x2 + 6ya = 9 as the 
equation of the trace of the surface on the plane xy, which is therefore 
an ellipse. 

The trace on the plane xz is the hyperbola 2x^ — 7z^ = 9, and the 
trace on the plane yz is the hyperbola Sy^ — 7«* = 9. 

The trace of x^ + Sy^ = Sz on the plane xy is a:^^ 3^2=. q or the 
point (0, 0) ; the trace on the plane xz is the parabola x^ = Sz, and the 
trace on the plane yz is the parabola y^ = | z. The axis of the parab- 
ola in either case lies on the axis of z. 

8. Find the equation of the surface of revolution whose axis is the 
axis of z, and one of whose traces is z= ±Sx-\- 6; find its trace on 
the plane ry. 

Here the meridian section in the plane xz is 

« = ± 3x + 6, or a^» = }(« - 6)2. 
Hence r^ =/(«) = i(« - 6)2. (§ 239) 

Substituting in [67], we obtain as the required equation 

a:2+y2=i(^-6)2, 

or e(a:» + y2)=(^-6)2, (1) 

of which the trace on the plane xy is the circle x^-\- y^ = ^. 

9. Find the equation of a cone of revolution one of whose traces is 
arS + y2 = 9, and whose vertex is (0, 0, 5). 

Since the vertex is (0, 0, 5), c of [73] equals 6 ; and since the radius 

of the trace on the plane xy equals 3, m of [73] equals f . Substituting 

these values in 

m^ (x2 + y2) = (2 - 3)2, [73] 

we obtain as the required equation 

or 25ar2 + 25 y^ - 922 + 90« = 225. 
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10. Find the equation of the paraboloid of revolution one of whose 
traces \s2afl = Zz+ b. 

This trace is a meridian section and the axis of 2 is the axis of the 
paraboloid. Hence r* =/(«) = }a+ J. Substituting in [67], we ob- 
tain as the required equation 

11. Find the equation of the paraboloid of revolution one of whose 
traces is ^^ = 80:. 

This trace is a meridian section, and the axis of or is the axis of the 
paraboloid. By § 230 we know that, if the axis of x is the axis of 
revolution and the meridian section be taken in the plane xy, the gen- 
eral equation of a surface of revolution is 

y« + ^=/<x), (1) 

in which /(x) =sr^ = y^ in the equation of the meridian section. 

Here y«=/(a?) = 8x. 

Substituting in (1), we obtain 

12. Find the equation of the cone of revolution whose axis is the 
axis of z, and one of whose traces i8 2y = ±z-\-Q; find its vertex. 

If the trace on the plane yz is 2y = ±z-{-6, the meridian section in 
plane xz\b2x= ±z-\-6,ot the part that inclines to the right is 

2x=:Z+6, OTZ=2X'-6. (1) 

Comparing (1) with z = mx + c,we have m = 2 and c = — 6. Making 
these substitutions in [73], we obtain 

OP a^ + y^-^lsfl — Sz^O. 

Op, from (1), 

Substituting in [67], we obtain 

j:2 + ya= ^(2 + 6)2, or x^ +y« — J«a — 3« = 9. 

18. Find the equation of the surface of revolution whose axis is the 
axis of 2. and one of whose traces is Ox^ -f- 4 2^ = 36. 
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Since the meridian section in the plane xz is 
9ar3 + 42a = 36, or ara= i(36-4«a), 
we hare r^, or /(«) = J (36 — 4 a«). 
Substituting in [67], we hare 

i:3 + ya=t(36-4za), or 9(a:a + y«) + 4«* = 36, 
as the required equation. 

14. Find the equation of the surface of revolution whose axis is the 
axis of z, and one of whose traces is 16^^ + 92;^ = 144. 

Since the trace on the plane yz is 

16^3 + 9«a= 144, 
the meridian section in the plane xz is 

16:ra + 922-l44, or :f3= ^J^f (144-9*2). 
Hence /(«) = A(144-9«2). 
Substituting in [67], we hare 

a:9 + y2 = ^(144-9*2), or 16(a:2 + y2) + 9*2= 144. 

15. Find the equation of the surface of revolution whose axis is the 
axis of Zf and one of whose traces is 9 ^2 . 4 y2 ^^ . 35, 

Since the trace on the plane yz is 
9*2_4y2 = .36, 

the meridian section in the plane xz is 

9«2-4a:2=-36, or ar2= J(9«2 + 86). 
Hence /(«) = i (»«'* + 36). 
Substituting in [67], we have 

x^ + f=i(9z^ + S6), or 4(a^ + y2).9«a=:3e. 

16. Find the equation of the surface of revolution whose axis is the 
axis of z, and one of whose traces is z^x = 1 ; also when one trace is 
*«=2y2. 

(i.) If «2a:=l, ja = i; hence /(*) = i. Substituting in [67], we 

have 

x24-y2 = i or 0:2** + y2z* = 1, 
** 



as the first required equation. 
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(ii.) If the trace on the plane yzia sfi = 2y^, the meridian section in 
the plane xzia afl=s2a^. 

Hence a?a = Ja:* ; .-. /(z) = }«». 

Substituting in [67], we hare 

xa + ya = jg8^ or 2 (ai^ + y^) = 28, 
as the required equation. 

17. Each element of a cone makes an angle of 46^ with its axis ; 
find the semi-axes of the section made by a plane cutting the axis 6 
below the vertex and at an angle of 60^. 

Take the axis of the cone as the axis of z, and the plane perpendic- 
ular to this axis 6 below the vertex as the plane xy, and the intersection 
of this plane with the plane cutting the cone as the axis of y. Then 
the equation of the section is 

y«tan3tf-ha:2cos2 ^ (tan^ ^ — tan^ 4») -^ 2 ca: sin ^ — c^ = 0, [74] 

in which is 45^, and ^ = 30° ; for if an element makes an angle of 
45° with the axis, it will make the same angle with the axis of x ; and 
if the cutting plane makes an angle of 60° with the axis of z, it will 
make an angle of 30° with the plane xy ; also c = 6. Substituting these 
values of c, $, and ^ in [74], we have 

y* + *'(})(l-i) + 6x-25 = 0, 

OP y«-|- Jar3 + 6a: = 26, or ya + J(^+fi)^ = V. G) 

Passing to parallel axes through (— 5, 0), (1) becomes 

The locus of (2) is an ellipse, whose semi-axes are 6VS and |>/S. 
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